mtsH inert 




Phase Equilibria, Phase 
Diagrams and Phase 
Transformations 

Their Thermodv-na rnic e jsis 



Second sdition 







This page intentionally left blank 


Phase Equilibria, Phase Diagrams and Phase Transformations 

Second Edition 

Thermodynamic principles are central to understanding material behaviour, particularly 
as the application of these concepts underpins phase equilibrium, transformation and 
state. While this is a complex and challenging area, the use of computational tools has 
allowed the materials scientist to model and analyse increasingly convoluted systems 
more readily. In order to use and interpret such models and computed results accurately, 
a strong understanding of the basic thermodynamics is required. 

This fully revised and updated edition covers the fundamentals of thermodynamics, 
with a view to modern computer applications. The theoretical basis of chemical equilibria 
and chemical changes is covered with an emphasis on the properties of phase diagrams. 
Starting with the basic principles, discussion moves to systems involving multiple phases. 
New chapters cover irreversible thermodynamics, extremum principles and the thermo¬ 
dynamics of surfaces and interfaces. Theoretical descriptions of equilibrium conditions, 
the state of systems at equilibrium and the changes as equilibrium is reached, are all 
demonstrated graphically. With illustrative examples - many computer calculated - and 
exercises with solutions, this textbook is a valuable resource for advanced undergraduate 
and graduate students in materials science and engineering. 

Additional information on this title, including further exercises and solutions, is avail¬ 
able at www.cambridge.org/9780521853514. The commercial thermodynamic package 
‘Thermo-Calc’ is used throughout the book for computer applications; a link to a limited 
free of charge version can be found at the above website and can be used to solve the 
further exercises. In principle, however, a similar thermodynamic package can be used. 

Mats Hillert is a Professor Emeritus at KTH (Royal Institute of Technology) in 
Stockholm. 



Phase Equilibria, Phase Diagrams 
and Phase Transformations 

Their Thermodynamic Basis 

Second Edition 


MATS HiLLERT 

Department of Materials Science and Engineering KTH, Stockholm 



Cambridge 

UNIVERSITY PRESS 







CAMBRIDGE UNIVERSITY PRESS 

Cambridge, New York, Melbourne, Madrid, Cape Town, Singapore, Sao Paulo 
Cambridge University Press 

The Edinburgh Building, Cambridge CB2 8RU, UK 

Published in the United States of America by Cambridge University Press, New York 
www.cambridge.org 

Information on this title: www.cambridge.org/9780521853514 
© M.Hillert2008 


This publication is in copyright. Subject to statutory exception and to the 
provision of relevant collective licensing agreements, no reproduction of any part 
may take place without the written permission of Cambridge University Press. 

First published in print format 2007 


ISBN-13 978-0-511-50620-8 eBook (EBL) 

ISBN-13 978-0-521-85351-4 hardback 


Cambridge University Press has no responsibility for the persistence or accuracy 
of urls for external or third-party internet websites referred to in this publication, 
and does not guarantee that any content on such websites is, or will remain, 
accurate or appropriate. 


Contents 


Preface to second edition P<^gs xii 

Preface to first edition xiii 

1 Basic concepts of thermodynamics 1 

1.1 External state variables 1 

1.2 Internal state variables 3 

1.3 The first law of thermodynamics 5 

1.4 Freezing-in conditions 9 

1.5 Reversible and irreversible processes 10 

1.6 Second law of thermodynamics 13 

1.7 Condition of internal equilibrium 17 

1.8 Driving force 19 

1.9 Combined first and second law 21 

1.10 General conditions of equilibrium 23 

1.11 Characteristic state functions 24 

1.12 Entropy 26 

2 Manipulation of thermodynamic quantities 30 

2.1 Evaluation of one characteristic state function from another 30 

2.2 Internal variables at equilibrium 31 

2.3 Equations of state 33 

2.4 Experimental conditions 34 

2.5 Notation for partial derivatives 37 

2.6 Use of various derivatives 38 

2.7 Comparison between Cv and Cp 40 

2.8 Change of independent variables 41 

2.9 Maxwell relations 43 

3 Systems with variable composition 45 

3.1 Chemical potential 45 

3.2 Molar and integral quantities 46 

3.3 More about characteristic state functions 48 


VI 


Contents 


3.4 

Additivity of extensive quantities. Free energy and exergy 

51 

3.5 

Various forms of the combined law 

52 

3.6 

Calculation of equilibrium 

54 

3.7 

Evaluation of the driving force 

56 

3.8 

Driving force for molecular reactions 

58 

3.9 

Evaluation of integrated driving force as function of 



T or P 

59 

3.10 

Effective driving force 

60 

Practical handling of multicomponent systems 

63 

4.1 

Partial quantities 

63 

4.2 

Relations for partial quantities 

65 

4.3 

Alternative variables for composition 

67 

4.4 

The lever rule 

70 

4.5 

The tie-line rule 

71 

4.6 

Different sets of components 

74 

4.7 

Constitution and constituents 

75 

4.8 

Chemical potentials in a phase with sublattices 

77 

Thermodynamics of processes 

80 

5.1 

Thermodynamic treatment of kinetics of 



internal processes 

80 

5.2 

Transformation of the set of processes 

83 

5.3 

Alternative methods of transformation 

85 

5.4 

Basic thermodynamic considerations for processes 

89 

5.5 

Homogeneous chemical reactions 

92 

5.6 

Transport processes in discontinuous systems 

95 

5.7 

Transport processes in continuous systems 

98 

5.8 

Substitutional diffusion 

101 

5.9 

Onsager’s extremum principle 

104 

Stabiiity 

108 

6.1 

Introduction 

108 

6.2 

Some necessary conditions of stability 

110 

6.3 

Sufficient conditions of stability 

113 

6.4 

Summary of stability conditions 

115 

6.5 

Limit of stability 

116 

6.6 

Limit of stability against fluctuations in composition 

117 

6.7 

Chemical capacitance 

120 

6.8 

Limit of stability against fluctuations of 



internal variables 

121 

6.9 

Le Chatelier’s principle 

123 



Contents vii 

7 Applications of molar Gibbs energy diagrams 126 

7.1 Molar Gibbs energy diagrams for binary systems 126 

7.2 Instability of binary solutions 131 

7.3 Illustration of the Gibbs-Duhem relation 132 

7.4 Two-phase equilibria in binary systems 135 

7.5 Allotropic phase boundaries 137 

7.6 Effect of a pressure difference on a two-phase 

equilibrium 138 

7.7 Driving force for the formation of a new phase 142 

7.8 Partitionless transformation under local equilibrium 144 

7.9 Activation energy for a fluctuation 147 

7.10 Ternary systems 149 

7.11 Solubility product 151 

8 Phase equilibria and potential phase diagrams 155 

8.1 Gibbs’phase rule 155 

8.2 Fundamental property diagram 157 

8.3 Topology of potential phase diagrams 162 

8.4 Potential phase diagrams in binary and multinary systems 166 

8.5 Sections of potential phase diagrams 168 

8.6 Binary systems 170 

8.7 Ternary systems 173 

8.8 Direction of phase fields in potential phase diagrams 177 

8.9 Extremum in temperature and pressure 181 

9 Molar phase diagrams 185 

9.1 Molar axes 185 

9.2 Sets of conjugate pairs containing molar variables 189 

9.3 Phase boundaries 193 

9.4 Sections of molar phase diagrams 195 

9.5 Schreinemakers’ rule 197 

9.6 Topology of sectioned molar diagrams 201 

10 Projected and mixed phase diagrams 205 

10.1 Schreinemakers’projection of potential phase diagrams 205 

10.2 The phase field rule and projected diagrams 208 

10.3 Relation between molar diagrams and Schreinemakers’ 

proj ected diagrams 212 

10.4 Coincidence of projected surfaces 215 

10.5 Projection of higher-order invariant equilibria 217 

10.6 The phase field rule and mixed diagrams 220 

10.7 Selection of axes in mixed diagrams 223 


Contents 


viii 


10.8 Konovalov’s rule 226 

10.9 General rule for singular equilibria 229 

11 Direction of phase boundaries 233 

11.1 Use of distribution coefficient 233 

11.2 Calculation of allotropic phase boundaries 235 

11.3 Variation of a chemical potential in a two-phase field 238 

11.4 Direction of phase boundaries 240 

11.5 Congruent melting points 244 

11.6 Vertical phase boundaries 248 

11.7 Slope of phase boundaries in isothermal sections 249 

11.8 The effect of a pressure difference between two phases 251 

12 Sharp and gradual phase transformations 253 

12.1 Experimental conditions 253 

12.2 Characterization of phase transformations 255 

12.3 Microstructural character 259 

12.4 Phase transformations in alloys 261 

12.5 Classification of sharp phase transformations 262 

12.6 Applications of Schreinemakers’projection 266 

12.7 ScheiTs reaction diagram 270 

12.8 Gradual phase transformations at fixed composition 272 

12.9 Phase transformations controlled by a chemical potential 275 

13 Transformations in closed systems 279 

13.1 The phase field rule at constant composition 279 

13.2 Reaction coefficients in sharp transformations 

fox p — c+\ 280 

13.3 Graphical evaluation of reaction coefficients 283 

13.4 Reaction coefficients in gradual transformations 

foxp — c 285 

13.5 Driving force for sharp phase transformations 287 

13.6 Driving force under constant chemical potential 291 

13.7 Reaction coefficients at constant chemical potential 294 

13.8 Compositional degeneracies for/> = c 295 

13.9 Effect of two compositional degeneracies for /> = c — 1 299 

14 Partitionless transformations 302 

14.1 Deviation from local equilibrium 302 

14.2 Adiabatic phase transformation 303 

14.3 Quasi-adiabatic phase transformation 305 

14.4 Partitionless transformations in binary system 308 


Contents 


IX 


14.5 Partial chemical equilibrium 311 

14.6 Transformations in steel under quasi-paraequilibrium 315 

14.7 Transformations in steel under partitioning of alloying elements 319 

15 Limit of stabiiity and critical phenomena 322 

15.1 Transformations and transitions 322 

15.2 Order-disorder transitions 325 

15.3 Miscibility gaps 330 

15.4 Spinodal decomposition 334 

15.5 Tri-critical points 338 

16 Interfaces 344 

16.1 Surface energy and surface stress 344 

16.2 Phase equilibrium at curved interfaces 345 

16.3 Phase equilibrium at fluid/fluid interfaces 346 

16.4 Size stability for spherical inclusions 350 

16.5 Nucleation 351 

16.6 Phase equilibrium at crystal/fluid interface 353 

16.7 Equilibrium at curved interfaces with regard to composition 356 

16.8 Equilibrium for crystalline inclusions with regard to composition 359 

16.9 Surface segregation 361 

16.10 Coherency within a phase 363 

16.11 Coherency between two phases 366 

16.12 Solute drag 371 

17 Kinetics of transport processes 377 

17.1 Thermal activation 377 

17.2 Diffusion coefficients 381 

17.3 Stationary states for transport processes 384 

17.4 Local volume change 388 

17.5 Composition of material crossing an interface 390 

17.6 Mechanisms of interface migration 391 

17.7 Balance of forces and dissipation 396 

18 Methods of modelling 400 

18.1 General principles 400 

18.2 Choice of characteristic state function 401 

18.3 Reference states 402 

18.4 Representation of Gibbs energy of formation 405 

18.5 Use of power series in T 407 

18.6 Representation of pressure dependence 408 

18.7 Application of physical models 410 


X 


Contents 


18.8 

Ideal gas 

411 

18.9 

Real gases 

412 

18.10 

Mixtures of gas species 

415 

18.11 

Black-body radiation 

417 

18.12 

Electron gas 

418 

Modelling of disorder 

420 

19.1 

Introduction 

420 

19.2 

Thermal vacancies in a crystal 

420 

19.3 

Topological disorder 

423 

19.4 

Heat capacity due to thermal vibrations 

425 

19.5 

Magnetic contribution to thermodynamic properties 

429 

19.6 

A simple physical model for the magnetic contribution 

431 

19.7 

Random mixture of atoms 

434 

19.8 

Restricted random mixture 

436 

19.9 

Crystals with stoichiometric vacancies 

437 

19.10 

Interstitial solutions 

439 

Mathematical modelling of solution phases 

441 

20.1 

Ideal solution 

441 

20.2 

Mixing quantities 

443 

20.3 

Excess quantities 

444 

20.4 

Empirical approach to substitutional solutions 

445 

20.5 

Real solutions 

448 

20.6 

Applications of the Gibbs-Duhem relation 

452 

20.7 

Dilute solution approximations 

454 

20.8 

Predictions for solutions in higher-order systems 

456 

20.9 

Numerical methods of predictions for higher-order systems 

458 

Solution phases with sublattices 

460 

21.1 

Sublattice solution phases 

460 

21.2 

Interstitial solutions 

462 

21.3 

Reciprocal solution phases 

464 

21.4 

Combination of interstitial and substitutional solution 

468 

21.5 

Phases with variable order 

469 

21.6 

Ionic solid solutions 

472 

Physical solution models 

476 

22.1 

Concept of nearest-neighbour bond energies 

476 

22.2 

Random mixing model for a substitutional solution 

478 

22.3 

Deviation from random distribution 

479 

22.4 

Short-range order 

482 


Contents 


XI 


22.5 Long-range order 484 

22.6 Long- and short-range order 486 

22.7 The compound energy formalism with short-range order 488 

22.8 Interstitial ordering 490 

22.9 Composition dependence of physical effects 493 

References 496 

Index 499 


Preface to second edition 


The requirement of the second law that the internal entropy production must be positive 
for all spontaneous changes of a system results in the equilibrium condition that the 
entropy production must be zero for all conceivable internal processes. Most thermo¬ 
dynamic textbooks are based on this condition but do not discuss the magnitude of the 
entropy production for processes. In the first edition the entropy production was retained 
in the equations as far as possible, usually in the form of Dd^ where D is the driving force 
for an isothermal process and ^ is its extent. It was thus possible to discuss the magnitude 
of the driving force for a change and to illustrate it graphically in molar Gibbs energy 
diagrams. In other words, the driving force for irreversible processes was an important 
feature of the first edition. Two chapters have now been added in order to include the 
theoretical treatment of how the driving force determines the rate of a process and how 
simultaneous processes can alTect each other. This field is usually defined as irreversible 
thermodynamics. The mathematical description of diffusion is an important application 
for materials science and is given special attention in those two new chapters. Extremum 
principles are also discussed. 

A third new chapter is devoted to the thermodynamics of surfaces and interfaces. 
The different roles of surface energy and surface stress in solids are explained in detail, 
including a treatment of critical nuclei. The thermodynamic effects of different types 
of coherency stresses are outlined and the effect of segregated atoms on the migration 
of interfaces, so-called solute drag, is discussed using a general treatment applicable to 
grain boundaries and phase interfaces. 

The three new chapters are the results of long and intensive discussions and collabora¬ 
tion with Professor John Agren and could not have been written without that input. Thanks 
are also due to several researchers in his department who have been extremely open to 
discussions and even collaboration. In particular, thanks are due to Dr Malin Selleby who 
has again given invaluable input by providing the large number of computer-calculated 
diagrams. They are easily recognized by the triangular Thermo-Calc logotype. Those 
diagrams demonstrate that thermodynamic equations can be directly applied without 
any new programming. The author hopes that the present textbook will inspire scientists 
and engineers, professors and students to more frequent use of thermodynamics to solve 
problems in materials science. 

A large number of solved exercises are also available online from the Cambridge 
University Press website (www.cambridge.org/9780521853514). In addition, the website 
contains a considerable number of exercises to be solved by the reader using a link to a 
limited free-of-charge version of the commercial thermodynamic package Thermo-Calc. 
In principle, they could be solved on a similar thermodynamic package. 


Preface to first edition 


Thermodynamics is an extremely powerful tool applicable to a wide range of science 
and technology. However, its full potential has been utilized by relatively few experts 
and the practical application of thermodynamics has often been based simply on dilute 
solutions and the law of mass action. In materials science the main use of thermodynamics 
has taken place indirectly through phase diagrams. These are based on thermodynamic 
principles but, traditionally, their determination and construction have not made use of 
thermodynamic calculations, nor have they been used fully in solving practical problems. 
It is my impression that the role of thermodynamics in the teaching of science and 
technology has been declining in many faculties during the last few decades, and for good 
reasons. The students experience thermodynamics as an abstract and difficult subject and 
very few of them expect to put it to practical use in their future career. 

Today we see a drastic change of this situation which should result in a dramatic 
increase of the use of thermodynamics in many fields. It may result in thermodynamics 
regaining its traditional role in teaching. The new situation is caused by the develop¬ 
ment both of computer-operated programs for sophisticated equilibrium calculations and 
extensive databases containing assessed thermodynamic parameter values for individual 
phases from which all thermodynamic properties can be calculated. Experts are needed 
to develop the mathematical models and to derive the numerical values of all the model 
parameters from experimental information. However, once the fundamental equations 
are available, it will be possible for engineers with limited experience to make full use 
of thermodynamic calculations in solving a variety of complicated technical problems. 
In order to do this, it will not be necessary to remember much from a traditional course 
in thermodynamics. Nevertheless, in order to use the full potential of the new facilities 
and to avoid making mistakes, it is still desirable to have a good understanding of the 
basic principles of thermodynamics. The present book has been written with this new 
situation in mind. It does not provide the reader with much background in numerical 
calculation but should give him/her a solid basis for an understanding of the thermody¬ 
namic principles behind a problem, help him/her to present the problem to the computer 
and allow him/her to interpret the computer results. 

The principles of thermodynamics were developed in an admirably logical way by 
Gibbs but he only considered equilibria. It has since been demonstrated, e.g. by Pri- 
gogine and Defay, that classical thermodynamics can also be applied to systems not at 
equilibrium whereby the affinity (or driving force) for an internal process is evaluated 
as an ordinary thermodynamic quantity. I have followed that approach by introducing a 
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clear distinction between external variables and internal variables referring to entropy- 
producing internal processes. The entropy production is retained when the first and 
second laws are combined and the driving force for internal processes then plays a cen¬ 
tral role throughout the development of the thermodynamic principles. In this way, the 
driving force appears as a natural part of the thermodynamic application ‘tool’. 

Computerized calculations of equilibria can easily be directed to yield various types of 
diagram, and phase diagrams are among the most useful. The computer provides the user 
with considerable freedom of choice of axis variables and in the sectioning and projec¬ 
tion of a multicomponent system, which is necessary for producing a two-dimensional 
diagram. In order to make good use of this facility, one should be familiar with the 
general principles of phase diagrams. Thus, a considerable part of the present book is 
devoted to the inter-relations between thermodynamics and phase diagrams. Phase dia¬ 
grams are also used to illustrate the character of various types of phase transformations. 
My ambition has been to demonstrate the important role played by thermodynamics in 
the study of phase transformations. 

I have tried to develop thermodynamics without involving the special properties of 
particular kinds of phases, but have found it necessary sometimes to use the ideal gas or 
the regular solution to illustrate principles. However, even though thermodynamic models 
and derived model parameters are already stored in databases, and can be used without the 
need to inspect them, it is advantageous to have some understanding of thermodynamic 
modelling. The last few chapters are thus devoted to this subject. Simple models are 
discussed, not because they are the most useful or popular, but rather as illustrations of 
how modelling is performed. 

Many sections may give the reader little stimulation but may be valuable as reference 
material for later parts of the book or for future work involving thermodynamic applica¬ 
tions. The reader is advised to peruse such sections very quickly, but to remember that 
this material is available for future consultation. 

Practically every section ends with at least one exercise and the accompanying solution. 
These exercises often contain material that could have been included in the text, but would 
have made the text too massive. The reader is advised not to study such exercises until 
a more thorough understanding of the content of a particular section is required. 

This book is the result of a long period of research and teaching, centred on thermo¬ 
dynamic applications in materials science. It could not have been written without the 
inspiration and help received through contacts with numerous students and colleagues. 
Special thanks are due to my former students. Professor Bo Sundman and Docent Bo 
Jansson, whose development of the Thermo-Calc data bank system has inspired me to 
penetrate the underlying thermodynamic principles and has made me aware of many 
important questions. Thanks are also due to Dr Malin Selleby for producing a large 
number of diagrams by skilful operation of Thermo-Calc. All her diagrams in this book 
can be identified by the use of the Thermo-Calc logotype, A. 


Mats Hillert 
Stockholm 


1 Basic concepts of thermodynamics 


1.1 External state variables 

Thermodynamics is concerned with the state of a system when left alone, and when inter¬ 
acting with the surroundings. By ‘ system’ we shall mean any portion of the world that can 
be defined for consideration of the changes that may occur under varying conditions. The 
system may be separated from the surroundings by a real or imaginary wall. The proper¬ 
ties of the wall determine how the system may interact with the surroundings. The wall 
itself will not usually be regarded as part of the system but rather as part of the sur¬ 
roundings. We shall first consider two kinds of interactions, thermal and mechanical, 
and we may regard the name ‘thermodynamics’ as an indication that these interactions 
are of main interest. Secondly, we shall introduce interactions by exchange of matter 
in the form of chemical species. The name ‘thermochemistry’ is sometimes used as an 
indication of such applications. The term ‘thermophysical properties’ is sometimes used 
for thermodynamic properties which do not primarily involve changes in the content of 
various chemical species, e.g. heat capacity, thermal expansivity and compressibility. 

One might imagine that the content of matter in the system could be varied in a number 
of ways equal to the number of species. However, species may react with each other inside 
the system. It is thus convenient instead to define a set of independent components, the 
change of which can accomplish all possible variations of the content. By denoting the 
number of independent components as c and also considering thermal and mechanical 
interactions with the surroundings, we find by definition that the state of the system may 
vary in c -|- 2 independent ways. For metallic systems it is usually most convenient to 
regard the elements as the independent components. For systems with covalent bonds it 
may sometimes be convenient to regard a very stable molecular species as a component. 
For systems with a strongly ionic character it may be convenient to select the independent 
components from the neutral compounds rather than from the ions. 

By waiting for the system to come to rest after making a variation we may hope to 
establish a state of equilibrium. A criterion that a state is actually a state of equilibrium 
would be that the same state would spontaneously be established from different starting 
points. After a system has reached a state of equilibrium we can, in principle, measure 
the values of many quantities which are uniquely defined by the state and independent of 
the history of the system. Examples are temperature T, pressure P, volume V and content 
of each component A,. We may call such quantities state variables or state functious, 
depending upon the context. It is possible to identify a particular state of equilibrium by 
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Figure 1.1 Property diagram for a constant amount of a solid material at a constant temperature 
showing volume as a function of pressure. Notice that P has here been plotted in the negative 
direction. The reason will be explained later. 


giving the values of a number of state variables under which it is established. As might 
be expected, c + 2 variables must be given. The values of all other variables are fixed, 
provided that equilibrium has really been established. There are thus c + 2 independent 
variables and, after they have been selected and equilibrium has been established, the 
rest are dependent variables. As we shall see, there are many ways to select the set of 
independent variables. For each application a certain set is usually most convenient. 
For any selection of independent variables it is possible to change the value of each one, 
independent of the others, but only if the wall containing the system is open for exchange 
of c + 2 kinds, i.e. exchanges of mechanical work, heat and c components. 

The equilibrium state of a system can be represented by a point in a c + 2 dimensional 
diagram. In principle, all points in such a diagram represent possible states of equilibrium 
although there may be practical difficulties in establishing the states represented by some 
region. One can use the diagram to define a state by specifying a point or a series of 
states by specifying a line. Such a diagram may be regarded as a state diagram. It does 
not give any information on the properties of the system under consideration unless 
such information is added to the diagram. We shall later see that some vital information 
on the properties can be included in the state diagram but in order to show the value 
of some dependent variable a new axis must be added. For convenience of illustration 
we shall now decrease the number of axes in the c + 2 dimensional state diagram by 
sectioning at constant values of c + 1 of the independent variables. All the states to be 
considered will thus be situated along a single axis, which may now be regarded as the 
state diagram. We may then plot a dependent variable by introducing a second axis. 
That property is thus represented by a line. We may call such a diagram a property 
diagram. An example is shown in Fig. 1.1. Of course, we may arbitrarily choose to 
consider any one of the two axes as the independent variable. The shape of the line is 
independent of that choice and it is thus the line itself that represents the property of the 
system. 

In many cases the content of matter in a system is kept constant and the wall is only 
open for exchange of mechanical work and heat. Such a system is often called a closed 
system and we shall start by discussing the properties of such a system. In other cases 
the content of matter may change and, in particular, the composition of the system by 
which we mean the relative amounts of the various components independent of the size 
of the system. In materials science such an open system is called an ‘alloy system’ and 
its behaviour as a function of composition is often shown in so-called phase diagrams. 




1.2 Internal state variables 
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which are state diagrams with some additional information on what phases are present in 
various regions. We shall later discuss the properties of phase diagrams in considerable 
detail. 

The state variables are of two kinds, which we shall call intensive and extensive. 
Temperature T and pressure P are intensive variables because they can be defined at each 
point of the system. As we shall see later, T must have the same value at all points in a 
system at equilibrium. An intensive variable with this property will be called potential. 
We shall later meet intensive variables, which may have different values at different parts 
of the system. They will not be regarded as potentials. 

Volume V is an extensive variable because its value for a system is equal to the sum 
of its values of all parts of the system. The content of component i, usually denoted by 
w, or Ni, is also an extensive variable. Such quantities obey the law of additivity. For a 
homogeneous system their values are proportional to the size of the system. 

One can imagine variables, which depend upon the size of the system but do not 
always obey the law of additivity. The use of such variables is complicated and will not 
be much considered. The law of additivity will be further discussed in Section 3.4. 

If the system is contained inside a wall that is rigid, thermally insulating and imperme¬ 
able to matter, then all the interactions mentioned are prevented and the system may be 
regarded as completely closed to interactions with the surroundings. It is left ‘completely 
alone’. It is often called an isolated system. By changing the properties of the wall we 
can open the system to exchanges of mechanical work, heat or matter. A system open to 
all these exchanges may be regarded as a completely open system. We may thus control 
the values of c -t- 2 variables by interactions with the surroundings and we may regard 
them as external variables because their values can be changed by interaction with the 
external world through the surroundings. 


Internal state variables 

After some or all of the c -I- 2 independent variables have been changed to new values 
and before the system has come to rest at equilibrium, it is also possible to describe 
the state of the system, at least in principle. For that description additional variables are 
required. We may call them internal variables because they will change due to internal 
processes as the system approaches the state of equilibrium under the new values of the 
c -F 2 external variables. 

An internal variable f (pronounced ‘xeye’) is illustrated in Fig. 1.2(a)where c 4- 1 of 
the independent variables are again kept constant in order to obtain a two-dimensional 
diagram. The equilibrium value of f for various values of the remaining independent 
variable T is represented by a curve. In that respect, the diagram is a property diagram. 
On the other hand, by a rapid change of the independent variable T the system may 
be brought to a point away from the curve. Any such point represents a possible non¬ 
equilibrium state and in that sense the diagram is a state diagram. In order to define such 
a point one must give the value of the internal variable in addition to T. The quantity f 
is thus an independent variable for states of non-equilibrium. 
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(a) (b) 



Figure 1.2 (a) Property diagram showing the equilibrium value of an internal variable, as a 
function of temperature. Arrow A represents a sudden change of temperature and arrow B the 
gradual approach to a new state of equilibrium, (b) Property diagram for non-equilibrium states 
at T2, showing the change of Helmholtz energy F as a function of the internal variable, There 

will be a spontaneous change with decreasing F and a stable state will eventually be reached at 
the minimum of F. 

For such states of non-equilibrium one may plot any other property versus the value 
of the internal variable. An example of such a property diagram is given in Fig. 1.2(b). In 
this particular case we have chosen to show a property called Helmholtz energy F which 
will decrease by all spontaneous changes at constant T and V. Given sufficient time the 
system will approach the minimum of F which corresponds to point B on the curve to 
the left. That curve is the locus of all points of minimum of F, each one obtained under 
its own constant value of T. Any state of equilibrium can thus be defined by giving T and 
the proper f value or by giving T and the requirement of equilibrium. Under equilibrium 
^ is a dependent variable and does not need to be given. 

It is sometimes possible to imagine that a non-equilibrium state can be ‘frozen-in’ 
(see Section 1.4), i.e. by the temperature being so low that the non-equilibrium state 
does not change markedly during the time it takes to measure an internal variable. Under 
the given restrictions such a state may be regarded as a state of equilibrium with regard 
to some internal variable, but the values of the frozen-in variables must be given in the 
definition of the equilibrium. There is a particular type of internal variable, which can 
be controlled from outside the system under such restrictions. Such a variable can then 
be treated as an external variable. It can for instance be the number of O 3 molecules in a 
system, the rest of which is O 2 . At high temperature the chemical reaction between these 
species will be rapid and the amount of O 3 may be regarded as a dependent variable. 
In order to define a state of equilibrium at high temperature it is sufficient to give the 
amount of oxygen as O or O 2 . At a lower temperature the reaction may be frozen-in and 
the system has two independent variables, the amounts of O 2 and O 3 which can both be 
controlled from the outside. 

Exercise 1.1 

Consider a box of fixed volume containing a small amount of a liquid, which fills the 
box only partly. Some of the liquid thus evaporates. The equilibrium vapour pressure of 
the liquid varies with temperature, P — A:exp(—b/ T) and we could use as an internal 
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Figure 1.3 Solution to Exercise 1.1. 


variable the number of gas molecules which is related to the pressure by the ideal gas law, 
NRT — PV. Calculate and show with a property diagram how N varies as a function 
ofr. 

Hint 

In order to simplify the calculations, neglect the volume of the liquid in comparison with 
the volume of the box. 

Solution 

At equilibrium = PV/RT = {kV/RT)e^^{-b/T). 

Let us introduce dimensionless variables, N/(kV/bR) — {b/T)e\p(—b/ T). 

This function has a maximum aXT/b — 1. 

If the low temperature is chosen as T jb — 0.4, then the diagram shows that N will 
increase if the higher temperature is below T/b — 3.86 but decrease if it is above. 


The first law of thermodynamics 

The development of thermodynamics starts by the definition of Q, the amount of heat 
flown into a closed system, and W, the amount of work done on the system. The concept of 
work may be regarded as a useful device to avoid having to define what actually happens 
to the surroundings as a result of certain changes made in the system. The first law of 
thermodynamics is related to the law of conservation of energy, which says that energy 
cannot be created, nor destroyed. As a consequence, if a system receives an amount of 
heat, Q, and the work W is done on the system, then the energy of the system must have 
increased by Q + W. This must hold quite independent of what happened to the energy 
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inside the system. In order to avoid such discussions, the concept of internal energy U 
has been invented, and the first law of thermodynamics is formulated as 

Af/=e+lf. (1.1) 

In differential form we have 

dU^dQ + dW. (1.2) 

It is rather evident that the internal energy of the system is uniquely determined by the 
state of the system and independent of by what processes it has been established. 17 is a 
state variable. It should be emphasized that Q and W are not properties of the system but 
define different ways of interaction with the surroundings. Thus, they could not be state 
variables. A system can be brought from one state to another by different combinations of 
heat and work. It is possible to bring the system from one state to another by some route 
and then let it return to the initial state by a different route. It would thus be possible to get 
mechanical work out of the system by supplying heat and without any net change of the 
system. An examination of how efficient such a process can be resulted in the formulation 
of the second law of thermodynamics. It will be discussed in Sections 1.5 and 1.6. 

The internal energy 17 is a variable, which is not easy to vary experimentally in a 
controlled fashion. Thus, we shall often regard 17 as a state function rather than a state 
variable. At equilibrium it may, for instance, be convenient to consider 17 as a function 
of temperature and pressure because those variables may be more easily controlled in 
the laboratory 


U^U{T,P). (1.3) 

However, we shall soon find that there are two more natural variables for U. It is evident 
that U is an extensive property and obeys the law of additivity. The total value of U of 
a system is equal to the sum of U of the various parts of the system. Its value does not 
depend upon how the additional energy, due to added heat and work, is distributed within 
the system. 

It should be emphasized that the absolute value of U is not defined through the first law, 
but only changes of U. Thus, there is no natural zero point for the internal energy. One 
can only consider changes in internal energy. For practical purposes one often chooses 
a point of reference, an arbitrary zero point. 

For compression work on a system under a hydrostatic pressure P we have 


dW = P{-dV) =-PdV (1.4) 

dU ^dQ- PdV. (1.5) 

So far, the discussion is limited to cases where the system is closed and the work done on 
the system is hydrostatic. The treatment will always be applicable to gases and liquids 
which cannot support shear stresses. It should be emphasized that a complete treatment 
of the thermodynamics of solid materials requires a consideration of non-hydrostatic 
stresses. We shall neglect such problems when considering solids. 
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Mechanical work against a hydrostatic pressure is so important that it is convenient 
to define a special state function called enthalpy //in the following way, H — U + PV. 
The first law can then be written as 

dN = dU+PdV+FdP = dQ+VdP. (1.6) 

In addition, the internal energy must depend on the content of matter, N, and for an open 
system subjected to compression we should be able to write, 

dU = dQ-PdP + ^dN. (1.7) 

In order to identify the nature of K we shall consider a system that is part of a larger, 
homogeneous system for which both T and P are uniform. U may then be evaluated 
by starting with an infinitesimal system and extending its boundaries until it encloses 
the volume V. Since there are no real changes in the system dQ — d and P and K are 
constant, we can integrate from the initial value of // = 0 where the system has no volume, 
obtaining 


U ^ -PV + KN (1.8) 

H^KN. (1.9) 

By measuring the content of matter in units of mole, we obtain 

K = H/N = //„. (1.10) 

//„ is the molar enthalpy. Molar quantities will be discussed in Section 3.2. The first law 
in Eq. (1.2) can thus be written as 

dU ^ dQ + dW + H^dN. (1.11) 

It should be mentioned that there is an alternative way of writing the first law for an open 
system. It is based on including in the heat the enthalpy carried by the added matter. This 
new ‘kind’ of heat would thus be 

dQ* ^dQ + H^dN. (1.12) 

The first law for the open system in Eq. (1.11) would then be very similar to Eq. (1.2) 
for a closed system, 

dU ^dQ*+ dW ^dQ* - PdV. (1.13) 

This definition of heat is less useful in treatments of heat conduction and we shall not 

use it. 

Exercise 1.2 

One mole of a gas at pressure Pi is contained in a cylinder of volume Vi which has a 
piston. The volume is changed rapidly to V 2 , without time for heat conduction to or from 
the surroundings. 
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(a) Evaluate the change in internal energy of the gas if it behaves as an ideal classical 
gas for which PV — RT and U — A + BT. 

(b) Then evaluate the amount of heat flow until the temperature has returned to its initial 
value, assuming that the piston is locked in the new position, V 2 . 


Hint 

The internal energy can change due to mechanical work and heat conduction. The first 
step is with mechanical work only; the second step with heat conduction only. 

Solution 

(a) Without heat conduction d(7 = — Pd F but we also know that d(7 = PdP. This yields 
BdT = -PdV. 

Elimination of P using PV — RT gives BdT / RT — —dV / V and by integration 
we then find (P/P) ln(r 2 /ri) = - ln(F 2 / Fi) = ln(Fi/ F 2 ) and T 2 = Ti(Fi/ F 2 )^/'®, 
where T\ is the initial temperature, T\ — P\V\I R. 

Thus: A17a = B(T 2 - Ti) = (BPi Vi/R)[{Vi/¥ 2 ^^^ - 1]. 

(b) By heat conduction the system returns to the initial temperature and thus to the initial 
value of U, since U in this case depends only on T. Since the piston is now locked, 
there will be no mechanical work this time, so that dU^ — dgb and, by integration, 
AC/b = gb- Considering both steps we find because U depends only upon T\ 

0 = A17a + Af/b = AC/a + Qh, gb = -AC/a = -{BPx Fi/P)[(Fi/ V2f^’^ - 1]. 


Exercise 1.3 

Two completely isolated containers are each filled with one mole of gas. They are at 
different temperatures but at the same pressure. The containers are then connected and 
can exchange heat and molecules freely but do not change their volumes. Evaluate 
the final temperature and pressure. Suppose that the gas is classical ideal for which 
U — A + BT and PV = RT if one considers one mole. 

Hint 

Of course, T and P must finally be uniform in the whole system, say Tt, and P3. Use 
the fact that the containers are still completely isolated from the surroundings. Thus, the 
total internal energy has not changed. 


Solution 

F = Fi + F 2 = PTi/Pi + RT 2 IPX = R(Tx + T2)IPi-, A + BTi + A + BT 2 ^ U ^ 
2A+2BT3; T2 = (Ti + T2)/2; P2 = 2RT2/V = R(Ti + T2)/[R(Ti + T2)/Pi] = Pi. 
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As a continuation of our discussion on internal variables we may now consider heat 
absorption under two different conditions. 

We shall first consider an increase in temperature slow enough to allow an internal 
process to adjust continuously to the changing conditions. If the heating is made under 
conditions where we can keep the volume constant, we may regard T and V as the 
independent variables and write 


df/ = 




(1.14) 


By combination with df/ = dg — PdFwe find 


de = 




dV. 


(1.15) 


We thus define a quantity called heat capacity and under constant V it is given by 


Cv ^ 




(1.16) 


Secondly, we shall consider an increase in temperature so rapid that an internal pro¬ 
cess is practically inhibited. Then we must count the internal variable as an additional 
independent variable which is kept constant. Denoting the internal variable as ^ we obtain 


, dU 
d{/= — 
dT 


dr-H — 


'dU 

Q-[jf 


dr- 


dV 


dV ■ 




dU\ 

w) 




T,V 




dU , 

— + ^ 
dVJr,^ 


. dU\ 


(1.17) 

(1.18) 


Under constant V and ^ we now obtain the following expression for the heat capacity 


C 


= 




(1.19) 


Experimental conditions under which an internal variable § does not change will be 
called freezing-in conditions and an internal variable that does not change due to such 
conditions will be regarded as being^oze«-/«. We can find a relation between the two 
heat capacities by comparing the two expressions for df/at constant V, 



V 



( 1 . 20 ) 


Ck — Ck.i + 



( 1 . 21 ) 


The two heat capacities will thus be different unless either (dU/d^)r,v or (9§ /dT)y is 
zero, which may rarely be the case. 
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It is instructive to note that Eq. (1.18) allows the heat of the internal process to be 
expressed in state variables, 



T,V 



( 1 . 22 ) 


Exercise 1.4 

Suppose there is an internal reaction by which a system can adjust to a new equilibrium 
if the conditions change. There is a complete adjustment if the change is very slow and 
for a slow increase of T one measures C(/,siow For a very rapid change there will be 
practically no reaction and one measures rapid. What value of Cy would one find if 
the change is intermediate and the reaction at each temperature has proceeded to halfway 
between the initial value and the equilibrium value. 

Hint 

Cv = Oe/9F)expt.cond. = {dU/dT)Y,^ + (9f//3§)r,K ■ (9^/97’)expt.cond. and 
(9^/9r)expt.cond. = (9^/9 Tjeq.. 


Solution 

Cv.my\A — {^U/dT)y^^-, C)x,slow = (917/97’)^/ I + (9C//9§)j. J>(9|/9r)eq.; CK.interm. = 
(dU/dT)y^^ + (9t//9§)7-,p.0.5(9t/97’)eq. = (Ck, rapid + C'r',siow)/2. It should be noticed 
that the value of {dU/d^)T,v may depend on § as well as T. It may thus change during 
heating and in different ways depending on how f changes. The last step in the derivation 
is thus strictly valid only at the starting point. 


1.5 Reversible and irreversible processes 

Consider a cylinder filled with a gas and with a frictionless piston which exerts a pressure 
P on the gas in the cylinder. By gradually increasing P we can compress the gas and 
perform the work W — —fPdV on the gas. If the cylinder is thermally insulated from 
the surroundings, the temperature will rise because AU — Q + W — —fPdV > 0. By 
then decreasing P we can make the gas expand again and perform the same work on the 
surroundings through the piston. The initial situation has thus been restored without any 
net exchange of work or heat with the surroundings and no change of temperature or 
pressure of the gas. The whole process and any part of it are regarded as reversible. 

The process would be different if the gas were not thermally insulated. Suppose it were 
instead in thermal equilibrium with the surroundings during the compression. For an ideal 
gas the internal energy only varies with the temperature and would thus stay constant 
during the compression if the surroundings could be kept at a constant temperature. 
Heat would flow out of the system during that process. By then decreasing P we could 
make the gas expand and, as it returns to the initial state, it would give back the work 
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Figure 1.4 Schematic diagram of Carnot’s cycle. 

to the surroundings and take back the heat. Again there would be no net exchange with 
the surroundings. This process is also regarded as reversible and it may be described 
as a reversible isothermal process. The previous case may be described as a reversible 
adiabatic process. 

By combination of the above processes and with the use of two heat reservoirs of 
constant temperatures, Ta and 7b, one can make the system go through a cycle which 
may be defined as reversible because all the steps are reversible. Figure 1.4 illustrates a 
case with four steps where 7], > T^. 

(1) Isothermal compression from Fi to F 2 at a constant temperature Fa. The surroundings 
perform the work W\ on the system and the system gives away heat, — gi, to the 
surroundings, i.e. to the colder heat reservoir, T^. The heat received by the system, 
gi, is negative. 

(2) Adiabatic compression from V 2 to F 3 under an increase of the temperature inside 
the cylinder from to 71,. The surroundings perform the work W 2 on the system 
but there is no heat exchange, Q 2 — 0 . 

(3) Isothermal expansion from F 3 to Ft after the cylinder has been brought into contact 
with a warmer heat reservoir, 7b. The system now gives back some work to the 
surroundings; W 2 is negative whereas Q 2 is positive. The warm heat reservoir, Fb, 
thus gives away this heat to the system. 

(4) Adiabatic expansion from Ft back to Fi under a decrease of temperature inside the 
cylinder from Fb to T^\ IF 4 is negative and Qa — 0 . 

The system has thus received a net heat of Q — Q\ + Q 2 but it has returned to the initial 
state and for the whole process we obtain Q + W — I^U — 0 and —IF — Q — Qi + Qi 
where W is the net work done on the system. According to Fig. 1.4 the inscribed area 
is positive and mathematically it corresponds to fPdV. The net work, W, is equal to 
— fPdV and it is thus negative and the system has performed work on the surroundings. 
The net heat, Q, is positive and the system has thus received energy by heating. The 
system has performed work on the surroundings, — W, by transforming into mechanical 
energy some of the thermal energy, Q^, received from the warm heat reservoir. The 
remaining part of is given off to the cold heat reservoir, —Qi < Q 3 . This cycle may 
thus be used for the construction of a heat engine that can produce mechanical energy 
from thermal energy. It was first discussed by Carnot [1] and is called Carnot’s cycle. 
From a practical point of view the important question is how efficient that engine would 
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be. The efficiency may be defined as the ratio between the mechanical work produced, 
— W, and the heat drawn from the warm heat reservoir, Q^. 


— W_ Q\ + Qi _ ^ Q\ 


(1.23) 


This is less than unity because Qi is negative and its absolute value is smaller than Q^. 

We can let the engine run in the reverse direction. It would then draw heat from the 
cold reservoir and deposit it in the warm reservoir by means of some mechanical work. 
It would thus operate as a heat pump or refrigerator. 

Before continuing the discussion, let us consider the flow of heat through a wall 
separating two heat reservoirs. There is no method by which we could reverse this 
process. Heat can never flow from a cold reservoir to a warmer one. Heat conduction is 
an irreversible process. 

Let us then go back to the Carnot cycle and examine it in more detail. It is clear 
that in reality it must have some irreversible character. The flow of heat in steps (1) 
and (3) cannot occur unless there is a temperature difference between the system and 
the heat reservoir. The irreversible character of the heat flow may be decreased by 
making the temperature difference smaller but then the process will take more time. A 
completely reversible heat transfer could, in principle, be accomplished by decreasing 
the temperature difference to zero but then the process would take an infinite time. A 
completely reversible process is always an idealization of reality which can never be 
attained. However, it is an extremely useful concept because it defines the theoretical 
limit. Much of thermodynamics is concerned with reversible processes. 

We may expect that the efficiency would increase if the irreversible character of the 
engine could be decreased. However, it may also seem conceivable that the efficiency of 
a completely reversible engine could depend on the choice of temperatures of the two 
heat reservoirs and on the choice of fluid (gas or liquid) in the system. These matters 
will be considered in the next section. 


Exercise 1.5 

Discuss by what physical mechanisms the adiabatic steps of the Carnot cycle can get an 
irreversible character. 


Solution 

There may be heat conduction through the wall of the cylinder also during the adiabatic 
step, i.e. it would not be completely adiabatic. That effect would be less if the compression 
is very fast. However, for a very fast compression it is possible that there would be violent 
motions or oscillations inside the system. The damping of them would be an irreversible 
process. 
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Let us now compare the efficiency of two heat engines which are so close to the ideal 
case that they may be regarded as reversible. Let them operate between the same two 
heat reservoirs, and 71,. Suppose one engine has a lower efficiency than the other and 
let it operate in the reverse direction, i.e. as a heat pump. Build the heat pump of such 
a size that it will give to the warm reservoir the same amount of heat as the heat engine 
will take. Thanks to its higher efficiency the heat engine will produce more work than 
needed to run the heat pump. The difference can be used for some useful purpose and 
the equivalent amount of thermal energy must come from the cold reservoir because the 
warm reservoir is not affected and could be disposed of 

The above arrangement would be a kind of perpetuum mobile. It would for ever 
produce mechanical work by drawing thermal energy from the surroundings without 
using a warmer heat source. This does not seem reasonable and one has thus formulated 
the second law of thermodynamics which states that this is not possible. It then follows 
that the efficiency of all reversible heat engines must be the same if they operate between 
the same two heat reservoirs. From the expression for the efficiency r] it follows that the 
ratio Q\|Q^ can only be a function of and 7], and the same function for all choices 
of fluid in the cylinder. 

A heat engine, which is not reversible, will have a lower efficiency but, when used 
in the reverse direction, it will have different properties because it is not reversible. Its 
efficiency will thus be different in the reverse direction and it could not be used to make 
a perpetuum mobile. 

It remains to examine how high the efficiency is for a reversible heat engine and how 
it depends on the temperatures of the two heat reservoirs. The answer could be obtained 
by studying any well-defined engine, for instance an engine built on the Carnot cycle 
using an ideal classical gas. The result is 


-w ^ tl-t; 

03 n 


(1.24) 


We must now accept that this result is quite general and independent of the choice of 
fluid. Actually, it would also hold for a solid medium. In line with Carnot’s ideas, we can 
give a more general derivation by first considering the production of work when a body 
of mass AM is moved from a higher level to a lower one, i.e. from a higher gravitational 
potential, gb, to a lower one, ga. 


- If = AM.(gb-ga). (1.25) 

The minus sign is added because -t- If should be defined as mechanical energy received 
by the system (the body). With this case in mind, let us assume that the work produced 
by a reversible heat engine could be obtained by considering some appropriate thermal 
quantity which would play a similar role as mass. That quantity is now called entropy and 
denoted by S. When a certain amount of that quantity is moved from a higher thermal 
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potential (temperature 7b) to a lower one (temperature the production of work should 

be given in analogy to the above equation, 

- If = A5 ■ (Jb - (1.26) 

However, we already know that — If is the sum of Q\ and Q^, 

A5-rb-A5-7;= 03 + ei- (1.27) 

We can find an appropriate quantity S to satisfy this equation by defining 5 as a state 
function, the change of which in a system is related to the heat received, 

AS^Q/T. (1.28) 

The amount of S received by the system from the warm heat reservoir would then be 

A5= 23/71. (1.29) 

The amount of S given by the system to the cold reservoir would be 


AS=-Qi/T,. 


(1.30) 


The equation is satisfied and we also find 

Qi_ -AS-T, _ t ; 

03 . Tb Tb ■ 

_ -If _ 21 _ 71,-7; 

'^ 23 23 71 


(1.31) 

(1.32) 


in agreement with the previous examination of the Carnot cycle. 

Let us now look at entropy and temperature in a more general way. By adding a small 
amount of heat to a system by a reversible process we would increase its entropy by 

d5'=d2/7’. (1.33) 

For a series of reversible changes that brings the system back to the initial state 

d2/7’=A5 = 0. (1.34) 




This can be demonstrated with the Carnot cycle. By comparing Eqs (1.29) and (1.30) 
we find 


2i/7;+23/71 = 0. (1.35) 

The quantity T is a measure of temperature but it remains to be discussed exactly how to 
define T. It is immediately evident that the zero point must be defined in a unique way 
because T^/ 7], would change if the zero point is changed. That is not allowed because it 
must be equal to — 2 i/ 23 . The quantity T is thus measured relative to an absolute zero 
point and one can say that T measures the absolute temperature. 

It has already been demonstrated that by using an ideal classical gas as the fluid in the 
Carnot engine, one can derive the correct expression forthe efficiency, r] — {Ty^—T^/T^^. 
One can thus define the absolute temperature as the temperature scale used in the ideal 
gas law and one can measure the absolute temperature with a gas thermometer. When 
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this was done it was decided to express the difference between the boiling and freezing 
point of water at 1 atm as 100 units, in agreement with the Celsius scale. This unit is 
now called kelvin (K). 

Let us now return to the irreversible process of heat conduction from a warm reservoir 
to a cold one. By transferring an amount dQ one would decrease the entropy of the warm 
reservoir by dg/ Tb and increase the entropy of the cold one by dg/ Ta. The net change 
of the entropy would thus be 

d5 = -dg/Tb + dg/Ta = dg ■ (Tb - mr,. (1.36) 

This irreversible process thus produces entropy. One talks about internal entropy 
production 

dip^ > 0. (1.37) 

The subscript ‘ip’ indicates that this change of the entropy of the system is due to an 
internal process. This is the second law of thermodynamics and it should be noted that it 
concerns what happens inside a system, whereas the first law concerns interactions with 
the surroundings. As we have seen, the transfer of heat to the system, dg, will increase 
the entropy by dg/T and, by also considering the effect of additional matter, dA, in an 
open system we can write the second law as 

d5 = dg/r + SmdJV + dipS >dQ/T + S^dN. (1.38) 

5m is the molar entropy of the added material and can be derived exactly as //m in the 
first law was derived in Section 1.3. With the alternative definition of heat in Eq. (1.12) 
we would obtain 

ds = dgvr - (Am/r - 5m)dA + d.p5 = dgvr - ((h^ - rs^)/T)dN 

+ dipS > dQ*/T - ((//m - 7’5m)/7’)dA. (1.39) 

When a spontaneous process proceeds, it is in a direction that can be predicted from 
the above criterion. A spontaneous process is always an irreversible process, other¬ 
wise it would have no preferred direction and it would be reversible. A reversible pro¬ 
cess is a hypothetical construction and can be defined by either one of the following 
criteria. 


d.p5 = 0 


(1.40) 


d5 = dg/r-t-5mdA. 


(1.41) 


Exercise 1.6 

Suppose a simple model for an internal reaction yields the following expression for 
the internal production of entropy under conditions of constant T, V and N, Aip5 = 
—^K/T — Inf — (1 -b f)ln(l -|- f)], where f is a measure of the progress of the 
reaction going from 0 to 1. Find the equilibrium value of f, i.e. the value of f for which 
the reaction cannot proceed spontaneously. 
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Hint 

The spontaneous reaction will stop when dipS is no longer positive, i.e. when dip5/d§ = 0. 

Solution 

dip5/d§ = d(AipS)/d^ ^-K/T - R[\ + \nH-\- ln(l + ^)] = 0; §/(l + f) = 

Q^Vi-K/RT)- ^ = \I[qx^{K/RT) - 1 ]. 

Exercise 1.7 

Find a state function from which one could evaluate the heat flow out of the system when 
a homogeneous material is compressed isothermally. 

Hint 

Heat is not a state function of a system. In order to solve the problem we must know how 
the change was made. Let us first assume that it was reversible. 

Solution 

For reversible conditions Q — JTdS — T^JdS — Ti{S 2 — S\) and the heat extraction 
— Q— Ty{Si — S 2 )- For irreversible conditions dQ < TdS] Q < T\{S 2 — -S'!) and the 
extracted heat is — g > — 52), i.e. larger than before. However, if the final state 

is the same, At/ must be the same because it is a state function and the higher value of 
—Q must be compensated by a higher value of the work of compression W than during 
reversible compression. How much higher — Q and W will be cannot be calculated without 
detailed information on the factor making the compression irreversible. 

Exercise 1.8 

Consider a Carnot cycle with a non-ideal gas and suppose that the process is somewhat 
irreversible. Use the second law to derive an expression for the efficiency. 

Hint 

For each complete cycle we have T,AU — 0 and E A5 = 0 because U and S are both 
state functions. 

Solution 

HAU—W+Qi + Q^—d', E AS = gi/Fa-t-g3/7b-t-Aip5 = 0 where W and 
AipS are the sums over the cycle. We seek r] — — WjQ^ and should thus eliminate 
Q\ by combining these equations: — + AjpS -Fa; —fV=Qi + Q 3 = 

-03 Til/7b - AipS - Fa + 03 = 23(Fb - Fa)/Fb - AipS - Fa and thus?? ^- W! Q 3 ^ 
(Fb — Fa)/ Fb — AipS - Tz,IQ 3 < (Fb — Fa)/ Fb because AipS, Fa and Q 3 are all positive. 
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Condition of internal equiiibrium 

The second law states that an internal process may continue spontaneously as long as 
dip^ is positive. It must stop when for a continued process one would have 

dip5<0. (1.42) 

This is the condition for equilibrium in a system. By integrating dip5 we may obtain a 
measure of the total production of entropy by the process, Aip5. It has its maximum 
value at equilibrium. The maximum may be smooth, dip5 = 0, or sharp, dip5 < 0, but 
the possibility of that alternative will usually be neglected. 

As an example of the first case. Fig. 1.5 shows a diagram for the formation of vacancies 
in a pure metal. The internal variable, generally denoted by f, is here the number of 
vacancies per mole of the metal. 

As an example of the second case, Fig. 1.6 shows a diagram for the solid state reaction 
between two phases, graphite and Cro.yCo.s, by which a new phase Cro. 6 Co .4 is formed. 
The internal variable here represents the amount of Cro, 6 Co. 4 . The curve only exists up 
to a point of maximum where one or both of the reactants have been consumed (in 
this case CiojCoj). From the point of maximum the reaction can only go in the reverse 
direction and that would give dip5 < 0 which is not permitted for a spontaneous reaction. 
The sharp point of maximum thus represents a state of equilibrium. This case is often 
neglected and one usually treats equilibrium with the equality sign only, dipS = 0. 

If dipA = 0 it is possible that the system is in a state of minimum Aip5 instead of 
maximum. By a small, finite change the system could then be brought into a state where 
dipS > 0 for a continued change. Such a system is thus at an unstable equilibrium. As 
a consequence, for a stable equilibrium we require that either dip5 < 0, or dip5 = 0 but 
then its second derivative must be negative. 

It should be mentioned that instead of introducing the internal entropy production, 
dipS, one has sometimes introduced dg'/ T where dg' is called ‘uncompensated heat’. 
It represents the extra heat, which must be added to the system if the same change of 
the system were accomplished by a reversible process. Under the actual, irreversible 
conditions one has dS = dg/T + dipS. Under the hypothetical, reversible conditions 
one has dS = (dg + dg')/T. Thus, dg' = TdipS. In the actual process dipS is produced 
without the system being compensated by such a heat flow from the surroundings. 

If the reversible process could be carried out and the system thus received the extra 
heat dg', as compared to the actual process, then the system must also have delivered 
the corresponding amount of work to the surroundings in view of the first law. Because 
of the irreversible nature of the process, this work will not be delivered and that is why 
one sometimes talks about the ‘loss of work’ in the actual process which is irreversible 
and produces some entropy instead of work, AW — dg' = T dip5. 

Exercise 1.9 

Check the loss of work in a cyclic process working with a high-temperature heat source 
of Tb and a low-temperature heat sink of Fa and having some internal entropy production. 
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Figure 1.5 The internal entropy production due to the formation of thermal vacancies in 1 mole 
of a pure element at a temperature where the energy of formation of a vacancy is 9kT, k being 
the Boltzmann constant. The initial state is a pure element without any vacancies. The internal 
variable is here the number of vacancies expressed as moles of vacancies per mole of metal, wya 



Figure 1.6 The internal entropy production due to the solid state phase transformation 
C + Cro.vCo.s ^ Cro, 6 Co .4 at 1500 K and 1 bar. The initial state is 0.5 mole each of C(graphite) 
and CrojCo.s. The internal variable here represents the amount of Cro 6 C 0 . 4 . 


Hint 

In Exercise 1.8 we found —W— — T^)/ T], — AjpS • T^. From this result we can 

calculate the ‘loss of work’, e.g. if the amount of heat extracted from the heat source is 
the same in the irreversible case as in the reversible one. Give this loss per heat extracted 
from the heat source, and give it per heat given to the colder heat sink, Q\. 

Solution 

For a reversible cycle one would have —W — — Fa)/7],. The ‘loss of work’ per 

extracted heat is thus AipS ■ Q^. 









1.8 Driving force 
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For the second case we should eliminate from the two equations in the solu¬ 
tion of Exercise 1.8: -03 = Aip5- Fb -f Q\Ty,IT^\-W = -H gs = -gi(7b - T^j 

Tn — Aip^ ■ 7b. 

The Toss of work’ per received heat is thus Aip5 ■ 7b/(— gi). The two results are 
equal in the reversible limit where gs/ 71, = —Qi/T^ according to Eq. (1.35). 

Driving force 

Let the internal variable § represent the extent of a certain internal process. The internal 
entropy production can then be regarded as a function of this variable and we may define 
its derivative dip5'/d^ as a new state variable. It may also be regarded as a state function 
because it may be expressed as a function of a set of state variables, including which 
define the state. For convenience, we shall multiply by T under isothermal conditions to 
obtain a new state variable. 



(1.43) 


■ 


One may use 7) = 0 as the condition of equilibrium. This quantity was introduced by 
De Bonder [2] when considering chemical reactions between molecules and it was thus 
called affinity. However, it has a much wider applicability and will here be regarded as 
the driving force for any internal process. The symbol D, chosen here, may either be 
regarded as an abbreviation of driving force or as an honour to De Bonder. It is usually 
convenient to define ^ by a variable that is an extensive property, subject to the law of 
additivity. The driving force D will then be an intensive variable. 

If a system is not in a state of equilibrium, there may be a spontaneous internal process 
for which the second law gives dip5 > 0 and thus 


7’dip5 = 7)d§ > 0. 


(1.44) 


It is evident that d§ and D must have the same sign in order for the process to proceed. By 
convention, d§ is given a positive value in the direction one wants to examine and D must 
then be positive for a spontaneous process in that direction. In many applications one 
even attempts to predict the rate of a process from the magnitude of D. Simple models 
often predict proportionality. This will be further discussed in Chapter 5. 

IfB > 0 for some internal process, then the system is not in a state of equilibrium. The 
process may proceed and it will eventually approach a state of equilibrium where D — 0. 
The equilibrium value of the variable | can, in principle, be evaluated from the condition 
D — 0, which is usually more directly applicable than the basic condition dipS = 0. 

In the preceding section we connected an internal entropy production with the progress 
of an internal process. However, we can now see that it is possible, in principle, to change 
an internal variable without any entropy production. This can be done by changing the 
external variables in such a way that the driving force D is always zero. Since D is zero at 
equilibrium only, it is necessary to change the external variables so slowly that | can all 
the time adjust itself to the new value required by equilibrium. In practice, this cannot be 
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completely achieved because the rate of the process should be zero if its driving force is 
zero. An infinitely slow change is thus necessary. Such an idealized change is identical to 
the reversible process mentioned in the preceding section and it is sometimes described 
as an ‘equilibrium reaction’. It would take the system through a series of equilibrium 
states. 

It may be convenient to consider a reversible process if one knows a state of equilibrium 
for a system and wants to find other states of equilibrium under some different conditions. 
This is the reason why one often applies ‘reversible conditions’. As an example we may 
consider the heating of a system under constant volume, discussed in Section 1.4. The 
heat capacity under such conditions, Cy, was found to be different under slow and rapid 
changes. Both of these cases may be regarded as reversible because the internal entropy 
production is negligible when D is small for a very slow change and also when d§ is 
small for a frozen-in internal process. For both cases we may thus use d^ = ^Q/T and 
we obtain two different quantities. 




dQ 

dT 




dQ 

dT 




95\ 

^)v 

(1.45) 

'dS\ 

(1.46) 


These expressions are equivalent to those given in Section 1.4 in terms of [/. For inter¬ 
mediate cases, which are not reversible, one should consider U and not S, i.e. use the 
first law and not the second law. 


Exercise 1.10 

Consider an internal reaction which gives an entropy production under isothermal condi¬ 
tions, A ip 5 = —^KjT — 7?[|ln^ — (1 -|-f)ln(l Derive the stability at equilib¬ 

rium, defined as B — —T ■ d^p5/d§^ = —T ■ dD/d^. (See Section 6.1.) 


Hint 

In Exercise 1.6 we have already calculated dipA/df and | at equilibrium. 


Soiution 

dip5/d§ ^-K/T- R[\n^ - ln(l + f)]; = -R [1/| - 1/(1 + f)]. 

However, at equilibrium l/§ = exp{K / RT) — 1; 1/(1 + ^) — [sxp{K / RT) — 1]/ 

exp{K/RT). 

Thus, B = +RT[\/^ - 1/(1 ^)] = RT[l - exp{K/RT)f/ exp{K/RT). 

This is always positive. The state of equilibrium must be stable. 


1.9 Combined first and second law 
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Combined first and second law 

Combination of the first and second laws, Eqs (1.11) and (1.38) yield by elimination of 

dQ, 

dS = dQ/T + Sry^dN + dipS + (dU - dQ - dfV - H^AN)/T 

= df//r + {Sm - HJT)dN -dWIT + d,pS. (1.47) 

Denoting — TSmhy Gm, a symbol that will be explained in Section 3.2, and intro¬ 
ducing Dd^/T for dip5 from Eq. (1.43) and only considering compression work, we 
obtain 


dS^{\/T)dU+ {P/T)dV -{GJT)dN + Dd^/T. (1.48) 

It should be noted that the alternative definition of heat, Eq. (1.12), would yield the same 
result by eliminating dQ* between Eqs (1.13) and (1.39). The combination of the two 
laws is due to Gibbs [3] and Eq. (1.48), without the last term is often called Gibbs’ 
equation or relation. We shall simply refer to Eq. (1.48) as the combined law and it 
can be written in many different forms, expressing one state variable as a function of 
the others. Such a function, based on the combined law, is regarded as a characteristic 
state function for the set of variables occurring on the right-hand side. The variables in 
that set are regarded as the natural variables for the quantity appearing on the left-hand 
side. 

It is more common to write the combined law in the following form 

dU = TdS-PdV+GmdN-Dd$. (1.49) 

Here, G is the characteristic state function and its natural variables are S, F and N. One 
usually regards S as an external variable although its value is also influenced by internal 
processes and it is not possible to control its value by actions from the outside without 
an intimate knowledge of the properties of the system. 

When there are i internal processes, one should replace Dd$ by E Z)' d§'. For the sake 
of simplicity this will be done only when we actually consider more than one process. 
By grouping together the products of the external variables in Eq. (1.49) we write 

dU = EV^^dX^ - Dd$, (1.50) 

where represents potentials like T. It is evident that the pressure should be expressed 
as —P in order to be comparable with other potentials. As a consequence, we shall plot 
P in the negative direction in many diagrams (see, for instance. Fig. l.l). represents 
extensive quantities like S and V. The pair of one potential and one extensive quantity, 
7® and W*, is called a pair of conjugate variables, for instance T, S or — P, V. Other 
pairs of conjugate variables may be included through the first law by considering other 
types of work, for instance gravitational work. It is important to notice that the change 
in U is given in terms of the changes in variables all of which are extensive like S and V 
and all of them are subject to the law of additivity. 
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Since (7 is a state variable which is a function of all the external variables, X’', X^, 
etc., and the internal ^ variables, we have 


7 ” = 



(1.51) 


where X^ represents all the X variables except for X^. It is interesting to note that all the 
7 variables are obtained as partial derivatives of an energy with respect to an extensive 
variable. That is why they are regarded as potentials. One may also regard — D and | as 
a pair of conjugate variables where — D is the potential and is obtained as 


- Z) = 



(1.52) 


where 77“ represents all the X variables. It should be emphasized that the 7 potentials 
have here been defined for a frozen-in state because f was treated as an independent 
variable that is kept constant. Under conditions of maintained equilibrium one should 
treat ^ as a dependent variable and the potentials are defined as 


7*“ = 



(1.53) 


We will soon see that for equilibrium states the two definitions of 7’’ give the same result. 

In the following discussions we do not want to be limited to frozen-in states (d| = 0), 
nor to equilibrium states or reversible changes {D = 0) and we will thus retain the Dd^ 
term in the combined law. It should again be emphasized that there are those two different 
cases for which the term Z)d| is zero and can be omitted. 

The combined law can be expressed in several alternative forms depending upon the 
choice of independent external variables. These forms make use of new state functions 
which will be discussed soon. 


Exercise 1.11 

Try to include the effect of electrical work in the combined law. 

Hint 

There are two cases. First, consider the addition of an extra charge to the system. Second, 
consider the case where the system is made part of an electrical circuit. 

Solution 

In the first case, the first law gives dU — dQ + dW -t-dIFei where we may write dIFei = 
E ■ d(charge) = —ETdrig, where X is the Faraday constant (the negative of the charge 
of one mole of electrons) and «e is the number of extra electrons (in mole). E is the 
electrical potential. The combined law becomes dU — TdS — PdV — ETdn^ — Z)d|. 
However, E increases very rapidly with and reaches extremely high values before «e 
is large enough to have a chemical effect. This form is thus of little practical interest. 


1.10 General conditions of equilibrium 
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Let us now consider a system that is part of an electrical circuit. It is evident that 
the charge entering a system through one lead must be practically equal to the charge 
leaving the system from the other lead, i.e. d«ei = —dwe 2 - The first law becomes 
d(7 = dg + dif + dWei ^dQ + dW- EiJ^dn^i - E2Tdn^2 = d0 + dIF - {Ei - 
E 2 )J-dnt\, and the combined law becomes dU—TdS — PdV — {E\ — E 2 ) 
Tdriex — Dd^. E\ and E 2 are the electrical potentials on the two sides of the 
system. At this time we do not need to speculate on what happens inside the system. 


1.10 General conditions of equilibrium 

A system is in a state of equilibrium if the driving forces for all possible internal processes 
are zero. Many kinds of internal processes can be imagined in various types of systems 
but there is one class of internal process that should always be considered, the transfer of a 
quantity of an extensive variable from one part of the system, i.e. a subsystem, to another 
subsystem. In this section we shall examine the equilibrium condition for such a process. 

Let us first examine an internal process taking place in a system under constant values 
of the external extensive variables S and V, here collectively denoted by X^, and let us 
not be concerned about the experimental difficulties encountered in performing such an 
experiment. We could then turn to the combined first and second law in terms of dU, 
which is reduced as follows 

df/= ELMW'-Dd^ =-Dd^ (1.54) 

The driving force for the internal process will be 

D = -{dU/d^)X^. (1.55) 

The process can occur spontaneously and proceed until {/has reached a minimum. The 
state of minimum in U at constant S and V is thus a state of equilibrium. 

The internal process we shall now consider is the transfer of dW*’ from one subsystem 
(') to the other ("), keeping the remaining As constant at different values in the two 
subsystems. It is convenient to measure the extent of this internal process by identifying 
d^ with —dA’’ for the first subsystem and +dA'’ for the second. We thus obtain, by 
applying the law of additivity to D, 

^ /3{/\ / du Y /ai/y' (dUV 

(1.56) 

The derivative 9 {7/9 A'’ is identical to the conjugate potential 7*’ and we thus find 

D = yb' _ yb" ^ 37) 

The driving force for this process will be zero and the system will be in equilibrium with 
respect to the process if the potential has the same value in the two subsystems. We 
have thus proved that each potential must have the same value in the whole system at 
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equilibrium. This applies to T, and to P with an exception to be treated in Chapter 16. It 
also applies to chemical potentials /x,, which have not yet been introduced. 


Exercise 1.12 

One may derive a term —ETdrig for the electrical contribution to dU. Here E is the 
electrical potential and —J^diig the electrical charge because d«e is the number of moles 
of extra electrons and —J- is the charge of one mole of electrons. Evaluate the driving 
force for the transfer of electrons from one half of the system to the other if their electrical 
potentials are E' and E" and can be kept constant. Define d^ as d«e- 


Solution 

-D = {dU/d^) = -{dU/dn^y + {dU/dnJ = E'T - E"T-, D = {E" - E')T. In 
practice, the big question is whether the charge transfer will change the potential differ¬ 
ence or whether there is a device for keeping it constant. 


1.11 Characteristic state functions 

Under experimental conditions of constant S, V and N it is most convenient to use the 
combined law in the form given by Eq. (1.49) because then it yields simply 


dU = -Dd^ 


(1.58) 


At equilibrium, D = 0, we obtain 


D = -(9C//a§)s,K.iv = 0 (1.59) 

for the internal process. If instead D > 0, then the internal process may proceed sponta¬ 
neously and the internal energy will decrease and eventually approach a minimum under 
constant S, V and N. 

From an experimental point of view it is not very easy to control S but relatively 
easy to control T. A change of independent variable may thus be desirable and it can be 
performed by subtracting d(7’ S) which is equal to TdS -|- SdT. The combined law in 
Eq. (1.49) is thus modified to 

d{U - TS) = -^dr - PdV + G^dN - Dd^. (1.60) 

We may regard this as the combined law for the variables T, V and N and the combination 
U — TS is regarded as the characteristic state function for these variables, whereas U is 
regarded as the characteristic state function for the variables S and V. The new function 
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{U — TS) has been given its own name and symbol, Helmholtz energy, F, 

F^U-TS. (1.61) 

Under experimental conditions of constant T, V and N we obtain 

dF = -Dd^ (1.62) 

The equilibrium condition can then be written as 

D = -{dFldH)T,v.N = ^- (1.63) 

In an experiment under constant T, V and N there may be spontaneous changes until F 
has approached a minimum. 

In the same way we may introduce a state variable H — U + PV obtaining 

d//= d(t/+PK) = rd5+ VdP + GrndN - Dd^. (1.64) 

This may be regarded as the combined law for the variables S, P and N. The new variable FI 
is regarded as the characteristic state function for these variables and it is called enthalpy. 
In fact, it has already been introduced in connection to the first law in Section 1.3. 
The equilibrium condition under constant S, P and N is 

D^-{dH/dH)s.P,N^d. (1.65) 

In an experiment under constant S and P there may be spontaneous internal changes until 
H has approached a minimum. 

By applying both modifications we can define U — TS + PV as a new state variable, 
G, obtaining 

dG = d((7 - T5 + PU) = -SdT + FdP + G„dA^ - Dd^. (1.66) 

This may be regarded as the combined law for the variables T, P and and the character¬ 
istic state function for these variables is called Gibbs energy, G. This characteristic state 
function is of particular interest because T and P are the variables, which are most easily 
controlled experimentally and they are both potentials. G may decrease spontaneously 
to a minimum under constant T, P and N and the equilibrium condition is 

D = -(dG/d^)p,T,N = 0. (1.67) 

It may be mentioned that the mathematical operation, we have used in order to introduce 
a potential instead of an extensive variable, is called Legendre transformation. An 
important aspect is that no information is lost during such a transformation, as will be 
discussed in Section 2.1. 

Exercise 1.13 

Suppose that it would be practically possible to keep H, P and N constant during an 
internal reaction in a system. What state function should then be used in order to predict 
the state of equilibrium? 
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Hint 

Find a form of the combined law which has d//, dP and dN on the right-hand side. 

Solution 

dH = TdS + VdP + Gn,dN - Z)d|; TdS = d// - VdP -G^dN + Dd^. We thus 
obtain D — T{dS/d^)H.p,N > 0 for spontaneous reactions. Equilibrium is where S{^) 
has its maximum. 

Exercise 1.14 

In Exercise 1.6 we considered an internal reaction in a closed system giving the fol¬ 
lowing internal production of entropy under isothermal conditions. Aip^ = —^K/T — 
P [f In ^ — (1 -t- §) ln( 1 -b ^)]. Now, suppose the heat of reaction under constant T, V and 
N is Q — ^K. Derive an expression for Elelmholtz energy F and use it to calculate the 
equilibrium value of Compare with the previous result obtained by maximizing the 
internal production of entropy. 

Hint 

Use AP = AC/ — A(7’ S), where AC/ is obtained from the first law and A^ from the 
second law. 

Solution 

Under constant T, V and N, the heat of reaction must be compensated by heat flow from 
the surroundings, Q — ^K. Since the volume is constant AC/ = Q — ^K. 

The total increase of entropy is A 5 = Q/T + ^K/T + Aip5 = —Inf — 

(1-t-f)ln(l -bf)] and thus AP = AC/ - A(r5) = fP -b P7’[f Inf - (1 -b f)ln(l -b 

r)]. 

This is identical to — T Aip5. For this particular system, we thus get the same result if 
we minimize AP or maximize A ip 5 under constant T, V and N. 


1.12 Entropy 

Before finishing the present discussion of basic concepts of thermodynamics, a few 
words regarding entropy should be added. No attempt will here be made to explain the 
nature of entropy. However, it is important to realize that there is a fundamental difference 
between entropy and volume in spite of the fact that these two extensive state variables 
appear in equivalent places in many thermodynamic equations, for instance in the forms 
of the combined law defining dU or dG. For volume there is a natural zero point and 
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one can give absolute values of V. As a consequence, the change of G due to a variation 
of P, (dG/dP)T,N, is a well defined quantity because it is equal to V. One may thus 
compare the values of G of two systems at different pressures. 

For internal energy or enthalpy there is no natural zero point but in practical appli¬ 
cations it may be convenient to choose a point of reference for numerical values. The 
same is true for entropy although it is quite common to put 5 = 0 for a well-crystallized 
substance at absolute zero. That is only a convention and it does not alter the fact that 
the change of the Gibbs energy G due to a variation of T, {dG/dT)p^fj, cannot be given 
an absolute value because it is equal to —5”. As a consequence, it makes no sense to 
compare the values of G of two systems at the same pressure but different temperatures. 
The interaction between such systems must be based upon kinetic considerations, not 
upon the difference in G values. The same is true for the Helmholtz energy F because 
{dF/dT)v,N is also equal to —S. 

The convention to put 5 = 0 at absolute zero is useful because the entropy difference 
between two crystalline states of a system of fixed composition goes to zero there accord¬ 
ing to Nernst’s heat theorem, sometimes called the third law. It should be emphasized 
that the third law defined in this way only applies to states, which are not frozen in a 
disordered arrangement. 

Statistical thermodynamics can provide answers to some questions, which are beyond 
classical thermodynamics. It is based upon the Boltzmann relation 

S^k\nW, (1.68) 

where k is the Boltzmann constant (= R/N^, where is Avogadro’s number) and W 
is the number of different ways in which one can arrange a state of given energy. 1 / IT is 
thus a measure of the probability that a system in this state will actually be arranged in a 
particular way. Boltzmann’s relation is a very useful tool in developing thermodynamic 
models for various types of phases and it will be used extensively in Chapters 19-22. 
It will there be applied to one physical phenomenon at a time. The contribution to the 
entropy from such a phenomenon will be denoted by A5 or more specifically by AS, 
and we can write Boltzmann’s relation as 

AS.^klnW,, (1.69) 

where IF, and A Si are evaluated for this phenomenon alone. Such a separation of the 
effects of various phenomena is permitted because W — W\ ■ W 2 ■ Wj, ■... 

5 = kin IF = kln(IFi ■ IF 2 • IF 3 • ...) = k(ln IFj -f In IF 2 -f In IF 3 -h ■ • ■) 

^ ASi +AS 2 +AS 2 + --- (1.70) 

Finally, we should mention here the possibility of writing the combined law in a form 
which treats entropy as a characteristic state function, although this will be discussed in 
much more detail in Chapters 3 and 6 . From Eq. (1.63) we get 


- dS = -(l/r)dC/ - {P/TW + (GJT)dN - (T)/7’)d^ 


(1.71) 


28 


Basic concepts of thermodynamics 


This formalism is sometimes called the entropy scheme and the formalism based 
upon dU is then called the energy scheme. See Section 3.5 for further discussion. 
With the entropy scheme we have here introduced new pairs of conjugate variables, 
(— 1/ r, U), {—P/T, V) and (Gm/ T, N). We may also introduce H into this formalism 
by the use of df/ = d// — FdP, 


dS ^-(\/T)dH+ {V/T)diP+ {GJT)diN -{D/T)d^. (1.72) 


Two more pairs of conjugate variables appear here, (—l/T, PI) and {—P, V/T). It is 
evident that S is the characteristic state function for H, P and N as well as for U, V and 
N. By subtracting d5 from d{H/ T) we further obtain 

d{H/T - S) = Hd(l/T) + (V/T)AP + {G^/T)dN - {D/T)d^. (1.73) 

This is equal to d(G/ T) because G — U—TS+PV — H—TS. This form of the 
combined law has the interesting property that it yields directly the following useful 
expression for the enthalpy. 



(1.74) 


Exercise 1.15 

Equation (1.66) shows that S can be calculated from G as —{dG/dT)p^}j. It may be 
tempting to try to derive this relation as follows: G — H — TS', dG/dT — —S. How¬ 
ever, that derivation is not very satisfactory. Show that a correction should be added and 
then prove that the correction is zero under some conditions. 


Hint 


Remember that H and S may depend upon T. 

Soiution 

G^ H -TS gives strictly (dG/dT)p^fj = {dH/dT)p^N - T{dS/dT)p,i,, - S. How¬ 
ever, the sum of the first two terms (the contributions from the T-dependence of 
P[ and S) is zero under reversible conditions and constant P and N because then 
dH = TdS + VdP + G^AN - Dd^ = Td^ according to Eq. (1.64). 


Exercise 1.16 

We have discussed the consequences for G and F of the fact that S has no natural zero 
point. Actually, nor does U. Find a quantity for which this fact has a similar consequence. 
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Hint 

Look for a form of the combined law which has C/as a coefficient just as 5 is a coefficient 
in dG = -Sdr + VdP + G^d/V - D6^. 


Solution 

Equation (1.71) gives dS = {l/T)dU + {P/T)dV - {G^/T)dN + {D/T)d^; 
di-F/T) ^d(S-U/T)^dS- (l/T)dU - Udil/T) ^-Ud{\/T) + {P/T)dV - 
{Gm/T)dN + (D/T)d^-, id[F/Tyd[l/T])y,N,^ = U. 

Thus, one cannot compare the values of F/T at different temperatures. 


2 Manipulation of thermodynamic 
quantities 


2.1 Evaluation of one characteristic state function from another 

For the sake of simplicity we shall only consider closed systems in this chapter and thus 
omit terms in dA^. In the first chapter we have defined some characteristic state functions, 
U, F, //and G in addition to S. Each one was introduced through a particular form of the 
combined law. The independent variables in each form may be regarded as the natural 
variables for the corresponding characteristic state function. In integrated form these 
functions can thus be written as 


U = UiS, V, t) 

(2.1) 

P,H) 

(2.2) 

F = F{T, V, t) 

(2.3) 

G=G{T,P,^). 

(2.4) 


All these expressions are regarded as fundamental equations because all thermody¬ 
namic properties of a substance can be evaluated from any one of them. This is because 
the combined law in its various forms shows how the values of all the dependent variables 
can be calculated for any given set of values of the independent variables. As an example, 
from the combined law for the variables S, V and f, Eq. (1.49), we get 


T = {dUldS)v,^ 

(2.5) 

-p ^(du/dV)s,^ 

(2.6) 

-D = {dU/d^)s,v. 

(2.7) 


As a consequence, we can now calculate the value for any other of the characteristic state 
functions at a given set of values of S, V and for instance 

G - TS+ PV ^ U - S{dU/dS)r.^ - V(dU/dV)s,^. (2.8) 

It should be noted that the calculation of the value of G from U is only possible because 
one knows an expression for 1/ as a function of its natural variables. As a consequence of 
the same principle, even if G can thus be obtained as an analytical expression from U{S, 
F, ^) by the use of the above relation, the result is not a fundamental equation because 
G(S, V, $) does not allow the dependent variables to be calculated. They can only be 
calculated from G as G(P P, ^) through S — —{dG/dT)p^^ and V — (9G/9/’)7-,|. It is 
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thus necessary first to replace S and Vhy T and —P as a new set of independent variables, 
which is seldom possible to do analytically. If that replacement is not done, then some 
information has been lost in the calculation of G from U. 

It should again be emphasized that an expression for a characteristic state function 
will be a fundamental equation only if expressed as a function of its natural variables. 

Exercise 2.1 

Show that G = (a[///5]/3[l/5'])p. 

Hint 

Evidently, no internal reaction is considered. The natural variables of H are S and P. It 
should thus be possible to express G in terms of H and its derivatives. 

Solution 

Without any internal reaction we have for a closed system from Eq. (1.64): d// = TdS + 
VdP; T = {dH/dS)p. 

We get (d{H/Syd{\/S])p = // + (1/5')(3///9[1/6'])p = // - S{dH/dS)p = (7 + 
PV -ST ^ G. 

Internal variables at equilibrium 

We have already emphasized that ^ is a dependent variable if the system is to remain 
in internal equilibrium. Since Z) = 0 in such a state, the equilibrium value of ^ can be 
evaluated from a fundamental equation for any one of the characteristic state functions, 
for instance U{S, V, $) from Eq. (1.49), 

-D = (d[//d$)s,y = 0. (2.9) 

By applying this to the equation for [/ one obtains a relation for the equilibrium value 

of $ for the prescribed values of S and V, 

$ = $(S,V), (2.10) 

where $ has thus become a dependent variable since we now consider states of equi¬ 
librium. Equation (2.10) can be used to eliminate $ from the equation for C/(S, V, $) to 
yield an equation for states of internal equilibrium. This may be inserted in C/(S, P, $) 
in order to yield 

U^U{S,V). (2.11) 

It may be of practical importance to calculate the values of various state variables at 
equilibrium. That would be straightforward if a fundamental equation under equilibrium 
conditions is available. If only a fundamental equation containing § is available, then one 
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should first apply the equilibrium condition to find how the equilibrium value of f varies 
with the other independent variables. We have just seen how one, in principle, can use that 
information to eliminate f and obtain the wanted fundamental equation. In practice that 
may be difficult or even impossible to do analytically. In that case one can evaluate the 
corresponding derivative as a function of § from the fundamental equation available and 
insert the equilibrium value of ^. We shall now see that this method will give the correct 
value. 

The proof is based on the equilibrium condition for the relevant characteristic state 
function d>(v', v",..., f), where v', v" etc. are the natural variables for <1> and 


^1 = 0 . 
9t, 


( 2 . 12 ) 


The subscript indicates that all the natural variables v', v" etc. are kept constant. 
Any derivative of the function for equilibrium states with respect to one of the natural 
variables, v’’, can be expressed through derivatives of the initial function containing f as 
an independent variable, 


/3d)\ /d0\ _(d^\ 

\9v'’7,,c V9v'’/^c ^ V 9 §/vA9vV^,c \9vVv^? 


(2.13) 


when f has its equilibrium value. The subscript indicates that all natural variables 
except V*’ are kept constant. This proof depends on the use of Eq. (2.12) which is valid 
only when the variables that are kept constant are the natural variables of <I>. As an 
example 


dU\ 


^ 0 , 


T,V 


(2.14) 


because the natural variables of U are S and V. That is why Cy, the heat capacity at 
constant volume, is different when § is frozen-in and when ^ has time to adjust to 
internal equilibrium (see Eq. (1.21)). 

Furthermore, it should be emphasized that this method of calculation can only be 
applied to the first derivatives of the characteristic state function, and not to higher-order 
derivatives, since, in general 


d^U 

dX'^d^ 


^ 0 . 


(2.15) 


Exercise 2.2 

A very simple model for the magnetic disordering of a ferromagnetic element gives 
the following expression at a constant pressure, AG = §(1—§)W-|-i?7’[fln^-t- 
(1 — §)ln(l—f)] where Ai is a constant and f is the fraction of spins being disordered. 
The degree of magnetic disorder varies with T, ^ — ^{T). Derive an expression for 
the contribution to the enthalpy due to magnetic disordering. A//. Then calculate, at 
the temperature where | = 1 /4, the corresponding contribution to the heat capacity at 
constant P which is defined as ACp = (9A///97’)p. 
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Hint 

A magnetic state cannot be frozen-in. | will always have its equilibrium value. It can 
be found from {^^G/^^)T.p = 0, which yields (1 - 2^)K + RT\n[^/{\ - §)] = 0. 
Unfortunately, this does not give f as an analytical function of T and we cannot replace f 
by Tin AG. Thus, it is convenient to make use of the fact that (9AG/9§)j.p = Oat equi¬ 
librium, which gives —A5 = {dAG/dT)p = {dAG/dT)p^^ according to Eq. (2.13). 
We can then evaluate AH from AG -I- T AS. 

Solution 

A^ = -(9AG/9r)p,| = -i?[^ln§ + (1 - ?)ln(l - f)]; AH ^ AG + TAS = 
^(1 - m + Rm\n^ + (1 - ^)ln(l - t)] - i?r[§lnt + (1 - §)ln(l - f)] = 
^(1 — DAT; {dAH/dT)p^^ — 0. It is evident that ACp cannot be evaluated in this 
way. The reason is that (9 A///9f )j. ^ ^ 0. The natural variables for H are not T and P 
but S and P. Thus, we must use the basic form of Eq. (2.13), ACp = {dAH/dT)p = 
(dAH/dT)p,s: + (9 A///9^)r,p(9§/9T)p. 

From the relation between ^ and T at equilibrium, given in the hint, we get: 
{dT/dH)p = -{K/R){-2/m/{\ - §)] - (1 - 2 ^)[l/§ + 1/(1 - ^)]/(ln[§/(l - 
^)])2}; ACp = 0 + (1 - imR/K { 2 /ln[§/(l - §)] -b (1 - 2 ^)/§(l - §)(ln[§/ 
(1 -f)])2} = 1.29i?fort = 1/4. 


Equations of state 

If a characteristic state function for a particular substance is given with a different set of 
variables than the natural one, then it describes some of the properties but not all of them. 
Such an equation is often regarded as a state equation and not a fundamental equation. 
As an example. 


U = U{T, P) 

is often called the caloric equation of state. Some of the quantities which are usually 
regarded as variables may also be represented with an equation between other variables, 
for instance. 


V = V{T, P). 

This is sometimes called the thermal equation of state. The practical importance of 
some state equations stems from the fact that they can be evaluated fairly directly 
from measurable quantities and can thus be used to rationalize the results of mea¬ 
surements on a particular substance. As an example, the derivatives of V with respect 
to T and P can be obtained by measuring the thermal expansivity and the isothermal 
compressibility, respectively. It is much more laborious to evaluate the fundamental 
equation for a substance. 
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A major problem in the evaluation of the fundamental equation or an equation of state 
is the choice of mathematical form. The form is not specified by thermodynamics but 
must be chosen from a knowledge of the physical character of the particular substance 
under consideration. A considerable part of the present text will be concerned with the 
modelling of the fundamental equation for various types of substances. 

Exercise 2.3 

An ideal classical gas is defined by two equations of state. For one mole, they are P K = 
RT and U — A + BT where A and B are two constants. Try to derive a fundamental 
equation. 

Hint 

Try to find F{T, V).\]sq U ^ F + T S ^ F - T{dF/dT)v which yields {dU/dT)v = 
-Tid^F/dT^)v. Also use P = -(dF/d V)t. 

Solution 

{d^F/dT^)v = -{dU/dT)v/T ^ B/T. 

Integration yields (dF’/arjK ^ -B\nT + Ku F ^ -BT In T + KiT + K 2 , 
where Ki and K 2 are independent of T but may depend upon V. That dependency is 
obtained from RT/V ^ P ^ -{dFIdVh = -T(dK^/dV)T - (dK 2 /dV)T. 

Thus, {dK 2 /d V)t = 0 and {dKi/d V)t = -R/ V. K 2 is independent of Fand Ki = 
-R\nV + K 3 . 

WegetF = -BT\nT - RTlnV + K 3 T + K 2 . 

To determine K 2 -. A + BT^U^F+TS^F-T {dF/dT)y ^ BT + K 2 . We 
thus find K 2 — A. We cannot determine W 3 from the information given. Our result 
is, F = A + K 2 ,T — BT \nT — RT \nV which is a fundamental equation, F{T, V). We 
can also derive the Gibbs energy G — F + PV — F — V (dF/d V)y — F + RT but 
in order to have a fundamental equation in G we must obtain G{T, P) by replacing 
V with P and T which is possible in the present case where V — RT/P. We thus get 
G ^ A + {K 2 , + R - R\nR)T - {B + R)T \nT + RT \nP. 

2.4 Experimental conditions 

By experimental conditions we here mean the way an experiment is controlled from the 
outside. It primarily concerns variables which we may regard as external. Let us first 
consider the pair of conjugate variables —P and V. Either one of them can be controlled 
from the outside without any knowledge of the properties of the system. In the pair 
of conjugate variables T and S, one can control the value of T from the outside but the 
control of S requires knowledge of the properties of the system or extremely slow changes. 
In practice, it may even be difficult to keep S constant when another variable is changed. 
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On the other hand, one can control the change in two other state variables, U and H, by 
controlling the heat flow 

dl7 = dg-/>dF (2.16) 

d// = dl7 + d(PF) = de+FdP. (2.17) 

For some isothermal processes dg/d^ is independent of the extent of the process, e.g. 
melting of a pure substance. It is then convenient to deflne ^ as the amount of melt formed, 
expressed in moles, and the heat of reaction per mole under constant P is obtained as 



A negative value implies that the process gives offbeat to the surroundings under isother¬ 
mal conditions. Such processes are called exothermic. Processes absorbing heat from 
the surroundings are called endothermic. Equations (2.16) and (2.17) show that the heat 
of reaction may be regarded as the energy or enthalpy of reaction, depending on whether 
F or P is kept constant. It should be noted that the definition of heat of reaction, which 
is based on treating Q in the first law as positive when the system receives heat from the 
surroundings, results in the heat of reaction being negative when heat is ‘generated’ by 
the reaction, i.e. given off. That is opposite to common sense but may be accepted for 
the sake of consistency. 

Of course, Q itself is not a state variable, because it does not concern the system itself 
but its interaction with another system, usually the so-called surroundings. An important 
experimental technique is to keep the system thermally insulated from the surroundings, 
i.e. to make dg = 0, which is called adiabatic conditions. Experimental conditions 
under which various state variables are kept constant are often given special names, 


constant P isobaric 

constant F isochoric 

constant T isothermal 

constant P and T isobarothermal 

constant P[ isenthalpic 

constant S isentropic 

constant U isoenergetic 

constant composition isoplethal 
constant potential equipotential 


From the above equations for dU and d//, it is evident that an isenthalpic reaction 
can be accomplished under a combination of isobaric and adiabatic conditions and an 
isoenergetic reaction can be realized under a combination of isochoric and adiabatic 
conditions. 

Let us now turn to the internal variables, which we have represented by the general 
symbol |. At equilibrium f has reached a value where the driving force for its change, 
D, is zero. If the conditions are changed very slowly by an action from the outside, f 
may vary slowly but all the time be very close to its momentary equilibrium value. In 
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Section 1.8 we have already concluded that D is then very low and the internal entropy 
production, 


d.p5=Z)d|/r, (2.19) 

is very low. In the limit, one talks about a reversible reaction where dip5” = 0. In view of 
the relation 


TdS = dg + Dd^, (2.20) 

we see that a reversible reaction, D — 0, which is carried out under adiabatic conditions, 
dg = 0, is isentropic. By examining the combined law in the variables T and V we see 
that a reversible reaction, which is carried out under isothermal and isochoric conditions, 
takes place under constant F. If it is carried out under isothermal and isobaric conditions, 
it takes place under constant G. It is usual to consider such conditions and they may be 
called isobarothermal conditions. 

The heat flow into a system on heating is often studied experimentally under con¬ 
ditions that may not approach reversible ones. The heat capacity is defined as follows, 
independent of the reversible or irreversible character of the process. 


C = dg/dT. 


( 2 . 21 ) 


For isochoric conditions 



( 2 . 22 ) 


because dU is always equal to dg — PdV according to the first law. For isobaric condi¬ 
tions we obtain 


Cp = 



(2.23) 


because dH is always equal to dg + VdP according to the first law. 

We have already seen that for heat capacity the result will be different if f is kept at a 
constant value or is allowed to be adjusted to its equilibrium value which varies with T. In 
many experiments with molecular species, their amounts are frozen-in at reasonably low 
temperatures and f is thus kept constant. At higher temperatures, the amounts may be 
adjusted by molecular reactions and ^ may thus be adjusted to its equilibrium value. When 
discussing Cp and Cy it may sometimes be wise to specify the conditions regarding 
Usually it is assumed that the f values for all possible internal processes are adjusted to 
their equilibrium values but it is not unusual to consider some process as frozen-in. 


Exercise 2.4 

The isothermal compressibility Kp is defined as —(9 V/dP)T / V, where the derivative is 
evaluated under reversible, isothermal conditions, i.e. a very slow compression, D — d. 
Show a similar way of defining the adiabatic compressibility. 
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Hint 

Suppose the adiabatic compression is so rapid that there can be no internal process, i.e. 

d^ = 0. 

Solution 

The second law gives TdS = dg + and both terms are now zero. We thus have 
d5 = 0 and can define the adiabatic compressibility as —(9 V/dP)s/ V. This is why this 
quantity is usually denoted by ks- Note that this is justified only if the compression is 
much faster than all internal reactions, including heat conduction. 


Notation for partial derivatives 


Since there are many alternative sets of independent variables it is necessary to indicate 
which variables are to be kept constant in the evaluation of a particular partial derivative. 
In order to simplify the notation for characteristic state functions, we can omit this infor¬ 
mation when we use the natural variables, i.e. the particular set of independent variables 
characteristic of the state function under consideration. Since G is the characteristic state 
function for T, P we could then write dG/dT instead of(9G/9r)p.F urthermore, we may 
introduce a shorthand notation for these derivatives, say Gt- Second-order derivatives 
can be denoted by two subscripts and Gtp would thus mean 


Gtp — 






(2.24) 


Full information must be given as soon as a set of variables, different from the natural 
one, is used. 

The shorthand notation can be used for frozen-in conditions, d§ = 0, and for equilib¬ 
rium conditions where § is regarded as a dependent variable. When there is any doubt 
as to what conditions are considered, such information should be given. 


Exercise 2.5 

How should PIpT be interpreted? 


Hint 

Study the combined law in the form AH — Td^ -t- VAP — DA^. 


Solution 

The natural variables of H are S and P. Thus Hpr is an illegal notation because T is not 
one of the natural variables of H. We conclude that Hpr should not be used. 
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2.6 Use of various derivatives 

Of course, Cp and Cy can both be related to any one of the characteristic state functions 
but in each case a certain choice gives a shorter derivation. Cp is defined with T and 
P as independent variables and we should thus use G, which has T and P as its natural 
variables. The fundamental equation G — G{T,P) gives S — —{dG/dT)p and thus 

H(J,P) = G + = G - T{dG/dT)p = (d[G/T]/d[\/T])p (2.25) 

Cp = {dH/dT)p = -T{d^GldT^)p = T{dSldT)p. (2.26) 

For Cv we should use F{T, V) and, since S = —{dF/dT)y, we find in an analogous way 

Cy = {dU/dT)y = -T{d^F/dT^)y = T{dS/dT)y. (2.27) 

However, we may wish to compare the two heat capacities and must then be prepared to 
derive both from the same characteristic state function, say G. For Cp we already have 
an expression — TGjt, and Cy will now be derived from U through G as a function of 
T and/? 


U^G+TS-PV^G-TGp-PGp (2.28) 

&U = (Gp - Gp - TGtt - PGptW + (Gp - TGpp - Gp - PGpp)dP 
= -(TGtt + PGpp)d7’ - (FGpp + PGpp)dP. (2.29) 

However, in order to evaluate Cy which is equal to {dU/dT)y we must know G as a 
function of F and V instead of F and P. We need a relation between d F, dF and d/? Starting 
with V — (9G/9F)p = Gp we obtain 


dF = GppdF + GppdF (2.30) 

dP = dF/Gpp - GpTdT/Gpp. (2.31) 

This gives dP as a function of dF and dF which can be inserted in the above equation 

dU = -{TGtt + PGpp)dF - (FGpp + PGpp)(dF/Gpp - GppdF/ Gpp). (2.32) 


Remembering that Gpp is identical to Gpp, we thus obtain 

Cy = (9G/9F)k = -FGpp - PGpp + T{GTpf/Gpp + PGjp 

= T{GppflGpp - TGtt (2.33) 


so that 


Cp = Cp + F(Gpp)VGpp. (2.34) 

Using the same method we can derive an expression for any quantity in terms of the 
derivatives of G with respect to F and P 
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It should be pointed out that, by tradition, one instead relates various quantities in 
terms of the following three quantities which are directly measurable. 

Heat capacity at constant pressure Cp = {dH/dT)p — —TGtt (2-35) 

Thermal expansivity a = {dVldT)p/V — Gpp/Gp (2.36) 

Isothermal compressibility/c 7 - = —{dV/dP)T/V = —GppjGp. (2.37) 

These three quantities are thus closely related to the three second-order derivatives Grr, 
Gtp and Gpp. The two schemes of relating quantities can easily be translated into each 
other. It is interesting to note that through experimental information on the three quantities 
Cp,a, and Kp one has information on all the second-order derivatives of G. 

Together, they thus form a good basis for an evaluation of the fundamental equation 
G{T,P). 


Exercise 2.6 

Derive an expression for Cy for a substance with G — a + bT + cT\nT + dT^ + 
eP^ + f TP+ gP^. 


Hint 

Use either one of the equations given for Cy but remember first to make sure that the 
proper variables are used. 

Soiution 

Let us use Cy — T{dS/dT)y but then we must evaluate S{T, V) from G. First, we get 
-S(T, P) = (dGldT)p ^b + c + c\nT + 2dT + fP. 

In order to replace P by K we need V — {dG/dP)T — e + fT + 2gP, which 
gives-5” ^ b + c + clnT + 2dT + f{V - e - fT)/2g- Cy = T{dS/dT)y = 
-T{clT + 2d - ,f/2g) = -c - T{2d - f I2g). 


Exercise 2.7 

Show how one can calculate the heat absorption on reversible isothermal compression 
from easily measured quantities. 

Hint 

Since T and P are most easily controlled experimentally, we should use these variables. In 
Exercise 1.7 we obtained the result Q — Ti{S 2 — S\) which could be very convenient but 
only if the properties of the substance have already been evaluated from the experimental 
information 
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Solution 

Under reversible, isothermal conditions: dQ = TdS = T(dS/dP)rdP = —T{d^G/ 
dTdP)dP = -T{dV/dT)pdP = -TVadP-, Q = -TjVadP, where a ^ {dV! 
dT)p/V. 

2.7 Comparison between Cy and Cp 

Let us now examine the relation between Cy and Cp in more detail. It is usually given in 
the following form 

Cp = Cv{\ + yoiT), (2.38) 

where y is a dimensionless quantity called Gruneisen’s constant. By comparison with 
the relation between Cy and Cp given by Eq. (2.35) we can express y in terms of the 
directly measurable quantities 

y = -(Gppf/aCyGpp = Va/KpCy, (2.39) 

where kj- and Cy are both positive and, with few exceptions, a is also positive and it 
is never strongly negative. The y quantity often has a value of about 2. Note that Cp is 
always larger than Cy, independent of the sign of a, because ya is equal to Va^/KpCy, 
which is always positive. 

The quantity y can be expressed in many ways, some of which are given here without 
proof 

T GttGpp-GIp T Ftp Cy \dV) j \dU) y 

In all these forms y is proportional to V, which in turn varies with Tif P is kept constant. It 
is evident that one cannot discuss how y for a particular substance varies with T without 
specifying if P or K is kept constant. If Cy{T) is evaluated from Cp{T) using values 
of y and a measured at 1 bar, then the resulting values hold for different volumes at 
different temperatures. Cy may be regarded either as a function of T, V or T, P and it is 
evident that the functions Cy(T, Vq) and Cy(T, Pq) are different. A comparison of the 
two functions, evaluated from Cp{T, Pq) for tungsten is given in Fig. 2.1. It should be 
emphasized that all other quantities, such as a and /cp, can also be treated as functions 
of either T, V or T, P. 

Exercise 2.8 

Express Fpr and Fpy in terms of Gpr and Gpp- Then show that the second and third 
members of Eq. (2.40) actually are equal. 

Hint 


Fp — — S — Gp and V — Cp. 
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Figure 2.1 The heat capacity of tungsten evaluated in three different ways. Even though Cy is 
defined as the heat capacity at constant V, it may be regarded as a function of T, V or T, P. 

At each temperature CviT, Po) is evaluated at the volume given by the actual temperature 
and a selected constant pressure Pq. 

Solution 

In order to change from variables T and P to T and V, we calculate from V — Gp; 
AV = GptAT + GppAP\ AP = AV/Gpp - GppAV/Gpp. 

From the hint: AFp — FpiAT + FpvAV — GjtAT + GppAP — (Gtt — G\p/ 
GppW FGtpAVIG pp. 

Compare terms in these expressions: Fpp — Gtt — G\p/Gpp-, Fpv — Gpp/Gpp. 
Third member: (VGppjG pp)IT{Gtt - G\plGpp) = GpGpp/T(G ttGpp - G\p), 
which is the second member. 


Change of independent variables 


One often wants to change the set of independent variables. An example was given in 
Section 2.6 where C v was first given as (91//9 T) v and was then evaluated as a function 
of the derivatives of G with respect to T and P. Such changes can be made by the following 
automatic procedure, which is based upon the properties of Jacobians. It is here given 
without mathematical proof We start by a definition of the Jacobian 


9(m, v) 
d(x,y) 


9m 

dll 

9x 

dy 

9v 

9v 

9x 

dy 


(2.41) 


It should be emphasized that the derivatives in the determinant are partial derivatives, 
either under constant y or x. It obeys the following rule 

9(m,v) 9(m, v) /9(x,y) 


d(x,y) d{r,s)/ d(r,s) 


l\ 


We can thus introduce r and s as new independent variables instead of x and y. 


(2.42) 
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The derivative of a thermodynamic quantity can be expressed by a Jacobian because 


d(x,y) 


du dll 
dx dy 
dy dy 
dx dy 


du du 
dx dy 
0 1 



(2.43) 


and the new independent variables, r and s, can thus be introduced in the following way 





du 

du 


dx 

dx 

d(u,y) 

d(u,y) 

ld(x,y) 

dr 

ds 

/ 

dr 

ds 

d(x,y) 

d(r, s) j 

d(r, s ) 

dy 

dr 

By 

ds 

/ 

dy 

dr 

dy 

ds 


(2.44) 


It should be realized that du/dx actually means (dujdx)^ and dujdr means {dujdr)^. 
This equation contains the following relations as special cases. They can of course be 
proved in a much simpler way: 





(2.45) 

(2.46) 


Exercise 2.9 

Express (9 G/Sr)^, in terms of functions usually measured and tabulated. 

Hint 

Most measurements are made by controlling T and P. Change to these variables. Remem¬ 
ber that dx/dr and dx/ds in Eq. (2.44) mean (dx/dr)^ and (dx/ds)^. 


Solution 

(dG/dT)v = 


dG/dT 

dV/dT 


dG/dP 

dV/dP 


dT/dT dT/dP 
dV/dT dV/dP 


= (dG/dT)p - (dG/dP)T(dV/dT)p/(dV/dP)T ^-S + VaKp. 


Exercise 2.10 

A condensed phase is compressed adiabatically and reversibly from a pressure 0 to P. 
Derive an equation for the temperature change in terms of easily measured quantities. 
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Hint 

Adiabatic and reversible conditions are also isentropic. We want {dT/dP)^- Change the 
variables to T and P. 


Solution 

dP/dT dP/dP 
dS/dT dS/dP 

= -{dS/dP)Tl{dS/dT)p = -GtpIGtt = -Vali-CpIT) = TValCp. 


(dT/dP)s = 


dT/dT dT/dP 
dS/dT dS/dP 


We thus get dr = (TVa/Cp)dP. The result does not depend on the compressibility 
which may seem surprising. How could there be compression caused heating if the 
phase is incompressible? The answer is that the thermal expansivity, a, is zero if the 
compressibility is zero. 


Maxwell relations 

Some partial derivatives can be transformed in a very special way. The requirement is 
that the variable to be kept constant is a conjugate variable to one of the numerators in 
the derivative. The method may be illustrated by the following example: 

&G^-SdT +VdP- -S ^{dG/dT)p-, V^{dG/dP)T (2.47) 

/dV\ /d(dG/dP)r\ d^G d^G /d(dG/dr)p\ / dS\ 

[wjj, ~ V ^ Jp ~ 9PdT ~ dTdP ~ V 9^ Jr~~ \^Jt 

(2.48) 

or by the shorthand notation 

/dV\ /dS\ 

The relations obtained in this way are called Maxwell relations. We can use any form of 
the combined law and thus obtain a large number of such relations. It should be noticed 
that all derivatives related by Maxwell relations are constructed in such a way that the 
variable to be kept constant is conjugate to the quantity in the numerator but the relations 
may be inverted, of course. 


Exercise 2.11 

Transform (dV/dT)g using a Maxwell relation. 
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Manipulation of thermodynamic quantities 


Hint 

Use the inverse quantity, (97/9 V)^ in order to place the conjugate quantities, T and 5, in 
the right positions. Use the characteristic state function with V and S as natural variables, 
i.e. U. 

Solution 

(9K/97)s = \/{dT/dV)s = 1/(9^17/9795) = -\/{dP/dS)v = -(dS/dP)v. 

Exercise 2.12 

Prove the identity T{d^P/dT^)v = (9Ck/9 V)t. 

Hint 

Since T and V are the variables, it is convenient to base the solution onT’ and its derivatives. 
&F — —S&T — PAY gives the following Maxwell relation: {dS/dV)j — (dP/dT)y. 
Also, use Cv^T (95/9 V)y from Eq. (2.27). 

Solution 

Using the Maxwell relation we get T{d^P/dT% = 7(9(97/97)^/97)^ = 7(9(95/ 
dV)T/dT)y = 79^5/9 797. From Cy = T{dS/dT)y we get {dCyldV)T = 79^5/ 
979 7 which is the same result. 


3 Systems with variable composition 


3.1 Chemical potential 

In Chapter 1 we were concerned mainly with closed systems but have also considered 
the addition of more matter through terms with dA^. Without explicitly stating it, it was 
presumed that the properties of the system were not affected by this addition. That would 
hold for a one-component system and also if the added matter has the same composition as 
the initial system. We shall now take changes of composition into account by generalizing 
GffldA^ to 'EfiidNi where the subscript i identifies different components. 

dU = rd^ - PdV + E/x,dW - A>d^ (3.1) 

The /X, quantity is a potential just like T, —P and —D. It was first introduced by Gibbs [3] 
and is called chemical potential. Its close relation to Gm will be explained in Section 4.1 . 
/X, and Ni are conjugate variables and the terms /x, d W may thus be included in E Y^dX^ in 
the generalized form of the combined law, introduced in Section 1.9. For any component 
j of the system the chemical potential may be defined from Eq. (3.1) as 

/xy = {dU/dNj)s.v,Nk,^- (3-2) 

The subscript indicates that all Nj are kept constant except for Nj. At equilibrium 
with respect to the internal process, where § is a dependent variable, we have 

lij^idU/dNj)s,v,Nk- (3.3) 

The summation E/x, dW is taken over all components in a chosen set of independent 
components. In chemical thermodynamics one often takes the summation over all molec¬ 
ular species but then one must also define a set of independent reactions. That procedure 
is less general and will be avoided in the present text. 

From the new, more general form of the combined law introduced above, it is evident 
that the number of external variables which can be varied independently of each other 
under equilibrium conditions is c -F 2, if there are c independent components. In general, 
fij is a function of S, V, Ni and f and we can write 

/xy = /x,(5, F,w,t), (3.4) 

or under conditions of internal equilibrium 


/Xy = /Xy(5, V, Ni). 


(3.5) 
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Systems with variable composition 


This is another equation of state but it is not a fundamental equation and, thus, it does 
not contain all the properties. 

When considering systems with variable composition it is useful to define many new 
quantities. A large part of the present chapter is devoted to discussions of such quantities. 

Exercise 3.1 

Show how iJij can be evaluated from a derivative of S instead of U. 

Hint 

Use the entropy scheme. 

Solution 

-dS = {-l/T)dU + {-P/T)dV + E(/Xi/r)dM - (D/T)d^ yields: 

{dS/BNj)u^V,Nk,H — 


3.2 Molar and integral quantities 

Let us consider a homogeneous system at equilibrium and define a part of it as a subsys¬ 
tem. The size of the subsystem may be expressed by the value of any extensive variable. 
The most natural way may be to use the content of matter because from the experimental 
point of view it is easier to control the content of matter than the volume or entropy. One 
usually uses the total content of matter, N, defined by 

(3.6) 

Sometimes we shall use the content of a particular component, Nj, instead of the total 
content of matter, N. 

As a measure of the content of matter Gibbs used the mass, but today it is more 
common to use the number of atoms or species. We shall use the latter method but it 
should be emphasized that it is often necessary to specify what species are considered, 
which Gibbs did not have to do. On the other hand, thermodynamic models of special 
kinds of substances are often based upon considerations of atoms and it is then convenient 
to interpret Aand A, as the number of atoms (or groups of atoms). The number is usually 
expressed in units of moles, i.e. approximately 6 x 10^^ pieces (Avogadro’s number, N^). 

The volume V is proportional to A in a homogeneous system and we may define a 
new quantity, the molar volume 

= y/N. (3.7) 

This quantity has a defined value at each point of a system. It is thus an intensive 
variable like T,—P and /x,. However, its properties are quite different, a fact which 
becomes evident if we consider a system consisting of more than one phase, i.e. regions 


3.2 Molar and integral quantities 


47 


exhibiting different properties. In each homogeneous phase has a different, constant 
value but T,—P and /x, must have the same value in the whole system at equilibrium 
(with one exception which we shall deal with later). This is the property of a potential as 
noted in Section 1.10 and we may conclude that Km is not a potential. It is very important 
to distinguish between two kinds of intensive variables, potentials and molar quantities. 
One should try to avoid using the words ‘intensive variable’ and when using them one 
should specify what kind one is considering. 

In the same way we may define the molar quantity for any extensive property obeying 
the law of additivity, e.g. the molar content of component i. Usually, it is denoted by Xj 
and is called mole fraction 


X,- = N,/N. (3.8) 

However, it is sometimes essential to stress its close relation to other molar quantities. 
‘Molar content’ is thus preferable. 

The molar quantities have been defined for a homogeneous system or for a homo¬ 
geneous part of a system. The definition may very well be extended to the whole of a 
system with more than one phase but such a molar quantity is not strictly an intensive 
quantity and may be regarded as an average of an intensive quantity. 

Let us return to a homogeneous system at equilibrium, i.e. with D — 0, and define 
a very small subsystem enclosed inside an imaginary wall. We shall let the subsystem 
grow in size by expanding the wall but without making any real changes in the system, 
i.e. without changing P, T or composition. For this process we have 


d5 = (3.9) 

dF = V^&N (3.10) 

dfV,=x,dAf. (3.11) 


However, d| = 0 because no internal process is going on. We may thus evaluate the 
change in U as follows 


dU = TdS - PdV + Y.fx,dN, = (TS^ - PV^+ E/x,x,)dAf. (3.12) 

The value of the expression in parentheses is constant. By integrating over the expan¬ 
sion we obtain 


u = (TSra - PVm + T,ii,Xi)N ^TS- PV + T,ix,N, (3.13) 

U/N PV^+ E/x,x,. (3.14) 

Using the definition of Gibbs energy in Section 1.11 we get 

G=U -TS+ PV ^'ElXiNi. (3.15) 

Gm, which was introduced as a notation for 74, — TSm in Eq. (1 .48), is thus identical to 
the molar Gibbs energy, 

G^^U^-TS^ + PV^^H^-TS^. (3.16) 
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Systems with variable composition 


In Section 1.11 we did not recognize changes in composition. For that case Eqs (3.15) 
and (3.16) would yield 

G = T.^L,N, (3.17) 

G^=E/x,x/. (3.18) 

It may be noted that for a pure substance x, = 1 and Gm will thus be equal to the chemical 
potential of the substance. 

Extensive quantities like U are sometimes called integral quantities in order to be 
distinguished from molar quantities. When defining N as the mass, as Gibbs did, one 
usually calls the quantities, obtained by dividing with N, specific instead of molar. Most 
of the thermodynamic relations are valid independent of how N is defined. 

In many cases it is convenient to consider one mole of formula units or groups of 
atoms and the molar quantities are then defined by dividing with the number of formula 
units or groups of atoms, expressed as moles, i.e. units of approximately 6 x 10^^. 

It can be easily shown that all the relations between integral quantities also apply to 
molar quantities, e.g. 

N VST’/p.m N [ dT \ dT )p,,/ 

(3.19) 

because all x, are constant if all N, are kept constant. 

Exercise 3.2 

Cuprous oxide has a density of 6000 kg/m^. Give its molar volume in two different ways 
and also its specific volume. 

Hint 

The atomic mass is for Cu 63.546 and for O 15.9994. 

Soiution 

The mass of one mole of the formula unit CuaO is 143.09 g or 0.14309 kg and the 
molar volume is thus 0.14309/6000 = 24 x 10“® m^ per mole of CU 2 O or 8 x 10“® m^ 
per mole of atoms, i.e. moles of Cuo.67Oo.33. The specific volume is 1/6000 = 167 x 
10“® m^/kg, whether one considers CuaO or Cuo.67Oo.33. 

3.3 More about characteristic state functions 

We have seen that 


U = TS - PV +i:fXiNi 


( 3 . 20 ) 
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in a multicomponent system. It is evident that we get the following relation for the Gibbs 
energy 

G^U -TS+ PV (3.21) 

The relations between the characteristic state functions can be summarized as follows 
^G^H-TS^U+PV-TS^F + PV (3.22) 

^ G^^ - U^ + PV^ - TS^ ^ F^ +P Vm- (3.23) 

In Section 1.11 we discussed various forms of the combined law obtained by changing 
from StoT and from K to P in the set of independent variables. We can now generalize 
them as follows: 

df/ = TdS - PdV + E/r,,dW - Dd^ (3.24) 

d(C/ - TS) = dP = -SdT - PdV + S/x,dW - Dd^ (3.25) 

d(C/ + PV)^dH ^ TdS+ VdP + E/u,dW - Dd^ (3.26) 

d((7 -TS+ PV)^dG^ -SdT + VdP + E/u,dW - P>d^ (3.27) 

It is evident that the chemical potentials for a substance can be evaluated from any 
one of these characteristic state functions if it is given in terms of its natural variables 

IXj = idU/dNj)s,v.N,,^ = (dF/dNj)T,v,N,,H = {dH/dNj)s,P,N,.ii = (^G/^iV,)r,P,w,,^ 

(3.28) 

We may consider ^ as a dependent variable under equilibrium conditions but, in view 
of Section 2.2, that fact does not change the value of a partial derivative. We could thus 
omit f and write 

= {dU/dNj)s,V.N, = {dF/dNj)T,V.N, = (dH/dNj)s,P,N, = {dG/dNj)T,P,N,- 

(3.29) 

The remaining extensive variables, W, can also be replaced by their conjugate potentials, 
Hi, and we can get four new forms of the combined law 

d{U - YHiNi) = d{TS - PV)^ TdS- PdV - EWdM; - Dd^ (3.30) 
d{U -TS- E/x,W,) = d(-P V) = -SdT - PdV - E Wdft/ - Dd^ (3.31) 
d(U - PV - E/x,W,) = d(7’5') = TdS + VdP - EWd^, - Dd^ (3.32) 
d{U - TS+ PV - T,HiNi) = 0 = -SdT + VdP - EWd/x, - Dd^- (3.33) 

The first three forms define new characteristic state functions. The fourth form 
is unique because it defines a function which is identically equal to zero since 
U — TS — PV = T, Hi Nj. For reversible conditions, Z) = 0, or in the absence of internal 
processes, d§ = 0, it yields a direct relation between the c + 2 potentials, the so-called 
Gibbs-Duhem relation. Consequently, one of the potentials is no longer an independent 
variable. 


SdT - VdP + -ENidHi = 0 . 


( 3 . 34 ) 
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This relation is often given in terms of molar quantities 

SmdT — V^dP + Exid/x,' = 0 (3.35) 

For a pure substance x, = 1 and the chemical potential is identical to the molar Gibbs 
energy, Gm, as noted after Eq. (3.18). The Gibbs-Duhem relation thus simplifies to 

S^dT - Vr^dP + dG,„ = 0. (3.36) 

Equation (3.31) gives a characteristic state function which is equal to {—PV) and is 
particularly interesting in statistical thermodynamics. This characteristic state function 
is sometimes denoted by Q. and is called ‘grand potential’. It can be evaluated from the 
so-called grand partition function, 3, 


Q.^-kT\na. (3.37) 

The grand partition function is defined for a so-called grand canonical ensemble for which 
T, V and /x, are the independent variables and = ^^(r, V, /x, ). It is sometimes useful 
in calculations of equilibrium states because it may yield relatively simple relationships. 
The fact that it applies under constant values of /x,, which may be difficult to control 
experimentally, does not limit its usefulness in such calculations. 

In this connection it may be mentioned that the ordinary partition function Z is defined 
for an ordinary canonical ensemble for which T, V and Ni are the independent variables. 
It can be used to evaluate the Helmholtz energy 

F^-kT\nZ. (3.38) 

Furthermore, for a microcanonical ensemble one keeps U, V and Ni constant and can 
evaluate S(U, V, N,). 

The remaining two new forms of the combined law and their characteristic state 
functions have not found much direct use. However, in the next section they will 
prove useful in some thermodynamic derivations. It should finally be emphasized that a 
large number of additional forms may be derived by selecting some of the Nj and some 
of the /X, as independent variables. We shall discuss one such example in Section 14.5. 


Exercise 3.3 

Prove the well-known equality {dG/dNA)T,p,Nj = {dF/dNA)T,v,Nj from Eq. (3.29) by 
changing variables using Jacobians. 


Hint 

T and all Nj are not to be changed. Simplify the notation by omitting them from the 
subscripts. Change from Na, P io Na, V. Then express all derivatives of G in terms of 
Fusing P = -(3F/9 V)T,Nt = -Fv andG = F-hFF = F- VFy. 


3.4 Additivity of extensive quantities. Free energy and exergy 


51 


Solution 


/9G\ 

dG/dNA 

dGjdV 

/ 

ANa/BNa 

9Aa/9F 

\dNf,)p 

9P/9Aa 

dPIdV 

/ 

9P/9Aa 

9P/9F 


= {dGldN^)v - {dG/dV)t,^{dP/dNK)v/{dP/dV)t,^ 

But, {dG/dNA)v = - VFvnP, {dG/dV)^^^ ^ Py - Fv - VFyy = -VFyy- 

{dP/dNfC)v — —Fyt^p, {dP/dV)Nf, — Inserting these we get (9G/9 A^a)/> = 

(F^, - VFyN, - {-VFyy){-Fyl,J/{-Fyy) = Ff,^ = (dF/dNAh- 

3.4 Additivity of extensive quantities. Free energy and exergy 

The extensive quantities that were primarily defined in Chapter 1 are additive with no 
restrictions. The values of K U, S and of a composite system are always equal to the 
sum of the values for the subsystems. This is also true for the contents of all components 
Ni. In Eqs (3.31) and (3.32) we defined quantities that are equal to —PV and TS. They are 
also extensive but it is evident that they are additive only if the potentials P and Thave the 
same values in the subsystems. The same is true for F H and G because they are defined 
by subtracting TS or adding PV. As a consequence, it was mentioned in Section 1.12 
that one cannot compare Gibbs energy values for states at different temperatures. 

The problem can sometimes be solved by accepting that T and P in the definition 
G — U — TS + PV are the values in the surroundings. Then one can add the Gibbs 
energy for two subsystems that are kept at different T and P, 

Gi + G 2 = Gi(ri, Pi) - T5i(ri, Pi) + PKi(Pi, Pi) + U 2 {T 2 , P 2 ) 

- TS 2 {T 2 , P 2 ) + PV 2 {T 2 , P 2 ) = Gi(Pi, Pi) + U 2 {T 2 , P 2 ) - P[5i(Pi, Pi) 

+ S 2 {T 2 , P 2 )] + P[Pl(Pl, Pi) + V 2 {T 2 , P 2 )] = Gi +2 - TS ^+2 + PVy +2 = Gi+ 2 . 

(3.39) 

because U, S and V are all additive. It should thus be realized that one could add Gibbs 
energies of two subsystems at different T or P from tabulated values only by first breaking 
them down into U, S and V values. Then one must decide on the relevant T and P for the 
whole system. It would normally be T and P of the surroundings which appears natural if 
only one subsystem has contact with the surroundings and the other one is an inclusion. 
If each subsystem has its own surroundings, then there is probably no good reason to try 
to compare or add their G values. 

A particularly interesting case is found when a homogeneous system has different T or 
P than the surroundings. One may then be interested in predicting the maximum amount 
of work that can be extracted from the system when it moves towards equilibrium with 
the surroundings. Since the surroundings are always regarded as a homogeneous, infinite 
reservoir, its T and P are constant and a process under constant T and P should of course 
be treated with the Gibbs energy function. Equation (3.27) gives, if there is no exchange 
of matter, 


dG = -SdT + FdP + E/2,dA, - = -Pdf. 


(3.40) 
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For a spontaneous process is positive and Z)d ^/T is equal to the internal production 
of entropy. If there were a mechanism by which one could extract another kind of work 
than through a volume change, PAV, then it should have been included in W in the first 
definition of the first law, Eqs (1.1) and (1.2), and it would have been considered all 
through the derivations and appear in Eq. (3.40). Of course, extracted work should be 
given with a minus sign. Equation (3.40) would thus have been modified 

dG = -dIFextr - DA^. (3.41) 

For a reversible process one obtains 

difextr = -dG; A Ifextr = G(initial) - G(final). (3.42) 

This gives the maximum work that can be extracted. It is clear that G(final) is evaluated 
for T and P of the surroundings. It is also evident that G(initial) must be given as 

G(initial) = G(71„, P„) - r5(7]„, P.„) + P F(r„, P^), (3.43) 

because any two extensive quantities can only be compared if the law of additivity applies. 

The quantity A IFextr can be regarded as the part of the energy of the initial system 
that is free to be transformed into useful work. That is why Gibbs energy was initially 
called Gibbs free energy. If the surroundings are instead a reservoir of constant T and 
V then one should repeat the derivation starting from the Helmholtz energy and that is 
the reason why it was initially called Helmholtz free energy. Often one extracts work by 
allowing the system to react with a chemical compound in the surroundings, usually O 2 
used for burning a fuel. In that case, the appropriate free energy function would be found 
by considering a reservoir with constant T, P and fxo, 

dd) = d(G - Noiio) SAT + VAP + S/X/dA^^ - A^od/xo - dIFextr - DA^- 

(3.44) 

For a reversible process under constant P, T, Nj and /xo, we find 

AIFextr = G(initial) — G(final) — /xo[A^o(initial) — A/^o(final)], (3.45) 

where A^o(final) is the total content of O after the system has received enough O 2 from 
the surroundings to bum the fuel. 

It is evident that, what has here been called free energy, must be defined in different 
ways depending on the surroundings or on how the system reacts with the surroundings. 
In mechanical engineering it is often called exergy. 


3.5 Various forms of the combined law 

In Section 3.3 the discussion was based on the energy scheme, which starts from the 
combined law in the form 

dG = TAS - PAV + 'Eix.AN, - DA^, (3.46) 

where all the independent variables are extensive ones. It defines the following set of 
conjugate pairs of variables (T, S), {—P, V) and (/x,, Ni). However, there are many more 
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possibilities to express the combined law in terms of only extensive quantities as inde¬ 
pendent variables. Using the new characteristic state functions, obtained in Section 3.3, 
we can change variables in the combined law. For example, let us replace S by 
(TS - PV)/T + PV/T, obtaining 

AS ^ A[{TS - PV)/T] + {P/T)&V + VA(P/T). (3.47) 

By inserting this expression we get 

AU = TA[{TS - PV)/T] + PAY + TVA{P/T) - PAY + T^ijl.AN, - DA^ 

= TA[{TS- PY)/T] + TYA{P/T)+Y^,iAN, - DA^. (3.48) 

By subtracting {P/ T) ■ TY (which is equal to PY) from U, we can form a new charac¬ 
teristic state function with only extensive quantities as independent variables 

AiU - PY)^A[U- (P/T) ■ TV] 

= TA[{TS - PV)/T] - {P/T)A{TV)+T,ix,ANi - DA^. (3.49) 

This form of the combined law defines a new set of conjugate pairs, {T, [(TS — 
P V)/ T]], i-P/T, T Y) and (/r,, iV,-)- 

We may instead replace Yby [(PY - TS)/P + TS/P] and after some manipulations 
we obtain a new characteristic state function with only extensive variables as independent 
variables 

A([/ + TS) = A[U + (T/P) ■ PS] 

= -Pd[(P V - TS)/P] + {T/P)A(PS) + Y.ii,AN, - DA^. (3.50) 
which yields a new set of conjugate pairs. 

We may also rearrange the terms in the combined law before introducing new func¬ 
tions. The entropy scheme uses 

-AS^-{\/T)AU -(P/T)AV +T:(ii,/T)AN, -(D/T)A^. (3.51) 

It immediately defines a new set of conjugate pairs and two more alternatives are obtained 
by replacing (7 or F in the way demonstrated above. One may also rearrange the terms 
in the combined law as follows 

AY ^{T/P)AS-(\/P)AU +i:(iJii/P)AN, -(D/P)A^. (3.52) 

This may be called the volume scheme and it yields three more alternatives. We have 
thus obtained the sets of conjugate pairs of variables given in Table 3.1 . In each pair the 
potential is given first and between them one can formulate a Gibbs-Duhem relation. In 
each case the characteristic state function for the extensive variables is given to the left. 

We may also define a number of content schemes by the following arrangement of 
terms, but they will probably have very limited use and will not be discussed further. 

- ANj = (T/iJij)AS - (\/tij)AU - {P/iij)AV + ^ (M,/F,)dW- - (f)/Mv)d^ 

(3.53) 
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Table 3.1 Some sets of conjugate pairs of state variables 


From the energy scheme 
U-. T,S 

U-PV: T,{S-PV/T) 

U+TS: T/P,PS 

From the entropy scheme 
-S-. -\/T,U 

-S-PVIP. -l/T,H 

-S - U/T: -P/T, H/P 

From the volume scheme 
V: T/P, S 

V-UIP: -\/T,TUIP 

V+TS/P-. T,SIP 


-P, V 

Vi, Ni 

-P/T, TV 

Vi, Ni 

-P,{V-TS/P) 

Vi, N 

-P/T, V 

(Vi/T),Ni 

- P, V/T 

(Vi/T),Ni 

-X/P,PUIT 

(Vi/T),Ni 

-1/P, U 

(Vi/P),Ni 

-T/P,FIT 

(Vi/P),Ni 

-X/P,F 

(Vi/P),Ni 


Exercise 3.4 

Suppose one would like to consider U as an independent variable. What would be its 
conjugate potential? 

Solution 

From the entropy scheme we find —XjT and from the volume scheme — XjP. Evidently, 
the choice depends on what other conjugate pairs one would like to consider at the same 
time. 

Exercise 3.5 

In Sections 9.1 and 10.7 we will find that the two axes in a phase diagram should be 
taken from the same set of conjugate pairs. Suppose one would like to use U,F or G as 
one of the axes in a unary system. How should the other axis be chosen? 

Solution 

From the entropy scheme we find that U could be combined with —PjT (which may 
not be very practical) or K. From the volume scheme we find that U could be combined 
with T j P (which again may not be very practical) or S. We find F in the volume scheme 
only, and it can be combined with Tor S/P (which is not very practical). We do not find 
G in any scheme except in the form of /x, for a unary system. 


3.6 Calculation of equilibrium 

In calculations of equilibrium it is often assumed that the temperature and composition 
can be kept constant. Instead of using the basic condition of equilibrium, dipS = 0, it is 
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then more convenient to use D — 0, where D is the driving force for the internal process 
and is equal to T dip5/d^. However, D may be evaluated in a large number of ways, e.g. 
the following ones, which are based on the energy scheme. 

-D = {dUld^)s,v.N, = {dFldH)T,V,N, = {dHldH)s,P,N, 

= {dGldH)T,P,N, = (3.54) 

In fact, any of these methods could be used and they must all give the same answer to 
the question whether the system is in equilibrium. The choice simply depends on what 
fundamental equation is available. In most cases the Gibbs energy is used because a 
fundamental equation of the form G — G(T, P, Ni,^) is available. 

Suppose one finds that D ^ 0 then the system is not in equilibrium and one may instead 
like to know what state of equilibrium the system would eventually approach, i.e. the 
equilibrium value of Then it is essential to know the experimental conditions because 
one wants to find a state of equilibrium under the initial values of a particular set of 
external variables. Suppose one is going to keep T and V constant during the experiment. 
Then one would primarily like to use F — F{T, V, Nj, ^), derive an expression for 
— D — {dF/d^)T,v,Ni — 0 and solve for the equilibrium value of 

However, suppose that one has only G — G{T, P, Ni,^) but the experimental con¬ 
ditions will keep T and V constant. The calculation is then carried out by iteration, 
starting with the prescribed T value and evaluating the equilibrium value of | from 
(9 G/9^ )t,p,n, — 0 for a first choice of value for P. Using the equilibrium value of | one 
can evaluate V from {dG/dP)T,p,N,,^ and compare with the prescribed V value and then 
obtain a better P value by iteration. 

Suppose the initial state is known and the experimental conditions are adiabatic, 
yielding dU = dg — PAV = 0 or dH — dQ+ VdP — Q, depending on whether one 
keeps VorP constant. If P were kept constant then //would also be constant and could be 
obtained from any fundamental equation. In order then to calculate the equilibrium value 
of I one should prefer a function with P and FI as independent variables. By rearranging 
the terms in dH — TdS + VdP — Dd^ we find 

dS = i-l/T)dH + {V/T)dP + E(/r,/7’)dA^, - {D/T)d^. (3.55) 

It is evident that 5(//, P, Nj, is the characteristic function for which one should like 
to have an equation. If instead another fundamental equation is available, one has to use 
iteration as just described. 

When a thermodynamic model for a certain kind of system is based on basic physical 
properties, it may result in an explicit expression for the grand potential Q{T, V, fii, f) 
and not G{T, P, Ni, or F(T, V, Nj, §). The grand potential can then be used to find 
the equilibrium under prescribed values of Ni by iteration. 

Finally, consider an a -|- (3 two-phase system where the relative amounts and composi¬ 
tions of the phases can vary but not the content of the whole system. The internal variable 
can be defined as § = = N — N^, where N is the total content, but it is not imme¬ 

diately evident how the equilibrium compositions of a and (3 can be related to f. How¬ 
ever, in a binary system the compositions can be calculated directly from the two-phase 
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equilibrium if TandPofthe equilibrium state are known, using = G“(r, P, A^“)and 
GP = GP(r,P,iVf). Finally, § can be calculated from a mass balance. In a higher order 
system one must use iteration. If instead the equilibrium values of T and V are known, 
then the fundamental equation F® = F^{T, V^, A^“)andF’^ = V^, would 

be of little use because the molar volumes of the phases are not known until P and the 
phase compositions have been calculated. One would have to guess the final P value, 
carry out a calculation based on G“ and Gj^ as already described, and finally evaluate the 
total volume V and compare with the required value. By iteration one could eventually 
find the P value that gives the correct V value. For the calculation of a phase equilibrium 
it is evident that G“ = G^(T, P, A^“) is the most useful fundamental equation for all 
experimental conditions. 

Exercise 3.6 

Examine what would be the most convenient way of calculating a two-phase equilibrium 
under given values of T and F in a pure element. 

Hint 

We have already seen that it is not practical to use F® = F^{T, V^) and — 

F^^(T, FjP) for a two-phase equilibrium at given T and F because F^ and are 

not defined directly by the experimental conditions. 

Solution 

Using the molar Gibbs energy for each phase we get for the whole system G{T, P,^) — 
^G“(r, P) + iN- t)GP(F,P) where | = Af® = Af - A^P. Equilibrium requires that 
—D = (dG/d^)T,p = G^{T,P) — G^{T,P) = 0. In this particular case we may thus 
calculate P for the two-phase equilibrium at a given T without iteration and without 
involving which only describes the amounts of the phases. Then we can calculate 
— {dG^/dP)T and F^ = {dG^/dP)T for these T andP values. Finally, we calculate 
the ^ value satisfying + {N — — V. 


3.7 Evaluation of the driving force 

In the preceding section we discussed the calculation of the equilibrium value of an 
internal variable, under various conditions. The calculation of the driving force for the 
corresponding reaction is simpler because the system does not ‘feel’ which variables are 
to be kept constant until the reaction is under way. One could use —D — {dG/d^)T,p,Ni 
as well as any other expression for D. On the other hand, as the reaction gets under way 
there will be changes in the variables that are not controlled and the result will depend 
upon the experimental conditions. Then one must either use the appropriate fundamental 
equation or an iteration technique similar to the one described in the preceding section. 
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For example, when using G{T, P, Ni,^) for an experiment under constant T and V, one 
can make a series of calculations along the reaction path by selecting a number of ^ values. 
For each value one can use iteration to evaluate the P value yielding the experimental 
value of V — {dG/dP)T,N,^- Using that pair of P values one can calculate —D from 
idG/d^)T,P,Nr 

There are many cases where one knows the initial and final states for a process but 
does not know or is not interested in the ‘reaction path’ in detail. In such cases it may 
be interesting to evaluate the total production of entropy due to internal processes 

A.p5 = j dip5 = J(D/T)d^. (3.56) 

For isothermal reactions T is constant and 

Aip5=(l/^)y’Dd^ (3.57) 

The quantity / Dd^ could be called the integrated driving force but unfortunately it is 
often called simply ‘driving force’. It could also be identified with the integrated value 
of the ‘loss of work’ discussed in Section 1.7. Anyway, it should only be applied to 
isothermal reactions because T initially appears in the integrand. 

Under constant T, P and A, we obtain, using the combined law expressed for G, 

DdH = -SdT + VdP + S/x,dA - dG = -dG. (3.58) 

Under these conditions, the integrated driving force is thus equal to the decrease in Gibbs 
energy, 

j Dd^ = -AG. (3.59) 

Since G is a state function it is evident that AG is here independent of the reaction path 
and so is the integrated driving force, as long as the final state is the same. The driving 
force D defined by the derivative of G in Eq. (3.54) at any value of ^ along the path, i.e. 
at any stage of the reaction, depends critically upon the reaction path. 

If the reaction occurs under other conditions, the integrated driving force will be 
given by the change in the characteristic state function for which the natural variables 
are constant during the reaction. For instance, under constant T, V and composition, 
/ Dd^ — —AF. However, suppose G{T, P, Nj, ^) is the only fundamental equation 
available, then one must first find the final equilibrium by iteration, as described in the 
preceding section. Then one can use G(T, P, A, ^) to evaluate 

f Dd^ = -AF = -A[G - PidG/dP)T,N,,^l (3.60) 


Exercise 3.7 

Consider a binary system at constant T, V, and //a- It is in a metastable state of (3. 

Show how one can calculate the integrated driving force for the transformation to a 
more stable phase a. 
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Hint 

is present in all forms of the combined law. In the present case it is most convenient 
to use the form where T, V, Nb and /xa are the independent variables. 

Solution 

Choose d{—PV)—~SdT — PdV — h/xedA^B — ^vd/XB — C)d^. In our case 
d(-PV) = -Z)d§;//)d^ = / d{PV) = {PV )2 - {PV)x = V{P 2 - Py). It is evident 
that P must increase during the spontaneous transformation. It should be noticed that 
the content A^a is not constant under these experimental conditions. 


3.8 Driving force for molecular reactions 

Many kinds of system contain aggregates of atoms, e.g. molecules. Even though there 
may be reactions between the molecular species (often called ‘chemical reactions’) the 
individual molecule often has a long lifetime, not only inside a phase but also with respect 
to exchange of matter between phases or between a system and the surroundings. 

When studying the rate of a molecular reaction, it may be interesting to evaluate its 
driving force. Let the extent of reaction be f, expressed per mole of reaction formula. 
The driving force will then be 



The reaction coefficients are thus defined as 

v/ = dNj/d^j. (3.62) 

The equilibrium condition for a single process is given by 

D — — v,/x, = 0. (3.63) 

i 

As an example, for an ideal gas mixture one can write the chemical potential as a function 
of the partial pressure 

/X, = V,-+ jRTlnP,-. (3.64) 

By inserting this in the equilibrium condition we get 

n(P,):;,. = exp ( - E(v°/x,/.R7’)). (3.65) 

This is the law of mass action. The value of the right-hand side is regarded as the 
equilibrium constant and may be denoted by K. When the left-hand side is not equal to 
K, then the system is not in equilibrium and the driving force for the reaction is 

D = - ^ v,/x, = RT\n{K/n{Pir‘). 


(3.66) 
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Exercise 3.8 

For dilute, condensed solutions one can express the chemical potential with Henry’s law, 
/X, = ° iii + RT \vi fi + RT \nxi, where x, is the molar content of component i and fi is 
the activity coefficient. Show how one can express the equilibrium with a pure compound 
having the stoichiometric coefficients v,. Derive an expression for the driving force for 
the dissolution of the compound in the solution. 

Hint 

Suppose the chemical potential of the compound in the other phase is /Xc. The reaction 
would be: compound —Ev,!. 

Solution 

D = 1-Vc - = Vc - Sv,°/x, - RTHn{f,y‘) - prin(n(x,)''0 = 

R T ln[exp(A° G^/R T)/Yl{fiy< n(x,)''' ] where A°Gc denotes Gibbs energy of formation 
of the compound from the elements in their reference states. Of course, one may define 
(A°Gc/Pr)n(/)''' as an equilibrium constants From equilibrium, where D — Q, one 
would then have K — n(x,)g^ and in general D — RT ln(Ai/ n(x,)''')• 


Evaluation of integrated driving force as function of r or P 

According to Section 3.7, the integrated driving force for an a —>• (3 phase transforma¬ 
tion, which takes place under constant 7’,P and A,, should be equal to—AG = G“ — G^^. 
One is sometimes interested in evaluating the variation of — AG with T or P. The fol¬ 
lowing procedure can be used close to equilibrium. 

For constant P it is convenient to evaluate the effect of a change of T on the relative 
stability of the two phases by starting from the following equation, obtained by applying 
G — H — TS to both phases under the same T, 

AGCT) = A//-rA5. (3.67) 

If the two phases are in equilibrium with each other at To for the P value under consid¬ 
eration, we have 


0 = A//-7’oAS. (3.68) 

Suppose the difference T — To is so small that A// and A5 have practically the same 
values at both temperatures. By eliminating A5 or A// we obtain 

j Dd^ = - AG = AH(T - To)/To = AS{T - To). (3.69) 

For constant T it is convenient to evaluate the effect of a change of P by starting from 
the following equation 


AG(P)= AF + PAY. 


(3.70) 
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By the same procedure we now obtain 

j Dd^ = - AG = AF(P - P,)/P, = AViPo - P). (3.71) 

Again, this equation can only be used so close to Po that the variation of A 7^ and A V 
with P is negligible. 

Exercise 3.9 

Consider two phases of pure A, a and L, which are in equilibrium at To, Po- At T — 
To + AT and P = Po there is a driving force for the transformation a ^ L. How much 
should P be changed in order to restore the equilibrium? To get a numerical value, use 
the ‘typical’ values A^m = R and AVm — 0.2 x 10“® m^/mol. 

Hint 

The driving forces due to the two changes must eliminate each other. 

Solution 

ASiT -To)+A V{Po - P) = 0; {P - Po)/{T - To) = AS/A V = AS„,/A = 
R/A Vm = 8.3/(0.2 X 10“®) Pa/K = 400 bar/K. 

3.10 Effective driving force 

When a phase transformation occurs under diffusion it often happens that the pro¬ 
cesses occurring at the phase interfaces are rapid compared to the rate of diffusion. 
The transformation will then be diffusion controlled and the boundary conditions gov¬ 
erning the rate of diffusion can be evaluated by assuming that, whenever two phases 
meet at an interface, their compositions right at the interface are very close to those 
required by equilibrium. This is called the local equilibrium approximation. That 
approximation will be used in the following, except when other conditions are clearly 
defined. 

So far, we have chosen to regard T ■ dipS'/d^ as the driving force for the process, the 
progress of which is measured by and it thus seemed natural to assume that the rate of 
the process is proportional to D — T ■ dip5/d^, at least as a first approximation, yielding 
d^ jdt — KD where Ai is a constant of proportionality. However, one should be aware of 
the possibility that a process may be accompanied by an entropy production that does 
not contribute to the rate of the process. This possibility may be best explained by an 
example from a very simple type of transformation. 

Let us first consider particles of pure solid A immersed in liquid B. The component 
A may dissolve in the liquid to a small but measurable extent, but B does not dissolve in 
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the solid. It is well known that smaller particles will dissolve and larger ones will grow, 
so-called coarsening or ‘Ostwald ripening’. The driving force comes from the increased 
pressure inside the smaller particles due to the surface tension. Next, suppose that B 
can dissolve in solid A but the temperature is so low that diffusion can be neglected. 
We would still expect that the pressure difference makes the smaller particles go into 
solution and the larger ones grow. However, the growing layer of a large particle should 
now be a solid solution of B in A and the net process could be written as: solid A(from 
small particle) + liquid B(with low A content) —solid A — B alloy(in growing layer). 
The chemical driving force for such a reaction can be evaluated from — AGn,, assuming 
that all the phases are under the same pressure, and it should be added to the effect of the 
pressure difference. It would seem that the chemical driving force should give a drastic 
increase of the net driving force for the process and make it possible even without the 
pressure effect, at least after the process has started. Such a process has actually been 
observed in sintering in the presence of a liquid. 

However, in this description of the process we did not consider the local equilib¬ 
rium conditions at the surface of the smaller particle. Even though the rate of diffusion 
inside solid A is negligible, the rate of transfer of atoms between solid and liquid at 
the interface may be appreciable. Under ordinary conditions the net rate of any reac¬ 
tion is believed to be the difference between opposite fluxes that are much larger. We 
should thus recognize that there is a very localized reaction at the interface by which 
a monolayer of an A-B solid solution forms. The chemical driving force will drive 
that reaction but it will soon slow down if B does not diffuse into the interior of the 
smaller particle. Only the pressure difference may remain and cause material from 
the monolayer to go into solution and diffuse to the larger, growing particle. B from 
the liquid will then again react with the fresh A in the smaller particle and the monolayer 
will be healed. It may thus seem that much if not all the chemical driving force will be 
lost. 

This example has demonstrated that there may be a Gibbs energy dissipation caused 
by a process, which does not actually drive the process. One might say that even if a 
Gibbs energy dissipation depends on the progress of a process, the process does not 
necessarily make use of that Gibbs energy dissipation. The effective driving force, from 
which one may estimate the rate of reaction, has to come from another source, in our 
example from the pressure difference due to the surface tension. 

In the above example, it was fairly easy to identify the various steps in the whole 
process and thus to identify what part of the total driving force actually contributes to the 
rate. The example gets more complicated if we replace the liquid by a grain boundary 
which has contact with a B-rich reservoir outside the A material. Even in that case it 
has been observed experimentally that an A — B solid solution can grow at the expense 
of pure A, a phenomenon called DIGM (diffusion-induced grain boundary migration). 
Cahn et al. [4] argued that the chemical driving force does not contribute at all and they 
proposed that the effective driving force comes from the process of diffusion of B down 
the grain boundary. Later, it was proposed that a part of the chemical driving force is 
not dissipated, as described above, thanks to the action of coherency stresses, and that 
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this undissipated part is able to drive the main process. This will be further discussed in 
Sections 16.11 and 16.12. 

This kind of complication is often neglected and it will not be further considered in 
this book. We shall regard chemical driving forces as forces actually contributing to the 
rate of processes but the local-equilibrium approximation will be applied in most cases 
in order to evaluate it. 


4 Practical handling of muiticomponent 
systems 


4.1 Partial quantities 

It is common to keep T and P constant but vary the amount of some component, N,. It 
is interesting to examine what happens to various thermodynamic quantities under such 
conditions and we shall thus define a new kind of quantity called partial quantity for 
any extensive quantity^. 

partial quantity of j : Aj = {dA/dNj)T,p,Nk- (4-1) 

Such partial quantities appear in the expression for the differential of A{T, P, Ni) 

dA = (dA/dT)p^N,dT + (dA/dP)TMdP + 'EA.dN,. (4.2) 

From Eq. (3.29) we saw that the chemical potential fij can be derived as a partial 
derivative of any one of the characteristic state functions U, F, // and G. However, it is 
important to notice that only one of these partial derivatives is a partial quantity with the 
definition used here, (dG/dNj)T,p,Nk, because it is evaluated under constant T and P. 
We can thus write 


= {dG/dNj)T,PM = Gj. (4.3) 

With the shorthand notation introduced for partial derivatives in Section 2.5, this quantity 
could also be denoted by Gnj- 

Since the chemical potential /Xy is identical to the partial Gibbs energy Gj one may 
wonder if both names or symbols are necessary. However, we shall find it useful some¬ 
times to use one and sometimes the other. When we are interested in the variation of 
properties of a homogeneous system consisting of a single phase with variable compo¬ 
sition, and employ an analytical function G^{T, P, x,), then Gj is the most natural term 
to use. When we are concerned with a more complex system, where Gj of a small part 
cannot be defined because the composition of that part cannot vary gradually, then /xy is 
the most natural term to use. 

In order to distinguish the notation for a partial quantity Aj at any composition from 
the notation for the same quantity in pure j, the latter one will be identified by a small 
superscript circle in front, °Aj. It should be noticed that °Aj is actually identical to 
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of pure j, because for a system with one component we have Nj — N and obtain from 
Eq. (4.1), 


% = (dA/dNj)T,PM = (dA/dN)T,P = A/N = A^ (4.4) 


It is evident that Aj is also an intensive quantity and this can be demonstrated by the 
fact that it is related to the intensive quantity A^ and can be calculated from it. Using 
the following relations: N — EA^,; xj — Nj/T,Ni; dxj/dNj — {N — Nj)/N^ — 
(1 — xj)/N; Xk — Nic/'ENi; dxk/dNj — —Nt/N^ = —x^/N, we obtain 



All the partial derivatives of A^n are here taken under constant T and P and molar contents 
of the other components; Xj is excluded from the summation. We can modify the equation 
by including Xj in the summation 





(4.6) 


When evaluating each derivative in Eq. (4.6) from an expression of ^ as a function of all 
Xi, one will keep all the other x; constant, including x\ although it is really a dependent 
variable. Since this is physically incorrect, these derivatives cannot be used alone. On the 
other hand, one may transform Eq. (4.6) by replacing xi in the first term of the summation 
using Ex, = 1, obtaining 



The differences of derivatives appearing here can be interpreted physically. They are 
actually identical to the derivative of with respect to the particular xy when x i has been 
selected as the dependent variable. Equation (4.7) is thus the mathematically correct way 
of evaluating A j but Eq. (4.6) offers a more convenient way. Furthermore, when Eq. (4.6) 
is applied to Gibbs energy and the difference is taken between components j and 1, one 
obtains 



This is the driving force for diffusion of component j in exchange for component 1, 
sometimes called diffusion potential. The diffusion potential for exchange with the 
major component is thus obtained as the derivative of Gm with respect to the component 
if the major component has been selected as the dependent one. 

















4.2 Relations for partial quantities 


65 


Equation (4.6) is frequently used for calculating chemical potentials as partial Gibbs 
energies. For a binary 1-2 system one can regard G{T, P,x\, X 2 ) as G(T, P, X 2 ) because 
xi + X 2 — 1. This yields 

dGn, 

Ml = Gi = (4.9) 

dx2 

M2 = G 2 = G., + (1 - X2)^ (4.10) 


Exercise 4.1 

For substitutional solutions one often defines an activity coefficient for a component i as 
Yi = exp[(G, — °Gi — RT \nxi)/RT'\. Show that for low contents of B and C in A one 
has the following approximate relation under constant T and P, if xa is not included in 
the set of independent composition variables, 9 In yu/Sxc = 9 In yc/^^b- 

Hint 

Start from a Maxwell relation 9 Gb/9Ac = 9^G/9Ac9Ab = 9Gc/9Ab. Then go 
from derivatives with respect to A, to derivatives with respect to x, by using x, = 
A/A; 9x,/9A = (A - N,)/N^ = (1 - x^/A; 9x,/9A; = -A/A^ = -x,VA. 


Solution 

Gi = °G, + RTlnxi + f^Tlny,-; 9 Gb/9Ac = i;7’[(l/xB)(-XB/A) + (91nyB/ 
9Ac)] = 9 Gc/9Ab = f?r[(l/xc)(-xc/A) + 91nyc/9AB] and thus 91nyB/9Ac = 
9 lnyc/9AB, exactly. However, we should examine derivatives with respect to x, and 
not A . Notice that we should choose an analytical expression for yB containing xb and 
xc as independent variables. For small xb and xc we get approximately 

9 In yB/9 Ac = (9 In yB/9xB)(-XB)/A + (9 In yB/9xc)(l - xc)/A 
= (9 lnyB/9xc)/A 

91nyc/9AB = (9 In yc/9xB)(l - Xb)/A + (9 In yc/9xc)(-xc)/A 
= (9 lnyc/9xB)/A. 

Thus, 91nyB/9xc = 91nyc/9xB. 


Relations for partial quantities 

In Section 3.2 we saw how an expression for the integral internal energy could be derived 
by integration over a homogeneous system. It will now be demonstrated that the same 
method can be applied to any other extensive quantity, A. Consider a homogeneous 
system with constant T, P and Xi. Then all the partial quantities Ai are also constant. 
We select an infinitely small subsystem and allow it to grow by simply extending its 
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imaginary wall. The growth in size may be represented by dA^ and the increase of the i 
content is obtained as 


dAf; = XidiN. 


(4.11) 


By integrating the differential of A under constant T and P and remembering that all Ai 
and X, are constant, we obtain from the definition of A^, Eq. (4.2), 


A^ j dA^ j i:A,dN, = j i:A,XidN = E^,x, j 


dN 


= i:A,XiN = E^,Af, 

A^-i = A/N = 'EAjXi. 


(4.12) 

(4.13) 


It may again be emphasized that the partial quantities are always defined with T and P as 
independent variables. If we were to define a corresponding quantity under constant T and 
V, for instance, it would not have the same properties because V is an extensive variable. 
By differentiating A — T,AiNi we obtain 

dA = T,AidNi + -EN.dAi. (4.14) 


Comparison with the expression for cL4 in Eq. (4.2), yields 

llNidAi - {dA/dT)p^N,dT - (a^/9P)7-,iv,d-P = 0. (4.15) 

This expression is most useful when applied to the Gibbs energy, giving 

'EN.dG, + SdT - VdP = 0. (4.16) 


This is identical to the Gibbs-Duhem relation, Eq. (3.34), since G, is identical to /x, . 
For other quantities it may be most useful under conditions of constant T and P. As an 
example, for volume we would obtain, under constant T and P, 

SA,dT;=0 or Ex,dTi-= 0. (4.17) 


Since all the partial quantities are defined as the partial derivatives with respect to some 
content under constant T and P, it is evident that the following relations hold between 
them 


= Gi = Hi - TS, ^Ui + PV,- TS, = Fi + PV,. (4.18) 


It is also evident that the expressions for other extensive state variables as derivatives 
of the characteristic state functions can be applied to partial quantities as well. As an 
example, we can start from an expression for S in terms of G and derive a similar 
expression for Sj in terms of Gy, 


5 = 



P,N, 





(4.19) 


9G 

dT \ dNj / p 


P,N, 


dGj 

~W 


P,Ni 


( ^Pj \ 

V 


(4.20) 
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Furthermore, from the Gibbs-Duhem relation, Eq. (3.34), we obtain by taking the deriva¬ 
tive with respect to Nj, 


VjdP - 


SjdT = dfij + 


dNj 


d/ry + 


d^G 

dNidNj' 


(4.21) 


It should be emphasized that the summation of terms cannot be omitted. As a conse¬ 
quence, it is not possible to derive a Gibbs-Duhem relation for the partial quantities. 
Finally, by applying Eqs (4.11) and (4.13) to Eqs (1.11) and (1.38) we can write the first 
and second laws in the following forms 

dU ^ dQ + dW+ ^H,dNi (4.22) 

dS ^ dQ/T + Y^ S,dN, + d,pS. (4.23) 


Exercise 4.2 

Derive the relation Hj = (difxj/T)/d{l/T)) p,n, from H = {d{G/T)/d{\/T))p^Nt 
in Eq. (2.25). 

Solution 

Hj = (dH/dNj)T,P,N, = {d{d{G/T)/dil/T))p,N./dNj)T,P,N, 

= (3(9(G/ T)/dNj)T,PM/HyT))p^N. 


Alternative variables for composition 

By composition we mean the relative amounts of various components, preferably the 
set of molar contents, x,. We shall now examine different ways of expressing the molar 
contents in a ternary system. The same methods may be applied in higher-order systems. 
In order to distinguish the methods we shall use a number of different notations. 

(i) xj = Nj/N = Nj/Y.N, 

(ii) Zj = Nj/Ni = xy/xi 

(iii) uj = Nj/{N, + Ay -F ■ ■ ■ + A,) = A,/(EA - A,+i -■■■) = w/(l - xy.+i -■■■). 

The size of the system is thus measured by A, N\ and (Aj + N 2 + ■ ■ ■ + A^), respec¬ 
tively. 

The characteristics of the three methods for a ternary system (with A: = 2 in the third 
method) are compared in Fig. 4.1, where the regular triangle introduced by Gibbs is 
shown in Fig. 4.1(a). Isopleths (lines along which some composition variable is held 
constant) according to the other schemes are shown in Fig. 4.1(b) and (c). It should be 
noticed that the isopleths for 112 are also isopleths for u 1 , since u\ +112 — 1. In Fig. 4.1 (c) 
it should be noticed that zi = 1 everywhere. The three diagrams are redrawn with linear 
scales for each kind of variable in Fig. 4.2. Here, the isopleths with arrows extend to 
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Figure 4.1 The Gibbs triangle showing three different methods of representing composition. The 
corners represent pure component 1, 2 and 3, respectively. 


(a) (b) 




X2 U2 


(c) 



^2 


Figure 4.2 The diagrams from Fig. 4.1 drawn with linear scales for the actual composition 
variables. The arrows indicate that the component is situated at infinity and parallel lines with an 
arrow pointing to the same pure component at infinity. 


infinity. It should be emphasized that any line, which is straight in the Gibbs triangle, is 
still a straight line in these modified diagrams. 

When these new composition variables are used, the calculation of partial quantities is 
changed. Before turning to these calculations, it shouldbe realized that the definition of all 
the molar quantities to be used in one context should be modified in the same way. Taking 
the Gibbs energy as an example, its molar quantity should be defined as G/Ni when dis¬ 
cussed in connection with z, (case (ii)) and G/{N\ + N 2 ) when discussed in connection 
with Ui (case(iii)) iik — 2. We shall denote these molar quantities by G^i and G^n- 
With the method used in deriving an expression for Aj in Section 4.1 we obtain, for 
case (ii), 

G = MGmi(zi, Z 2 , Z 3 ) with zi = 1 (4.24) 

Ml = Gi = Gmi - Z2 j - j (4.25) 

M 2 = G 2 = Z 2 (4.26) 

M3 = G 3 = Z 3 ■ (4.27) 
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For case (iii) we have 


G = (M + N 2 )Gm\l{u\, U 2 , W 3 ) with Ml + M 2 = 1 



(4.28) 

(4.29) 

(4.30) 

(4.31) 


On the other hand, it should be emphasized that many equations derived with the ordinary 
way of expressing the size of the system, will hold without further modification, if one 
simply replaces all molar contents x by the corresponding z or m and all other molar 
quantities by the corresponding molar quantities which may be denoted by A^\ or ^mi 2 . 
The following relations are useful 


Uj = Njl{N, + IV 2 ) = Xj/{x, + X 2 ) (4.32) 

Amu = A/(Ni + N2) — A I N{x\ + X 2 ) = Amlixi + X 2 ) (4.33) 

A^n = A/{N, + N 2 ) = ^NiAi/{N, + N 2 ) = ^mA, (4.34) 

z^- = Nj/Ni = xj/xy (4.35) 

= A/N, = A/Nx, = AJx, (4.36) 

Am\ — A/N\ — YiNiAi/N\ — TzjAj = Ai +Z 2^2 + 23 ^ 3 . (4.37) 


It should be observed that Ai is the usual partial quantity {dA/dNi)j’,p.Nj ■ 

Sometimes it may be convenient to use the notations ^ni and x, for all these quantities. 
It is then necessary always to specify how one mole is defined, i.e. whether one considers 
one mole of 1, one mole of 1 + 2 or one mole total. In higher-order systems one may 
measure the size of the system in several ways. It may be convenient to use the notations 
Ui(i...k) and where I ... ^ are the components used to measure the size. 


Exercise 4.3 

Show that /22 = Gm + (1 — X 2 )( 9 Gn,/ 9 x 2 );c 3 Ai in a ternary system. 

Hint 

Replace variables N, N 2 and N 3 using X 2 (= N 2 /N), x 2 ,/x\{— Ni/Ny) and N{— N\ + 
N 2 + IV 3 ). 


Solution 

Let Gm be a function ofX2 and X3/X1: G = NGjn{x2, x^/xi); fi2 — (9G/9A^2)a'i,a'3 = 

Gm + A^(9Gm/9x2)x3/xi(9x2/9A^2)7Vi,V3 + ^(9Gm/9(X3/xi))3;2(9(X3/xi)/9A^2)A'i,A'3 = 
Gm + N{dGJdx2),,i,,{N - N2)/N^ + IV(9G„/9(x3/xi))x3-0 = G^, + (1 - X2)(9G,3./ 

9X2)x3/xi • 
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4.4 The lever rule 


Let us consider some molar quantity in two homogeneous subsystems (phases), a 
and (3, with different properties, and then evaluate the average of the molar quantity, A^, 
in the total system. By definition we have 

A^ = (4.38) 

A^ = A^/N^. (4.39) 


Using the law of additivity we obtain 

= (^“ + ^P)/(iV“ + A^P) = A^ ■ 






+ At- 


AtP 


+A^P 


= /«^« + /P^P. 

(4.40) 


The fractions of atoms present in each subsystem, i.e. the relative sizes of the two sub¬ 
systems, are denoted by /“ and /P. The terms can be rearranged because/“ 4- /P = 1. 

r«-0 = /p(^p-0. (4.41) 

This is often called the lever rule and is often used when A^^ is a molar content x,. That 
case is illustrated in Fig. 4.3(a). 

The terms can be rearranged in another way 

(4.42) 

This equation can be illustrated by two balancing forces, each of which tries to turn the 
lever around the point representing the a subsystem (see Fig. 4.3(b)). 

The lever rule can be extended to more subsystems, ft is easy to see that 

AZ^ rA^ + fAl + pAl + ---. (4.43) 

For three subsystems in a diagram with two molar quantities one obtains a triangle and 
the total system will be represented by a point placed at its centre of gravity. This case 
is illustrated in Fig. 4.4. 

When the positions of the three subsystems and the total system are known, then one 
can evaluate the fractions by several graphical methods, as illustrated in Fig. 4.5. 
















4.5 The tie-line rule 


71 



Figure 4.4 The lever rule applied to a system with three subsystems oc, (3 and y. The triangle is 
regarded as capable of rotating around the point representing the whole system. 



Figure 4.5 (a)-(d) Four methods of evaluating the fractions of a subsystem, /^, or the ratio of 
fractions of two subsystems, /“//^. 


4.5 The tie-line rule 

It is evident from Fig. 4.4 that a mixture of only two subsystems will fall on the straight 
line between them, which is called tie-line or conode. This we shall call the tie-line 
rule. It must be realized that it holds only if the same measure of size is used for both 
quantities. In most applications we shall use the total number of moles or moles of a 
specific element. An example is shown in Fig. 4.6. Both and xb were defined by 
dividing V or Nb by N. The value of for the composition Xg is an average between 
the end-points of the tangent. They represent the partial molar volumes, Fa and Fb, for 
the same composition. 


VU^'b)^^Mx'b) + ^bVb(x'b)- 


( 4 . 44 ) 
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Figure 4.6 Property diagram for a binary system showing the molar volume as a function of 
composition at constant T and P. The intercepts made by the tangent give the partial quantities. 


(a) (b) 




Figure 4.7 Property diagram for a binary system showing the molar Gibbs energy as a function 
of composition at constant T and P, using the total content of atoms, N, as a measure of size (a) 
or NaQs). 


The fact that the end-points of the tangent give the partial quantities can be shown with 
Eq. (4.6). If xb is regarded as the only variable by treating xa as 1 — xb, we obtain 


-+ (1 “ •^b)^-■ 

cLxb cLxb CDTb 


(4.45) 


Two methods of measuring the size are compared in Figs. 4.7(a)and 4.7(b). The tie¬ 
line rule applies to both. The rule does not apply to Fig. 4.8 because different measures 
of size have there been used for the Cr and C contents. The straight lines in (a) have no 
physical meaning but the curved lines in (b) are the true tie-lines. Other examples of 
inconvenient choices will be given in Section 10.7. 

The tie-line rule also holds in three dimensions. As an example, Fig. 4.9 shows a 
molar Gibbs energy diagram for a ternary system and the intercepts of the tangent plane 
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(a) (b) 




Figure 4.8 zq, Xq diagram for Fe-Cr-C at 1 bar and 1200 K. (a) is drawn under the incorrect 
assumption that the tie-line rule applies; (b) is correct. 



Figure 4.9 Molar Gibbs energy diagram for a ternary solution. 


on the component axes represent the partial Gibbs energies. According to the tie-line 
rule, the molar Gibbs energy of the alloy falls on the plane through these points. This 
is also in accordance with Eq. (3.18), Gm = where /x, is identical to G, (see 

Equation (4.13)). 


Exercise 4.4 

Suppose one has measured the lattice parameter a of face-centred cubic (fcc)-Fe as a 
function of the carbon content. What composition variable should be most convenient 
in a diagram showing the volume of the unit cell, a^l 
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Hint 


It would be most convenient if the tie-line rule could be applied. Then one could, for 
instance, see immediately if the volume of a system would be different when carbon is 
distributed uniformly or non-uniformly. Use the fact that carbon dissolves interstitially 
in fcc-Fe. 

Solution 

The unit cell contains a fixed number of Fe atoms and a variable number of C atoms. 
The volume of the unit cell is thus proportional to V /A^Fe, i-e. Fm/xpe. The composition 
should thus be expressed as A^c/A^Fe, i-C- xc/xpe- 


4.6 Different sets of components 


When considering a system open to exchange of matter with the surroundings in 
Section 3.1, we introduced the terms E/u,dA^, in the expression for dU. These terms 
were subsequently carried over into the expression for dG and a chemical potential for 
any component j can thus be defined as 



(4.46) 


The quantity Nj represents the amount of component j. The quantities Ni and N are 
often measured as the number of atoms or groups of atoms, whether the corresponding 
molecule exists or not. However, the set of independent components can be chosen in 
different ways and it is self-evident that whatever choice is made it cannot be allowed to 
affect the total value of dG = E/r-, dA^,. As a consequence, there is a relation between the 
chemical potentials defined for different sets of components. Let us compare two sets. 
As the first set we shall take the elements i,j, k, etc., and as the second set we shall take 
formula units denoted by d, e, f etc. Let af be the number of i atoms in a formula unit 
of d. It is interesting to note that the set of of values for a new component d defines its 
position in the i,J, k compositional space. If the formula unit of d is defined for one mole 
of atoms then af is equal to the molar contents of the elements in the new component, 
xf. Further, let Nj be the total number of formula units of the new component d. The 
total number of i atoms in the system is then obtained by a summation over all the new 
components. 



(4.47) 


d 


We thus obtain 



(4.48) 
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This result can be inserted into the expression for dG instead of E/u., dA^, and we thus 
find for the chemical potential of component d. 



(4.49) 


It is interesting to note that the final expression for /xj is independent of how the other 
components in the new set were selected. The expression can thus be used to calculate 
the chemical potential of any compound or species or combination of atoms, whether it is 
used in a set of independent variables or not. Actually, one can define a component with 
the same composition as the whole system. The chemical potential of such a component 
is equal to Gm and was used in the combined law in Section 1.9. 

Exercise 4.5 

Consider a solution phase with two sublattices and the same number of sites on each. If 
A and B can occupy the first one and C and D the second one, then we can use the chem¬ 
ical formula (A,:Bi_j:)i(C,.Di_v)i. It may seem reasonable to use the following expres¬ 
sions for the properties in a simple case where all the ternary solutions behave as ideal 
solutions between two compounds each, e.g. (A;cBi_;c)iCi as xAjCi and (1 — x)BiCi 
yielding /xac = °Gac + RT\n{xy) and /Xad = °Gad + RT\n[x{\ — y)], etc. How¬ 
ever, this would be reasonable only under an additional condition. Accept the expressions 
given here and find the condition. 

Hint 

The four /xs are related. 

Solution 

By definition /xac = Ma + etc. 

Thus, /Xac + Mbd ■“ Mad ~ Mbc = 0 °Cxac + RT\n{xy) + °Gbd -b ^Tln 
[(1 -x)(l -y)] - °Gad - RT\n[x{\-y)\ - °Gbc - ln[(l - x)y] = 0 and thus 
° Gac + ° Gbd = ° Gad + ° Gbc- This requires that the pair AC -t- DB has the same sta¬ 
bility as AD + BC, which must be an unusual case. 

Constitution and constituents 

The composition of a system together with the condition of equilibrium defines the 
state of the system but it gives no direct information on how the atoms are arranged. In 
order to understand the properties and to make a realistic model of the thermodynamic 
properties as a function of composition, it is necessary to have some idea about the 
arrangement of the atoms. The modelling should be based on the constitution of the 
system, i.e. the detailed description of the distribution of the atoms. The occurrence 
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of regions of different structures and compositions, so-called phases, is of primary 
importance. The distribution of atoms within each phase may also be important, for 
instance their distribution on different sublattices or in groups like molecules, ions or 
complexes. Groups of atoms, including ions and single atoms, are often called species. 
They may be so stable that they can be transferred from one phase to another and even 
from the system to the surroundings. 

Another useful concept is constituent by which one understands a certain kind of 
species on a certain sublattice in a certain phase. In the following discussion of con¬ 
stituents we shall only consider single atoms. However, the results can be generalized 
easily to molecular or ionic species. 

Let us consider a phase with several sublattices in a higher-order system. The sublat¬ 
tices may be identified by superscripts, s, t, u, etc., their numbers of sites may be denoted 
by a\a‘ ,a", etc., the number of j atoms in the t sublattice by N‘j and the corresponding 
site fraction by y'. By definition 

(4.50) 

i 

The site fraction is thus a kind of molar content (mole fraction), evaluated for each 
sublattice separately. The molar contents in the whole phase can be evaluated from the 
site fractions 

•^7 = ( 4 - 51 ) 

where t represents the sublattice in which j resides. In simple cases the relation can be 
inverted and the site fractions can be evaluated from the composition of the phase 

y'j = X! ^‘y‘j / X! • (4-52) 

s s 

However, in the general case an element may enter into more than one sublattice. One 
can still evaluate the composition from the site fractions 

Xj = (4.53) 

t S 


but it is not certain that this relation can be inverted, i.e. that the site fractions can 
be evaluated from the composition. Instead there may now be one or more internal 
variables, describing the distribution of the elements on the various sublattices. Such 
internal variables will be discussed further in Chapter 20. Together with the external Xj 
parameters they define the state of the phase. An alternative way of defining the state 
is by only giving the site fractions. A site fraction may thus have a mixed character of 
internal and external variable. 

The total number of formula units can be obtained by considering any sublattice or 
the whole phase, 




A" 




( 4 . 54 ) 
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Exercise 4.6 

For (A, B)^(C, D)^, prove that + (Jd - Fa)Mb„d„- 

Hint 

Use fiBaCc = «Mb + c/^c etc., xa = ayA/(a + c), etc., and ja + Jb = 1 = Fc + Jo- 


Solution 


yclJ'BXc + FaMa.d, + Cfd - Ja)Mb„d, = Jca/W-B + FcCMc + (Jd - J^AjaM-B + (^d - 
>’a)c/xd = ;^cc/xc + FAfl^A + yoC/u-D + Cfc + >"0 - FA)aAtB = Fcc/xc + Ja^Ma + 
yoCf^D + yaaiXB — ia + c){xcfMc + ^aMa + xdMd + ^bMb) = Gm for one mole of 
formula units. 


4.8 Chemical potentials in a phase with sublattices 


When trying to evaluate a chemical potential of a component in a phase with two or more 
sublattices, we run into difficulties because we cannot vary the content of one component 
alone unless it is present in all sublattices. The reason is the fixed total amount of atoms 
in each sublattice relative to the total amounts in the other sublattices. This kind of 
restriction on the contents of a phase may be called stoichiometric constraint and this 
kind of phase is called a stoichiometric componnd. The word stoichiometric actually 
means that the coefficients in the chemical formula are small integers but the word is 
often used to mean ‘fixed composition’. Usually, one follows from the other. 

If we were to neglect the difficulty with the stoichiometric constraint and calculate the 
chemical potential of a constituent j in sublattice s with the method used in Section 4.1, 
we should get the following formal result 



(4.55) 


where is defined for 1 mole of atoms and Ea* = 1. The factor 1/a^ comes from 
the fact that E A/ = a^N. It must be emphasized that the expression for cannot be 
used alone. It can only be used in combinations obeying the stoichiometric constraint. 
Two methods of obeying the constraint should be considered. In the first method one 
considers the addition of balanced amounts of atoms to all sublattices, corresponding to 
the addition of a compound jaiKoh'- For the chemical potential of that compound we 
obtain 

~ l^'j + l^k + lA 



(4.56) 
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It is evident that we can here drop the restriction Ea^ = 1 and redefine to hold for 
1 mole of formula units. 

If an element A appears in all sublattices, then one could consider a compound which 
is a form of the pure element A and with = 1 its chemical potential would be 

/xa = d" <2^Ma ®'^Ma 


(4.57) 

This calculation can be performed only if the element is present in all sublattices. Oth¬ 
erwise, /x a by itself has no unique physical meaning for such a phase. 

The other method of obeying the stoichiometric constraint is to substitute an element 
for another one in a certain sublattice. The result will be 



My Mi — M; M/l — , 

a 



(4.58) 


The difference /xy — /x^ is the diffusion potential derived in Section 4.1 where it was 
denoted Gj — Gk- 

For a system in internal equilibrium the calculation of /xy — /xj must give the same 
result independent of what sublattice is used in the calculation. Otherwise there would 
be a driving force for an exchange of atoms between the sublattices. Thus, 


ti) - = /x“ - (4.59) 

If there are vacancies in one of the sublattices, then one can evaluate the chemical potential 
of any element present in that sublattice at equilibrium because the vacancies may be 
treated as an additional element with a chemical potential /xva, which can be defined as 
zero at equilibrium. It would also be possible to calculate the chemical potential of an 
element not present in that sublattice but present in all the other ones. 

It should again be emphasized that the quantities /x' etc., which refer to a specified 
sublattice, in general have no unique meaning by themselves and they do not have 
the same value in different sublattices, not even at equilibrium. There may be several 
methods of calculating the /Xy quantities and they may give different results. But in the 
combinations obeying the stoichiometric constraint the results must be the same. This 
question is connected with the fact that one cannot add just one element to a phase with a 
stoichiometric constraint. It follows that the set of independent components contains less 
components than there are elements. In such a case one may define the set of components 
by using compounds and talk about component compounds. On the other hand, there 
may also be too many possible component compounds and for the set of independent 
components one must make a selection. 
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Exercise 4.7 

We have seen that the chemical potential of an element A in a system with more than 
one sublattice can be evaluated under two different conditions. In one case the element 
is present in all sublattices and in the other case it is present in a sublattice t, which 
has vacancies. In the latter case, consider another element B which is only present in a 
second sublattice, u, that has no vacancies. Can its chemical potential also be evaluated? 

Hint 

Use the fact that the chemical potential of the first element. A, can be evaluated. 

Solution 

Using the second sublattice we can evaluate/r A — /Ug = /x^ — Mb but only under internal 
equilibrium conditions. But /xa is known from the first sublattice /x^ = /x^ — /Xya = Ma 
and thus /xg = /x^ — (/x^ — /Xg). 


5 Thermodynamics of processes 


5.1 Thermodynamic treatment of kinetics of internal processes 

In Chapter 1 we considered spontaneous processes inside a system when discussing the 
second law but later in that chapter we only considered equilibria. We shall now discuss 
the thermodynamic treatment of the kinetics of such processes. This field of thermody¬ 
namics is often called irreversible thermodynamics but the full term should rather be 
thermodynamics of irreversible processes. The word irreversible is often replaced by 
the word spontaneous. A process occurring inside a system may be caused by a change 
imposed upon the system by some external action, but it will here be regarded as a spon¬ 
taneous result of the new conditions inside the system. All processes inside a system 
that actually occur will thus be regarded as spontaneous. It would really be unnecessary 
to use either of the terms irreversible and spontaneous processes if it were not for the 
need to distinguish them from the limiting case of a cyclic process, e.g. the Carnot cycle, 
when it is carried out in such a way that the internal processes it gives rise to produce 
a negligible amount of entropy. Since a cyclic process is controlled by actions from the 
outside and they could be performed in the reverse direction, it is possible to run the 
cycle in the reverse direction. All the internal processes it gives rise to will also reverse 
and if their entropy production is again negligible the two cases will be identical in the 
limit, except for the sign. In the limit, such processes are regarded as reversible. 

An internal process at any given moment could not spontaneously proceed in either 
direction except for cases of so-called unstable equilibrium. That would require that 
the driving force is the same in both directions and must thus be zero and the process 
must be infinitely slow. A reversible process is thus a hypothetical construction but of 
considerable theoretical interest as a limiting case. 

As a first approximate treatment of the kinetics of processes one assumes that the 
rate of a process, often called flux and denoted by J, is proportional to a thermodynamic 
force, X. A positive value of the force implies that it drives the process in a predetermined 
direction. Counting the flux as positive in the same direction one writes 

J^LX. (5.1) 

The kinetic coefficient L is thus positive by definition. If § denotes the extent of the 
process, then the flux is defined as 



(5.2) 
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The rate of entropy production can be written as 

^ dip5 _ dipS d§ 
dt df dt 

The definition of the thermodynamic force is given as 

d? 

Combination with Eq. (5.1) yields for the rate of entropy production 

a = JJT = LX^ > 0. 


(5.3) 


(5.4) 


(5.5) 


Since L is positive by definition, this is in agreement with the second law requiring that 
a spontaneous process produces entropy. 

If there are simultaneous processes, they may all contribute to the entropy production 



_ dipS_v 

^ “dT “ ^ 


d|, = ^X,d^, 


dHi J dt ^ ‘ ‘ 


(5.6) 

(5.7) 


One should then generalize the linear kinetic equation, Eq. (5.1) by taking into account 
the possibility that simultaneous processes may interact. 



(5.8) 


This is usually called phenomenological equation because it is not based on any physical 
model. 

The flux and force for an individual process j are defined by Eqs (5.2) and (5.4), using 
the extent of the process, . They are thus related to each other and are regarded as a pair 
of conjugated quantities. Their product gives the entropy production for that process, 
Gj, but it should be realized that the second law is derived only for the whole system, 

^ = E = E (+ E I ■ (5-9) 

I \ k^i ) 


On the other hand, the entropy production for an individual process could be negative 
if there are simultaneous processes. When this happens, it is caused by the cross coeffi¬ 
cients, Ljk, in Eq. (5.8). That possibility can be demonstrated by starting with a situation 
where Xj — 0 and the other forces have such values that 'ZLjkXk > 0 for the actual set 
of Ljk values. Then 

Gj = JjXj = {^jjXj + ^ Ljkx}j Xj = 0, (5.10) 


even when Jj, as calculated from Eq. (5.8), is not zero. By changing to a slightly negative 
value of Xj one obtains 

Gj = JjXj = LjjX] + Y, LjAXj = ( Y < 0 - 

\k^j / 


(5.11) 
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We have here neglected the first term that contains the small quantity Xj squared. The 
negative value of Eq. (5.11) is caused by the cross coefficients Ljj^. According to the 
second law, the negative value must be compensated by the other processes yielding 
positive values. That puts a special requirement on the relation between the L coefficients. 
The L matrix must be positive definite and for a system with two processes that means that 


4 ^ 11^/22 > 


(5.12) 


in addition to the requirement that all T,, must be positive, which has already been 
discussed. Those coefficients may be described as diagonal coefficients. 

ft is an interesting question whether the change of Xj, which made aj negative, as 
a compensation increased the entropy production from another process. For the simple 
case of two processes Eq. (5.11) yields. 


aj = LjjX] + LjkX^Xj 
Ok — L/cjXjXk + LickXf 


(5.13) 

(5.14) 


and (Jj can turn negative only by the action of the cross term Lj^X^Xj in Eq. (5.13) 
and it is thus necessary that it is negative. Provided that Ljk and L^j have the same 
sign, LkjXjXk in Eq. (5.14) will also be negative and both aj and Ok will decrease by 
the coupling between the two processes. In fact, Onsager [5] has demonstrated that Ljk 
and Lkj do not only have the same sign but even the same value. This is called the 
reciprocal relation and can only be applied to a pair of kinetic equations containing 
conjugate pairs of flux and force. Onsager’s derivation was based on the assumption of 
microscopic reversibility and the assumption that macroscopic processes obey the same 
kinetic law as the decay of the corresponding microscopic fluctuations. Objections have 
been raised regarding assumptions not stated explicitly by Onsager, e.g. by Truesdell [6] 
but the validity of the reciprocal relationship is widely accepted. 

Exercise 5.1 

Can a process occur, i.e. J\ ^ 0, without producing entropy? 

Solution 

Yes! The entropy production is equal to J\X\ and will vanish if Xi = 0 even if Ji — 
I nYi +112^2 = 1 12 X 2 ^ 0 . 

Exercise 5.2 

The material in a living organism can get more ordered, implying that the entropy 
decreases. Does the second law not hold for living organisms? 


Solution 

The living organism cannot do this by itself, i.e., if it is completely isolated, ft can do it by 
receiving light energy from the sun, a case, which should be treated with an appropriate 
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form of the combined law. It can also do it by being a subsystem in a bigger system and 
its internal processes can then be coupled to processes in the other subsystem. 


Transformation of the set of processes 

It is possible to change the formal description of what happens in a system with simulta¬ 
neous processes without affecting what actually happens. There may be different reasons 
for such a change to a new set of processes. One reason could be an advantage in the 
physical interpretation of the processes. Another reason could be that one is looking for 
a set of phenomenological equations with negligible cross terms in order to simplify 
numerical calculations. 

Of course, one requirement for such a transformation is that the entropy produc¬ 
tion is the same in both descriptions. For simplicity, we shall limit the present dis¬ 
cussion to two simultaneous processes. Let the primary phenomenological equations 
be 


Jy — L\\X\ + 7 . 12 X 2 

(5.15a) 

Jl — 7 . 21 X 1 + 7 . 22 X 2 . 

(5.15b) 

Introduce a new set of fluxes by linear combinations 


J* — a\\J\ + oiuJi 

(5.16a) 

J 2 — ^2\J\ + 

(5.16b) 


The entropy requirement gives 

a = JiAi + J 2 X 2 = J;X*^ + J^Xl = anJiX\ + anJiXl + a2iJxXl + a22^2^. 

(5.17) 

Comparing terms in first J\ and then J 2 we find that it is necessary to choose 

Xi = + Q! 2 i^ (5.18a) 

^2 = ai2^+a22^. (5.18b) 

The fiuxes and forces for the primary set of processes can be eliminated by first inserting 
Eqs. (5.15) and then Eqs (5.18) into Eqs (5.16), 

J* — oi\\L\\X\ -t- ax\Lx2X2 + a\2L2\Xx + 22-^2 

= + a\ 2 L 2 \){auX\ -t-o'21^2) 

+ (anCi 2 + ai 2 L 22 )(«i 2 ^ + ^2271^) = L\,X\ + L\^Xl (5.19a) 
J 2 — a2\L\\X\ + a2\L\2X2 + a22L2\X\ + Q!227.22-^2 
= (a2i7.li -t-a227.2i)(aii-^ + 0121 ^ 2 ) 

+ (a2i7.i2 + a22L22){ax2X*y + a22X*2) = + LjjX/. 


(5.19b) 
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where 


-^11 = + «n«i 2 -^ 2 i + “ii«i 2 ^i 2 + “ 12-^22 (5.20a) 

Lj2 = ci\\a2\L\\ + a\2a2\L2\ + ai\a22L\2 + Q!i2a22^22 (5.20b) 

L*J = a 2 \CI.\\L\\ + 0 ! 22 Q!ii .^21 + « 21 « 12^12 + “ 22 « 12^22 (5.20c) 

-^22 ~ “ 21-^11 + 0^220!21.^21 + tt21«22^12 + 0!22'^22- (5.20d) 


This derivation of the new coefficients can easily be generalized, resulting in 

c = EE ^si^rk^ik- 

! k 


(5.21) 


The description has thus been changed to a new set of processes and it is immediately 
evident that for the new cross coefficients one finds Tjj = ^ 2 \ if ^12 = f' 2 i- Onsager’s 
reciprocal relation is still valid. It should further be emphasized that the new processes 
appear to be coupled even if the initial processes were not. According to Eqs (5.20b and 
c), the following cross coefficients appear if one starts with processes without coupling, 


Ti2 = T 21 = 0 

f'12 = “11“2 iTii + a\20i22L22 — 


(5.22) 


It is interesting to note that for this case the reciprocal relation is a mathematical conse¬ 
quence and there is no need to use a derivation based on physical arguments in order to 
explain that the reciprocal relation is preserved. 

Of course, it is also possible to apply a transformation in order to eliminate the cross 
coefficients. Starting with T 12 = T 21 ^ Gone can change to two new processes for which 
Z [2 = T 21 = 0. According to Eqs (5.20b and c), the requirement is that one has chosen 
the Uij coefficients to satisfy 


Q!iia2iTii -t- (ai20!2i + a\\a22)L\2 + (^\2a2il^ii — 0. (5.23) 


However, there are an infinite number of ways to accomplish this even though one can 
immediately eliminate many of them as trivial variations because oj in Eq. (5.7) would 
not be affected if one of the conjugate pairs of flux and force is redefined by multiplying 
the flux with a factor and dividing the force with the same factor. One can eliminate this 
kind of freedom by choosing an = 1 = a 22 but the requirement is still satisfied as soon 
as the following relation between and a 2 i is obeyed. 


a2iTii -b (1 -t- a'i2a2i)Ti2 -f ^ 12^22 — 0 
L\2 4- o;2iTn 

ai2 =-. 

L 22 + Ol2\L\2 


(5.24) 

(5.25) 


On the other hand, with the present understanding of principles there is no guarantee 
that the set of processes that actually occur on a microscale, when Eq. (5.25) is satisfied, 
should not be coupled in any way. However, there are several cases where two processes 
could be expected not to be coupled by a physical mechanism. Examples are processes 
that occur in different subsystems or reactions between molecules in a gas, which occur 
in contact with one catalyst each. Prigogine [7] has mentioned the case of heat flowing 
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through a system where a homogeneous molecular reaction takes place, suggesting that 
the two processes could not be coupled. It is an interesting question whether one would 
always find that there is no coupling if one could really identify the actual processes 
on the microscale. If that is the case, then the reciprocal relation should always be a 
mathematical consequence of a different choice of processes. 

Exercise 5.3 

Show how Eq. (5.21) can be derived. 

Hint 

Start with Eq. (5.16a) and insert in turn Eqs (5.15a) and (5.18). 

Solution 

Jg — ^ ^ ^si Ji — ^ ^ ^ ^ ^ik^k — ^ ^ ^si ^ ^ ^ 

i I k i k r 

^ sr — ^ ^ — ^^^^^si^rk^ik- 

i k i k 


Alternative methods of transformation 

So far, we have introduced a new set of processes by expressing the new fluxes as linear 
combinations of the initial ones. One could just as well express the new forces as linear 
combinations of the initial forces 

X\ = PnX,+pnX 2 (5.26a) 

X*2 ^ hiXi + P 22 X 2 . (5.26b) 

The initial processes are still defined by Eqs (5.15) but we shall invert them to make 
them consistent with the new way of defining the new processes 

Xi^RnJi+Ri 2 J 2 (5.27a) 

X2 ^ R21J1 + R22J2. (5.27b) 

The R coefficients can be obtained from the L coefficients in Eqs (5.15) by standard 
methods. With a similar procedure as before, one now obtains 

= (5.28) 

r 

l^siPrkRa- (5.29) 

i k 

The L* coefficients can be evaluated by inverting Eq. (5.28). 
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One may also like to prescribe both flux and force for one process and not make any 
prescription for the other process 

J* ^ anJi + c(x2J2 (5.30) 

X\ = pnXi + ^nX2. (5.31) 

One should then express J 2 and using the four coefficients deflned by these equations. 
In general, a complete set of p coefficients can be expressed in terms of the a coefficients 
by inverting Eqs (5.18) 


oin/Pii — —oin/Pix — ~oi2\IP\2 — 0 - 22 ! P\\ — o'na22 — ai2a2i. 
For the second process one could thus write 


a2\ 


Jr — ^2\J\ +OI22J2 — CI22 I - j\ + -^2 I = ^22 I —-2;—J\ + J2 


«22 


P\2 


XI = P21X1 + P22X2 = P22 -+ ^2 = 


ai2 


an 


Pn 
anPn 
a22 


P12 

-—Xi+X 2 

Pn 


(5.32) 


(5.33) 

(5.34) 


In these expressions only a 22 was not given by Eqs (5.30) and (5.31). However, 0122 is 
eliminated in the product J^X^ and, as in the discussion following Eq. (5.23), it may 
thus be regarded as a trivial factor for the second new process. It may thus be concluded 
that in order for a new process, defined by its flux and force, to be part of a new set of 
conjugate processes it must be combined with a unique partner defined by Eqs (5.33) 
and (5.34). 

Finally, it may happen that for some particular reason one would like to prescribe the 
flux for a new process but the force for the other process. 


Xl^pnX^+pnX2 (5.35) 

J 2 — Ol2\J\ + Ot22J2- (5.36) 


Again, the a and p coefficients are related by Eq. (5.32) but this time only three of the 
coefficients given by the initial equations are independent. Let CX 21 be the dependent one. 
Eq. (5.32) yields 


0121 = —Ol 22 P\ 2 l P\\- (5.37) 

This must be satisfied when the initial equations, Eqs (5.35) and (5.36) are formulated. 
As a compensation, there is a degree of freedom when evaluating the remaining four 
coefficients. Lets us choose an as the arbitrary parameter. Eq. (5.32) would then yield 

P 22 = —Pxx (5.38) 

0-22 

1 ( 0122 \ OL22 

«12 = — 0in0i22 - ^ {oinPn - 1) (5.39) 

“21 V PwJ a2iPn 

Oi\2P\\ OI 22 P 11 1 

P2X =- — =-(a„/ln - 1) =- (anPu - 1). (5.40) 

a22 a2ipiia22 a2i 

An application of this kind of transformation will be given in Section 17.5. 
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So far, we have always transformed the initial set of processes into the same number 
of new processes. However, there are cases where the new set will contain one process 
more or one less. When transforming the phenomenological equations for diffusion in 
order to change the frame of reference, one often introduces a set with one process less. 
That case will be discussed in Section 5.8. A case with an increase of the number of 
processes will now be described. 

It may happen that one describes the development of a system with a set of processes 
that one is convinced are those that actually take place on a microscale. Nevertheless, 
experimental measurements have yielded cross coefficients. There is thus a coupling 
between the processes but it is possible that it may be caused by an additional process 
that was not considered primarily because it was formally possible to represent the exper¬ 
imental information without using it. By introducing the phenomenological equation for 
that process into the representation of experimental information, it is possible that the 
cross coefficients decrease in value or even become negligible. If several additional pro¬ 
cesses seem possible, one may decide to use the one giving the lowest cross coefficients. 
That one would then be regarded as the coupling process. 

Suppose one has studied two processes finding that they are coupled as described by 
L \2 — T 21 7 ^ 0 in their phenomenological equations. 


J\ — L\\X\ -f- T 12 A 2 
Jl — L 2 \X\ -|- L 22 X 2 - 


(5.41a) 

(5.41b) 


With these equations one has thus been able to give an adequate description of how the 
system develops. However, one is convinced that the two processes actually occur in 
the system and feels that they should be independent of each other if it were not for 
the presence of a third process that is responsible for the coupling. Assuming that there 
should be no cross terms if the system is represented by all three processes one would 
write 



(5.42a) 

(5.42b) 

(5.42c) 


It should be noticed that it is necessary to redefine the fluxes of the two initial processes 
when the third one is introduced even though those processes are the same as before and 
should still have the same forces. 


XI ^X2. 


(5.43a) 

(5.43b) 


Of course, there should be some relation between the third process and the initial ones 
because an adequate description of the system can be given already by the initial ones. 
Suppose the relation is 


X\^kXx+ 1X2 = kX\ + IXl. 


( 5 . 44 ) 
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The entropy production must be the same in both descriptions. By eliminating one 
obtains 


a = j;x\ + J*X *2 + J;T^ = (Ji* + kJ*)X\ + (J* + u;)xl 
= J,Xi + J 2 X 2 . (5.45) 

By inserting Eqs (5.43) one can identify the relations between the two sets of processes 
by comparing terms. 


Ji = J* + kJ^ (5.46a) 

J2 = J^+lj;. (5.46b) 

Introducing the phenomenological equations for the three new processes from Eqs (5.42) 
one obtains, 


Ji = J* + kJ^ = L\X\ + kLl(kX\ + IX* 2 ) = {L\ + k^L%)Xi + klLlX 2 . (5.47a) 

J 2 = J 2 + IJ 2 = 1 * 2 X 1 + lL*2(kXl + IX^) = klL\Xx + {L*2 + fLl)X2. (5.47b) 

It is satisfactory to see that the reciprocal relation is obeyed. Comparison with Eqs (5.41) 
yields 

Ln^L\ + k^L*- E 12 = klL* = E 21 ; C 22 = Ej + ^^^3 (5-48) 

or inverted, 

e; = E 12 //S:/= E 21 //S:/ (5.49a) 

E* = E 22 - fLn/kl = E 22 - E 12 Z//S: (5.49b) 

E* = E„ - k^Ln/kl = En - Lnk/l. (5.49c) 

The introduction of a third, coupling process is thus another way of describing the 
development of the system without any cross terms. The advantage of this method is that 
the initial processes will be part of the final description. That may be desirable if they 
have a strong physical basis. 

The fact that it is always possible to introduce a set of processes without cross terms 
may be of theoretical interest even without trying to identify their physical background, 
as demonstrated by the following example. It may seem self-evident that there could be 
no spontaneous processes in a system without any entropy being produced, cr = 0 for 
the whole system should thus be a condition of equilibrium for the whole system and for 
all parts of it. However, it has been argued that one process having oj > 0 and another 
one having (7^ < 0 could together yield ct = 0. On the other hand, the fact that one can 
always describe what happens in the system with a set of processes without coupling 
proves that there is no basis for that argument. Each one of those processes will only 
be driven by its own thermodynamic force because all cross coefficients are zero. All 
those processes will have to give positive contributions to the entropy production if they 
progress. One could thus apply the second law to the individual processes if they are 
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not coupled. One may conclude that there can be no spontaneous changes in a system if 
(T = 0 for the whole system. 

Exercise 5.4 

In an attempt to eliminate the cross terms in two processes one introduces a third process 
by requiring that ( 1 ) = J* + and (2) — Evaluate the Z* coefficients 

if this is possible. 

Hint 

Start by finding the condition for preserving the rate of entropy production. 

Solution 

ff = J*x\ + + JIX\ = JiXi + J2^2 = (Zf + J^)Xx + - J^)X2 = J^Xx + 

JIX2 + J*{Xx - xi), which yields X* = Xi; XJ = X 2 ; XJ = Xi - X 2 . 

Insert Eqs (5.42) in Eq. (I) or (2): + J 3 * = Z*X* + Z^Xf = Z*Xi + 

T V V \ _ ( J ^ \ 1 T ^ V • T _ r* _ /■* V* T * V"* _ T * V 

-^2/ — v-^l ' -^3-^25 *^2 — *^2 *^3 — ^ 2'^2 ■^3'^3 — ■^2'^2 

Z|(Xi - X 2 ) = -Z*Xi + (Z* + Z|)X 2 . 

Comparison with Eqs (5.41) yields Zn = Z* + ZJ; Z 12 = —Z| = Z 21 ; 
Z 22 = -^2 "E ^3 or inverted: Z| = —Z 12 = —Z 21 ; ZJ = Z 22 — Z| = Z 22 + Z 12 ; 
Z* = Zii — Z 3 = Zii + Z 12 . 

Basic thermodynamic considerations for processes 

In order to apply thermodynamics to the kinetics of processes, one must be aware of some 
fundamental principles and new assumptions must be made. For inhomogeneous systems 
the basic extensive quantities, X,, U, V and S are obtained by integration of the local 
value of the corresponding intensive property, usually expressed by the molar quantity. 
It is thus necessary to assume that one can define the local value of those quantities. The 
molar quantity is not just an average over a larger system. It is an intensive quantity and 
depends on the local values of T, P and composition and also on the arrangement of the 
atoms. However, it may also depend on the gradient of those quantities. There are no 
gradient effects in a homogeneous system and in the present work they will be neglected 
for inhomogeneous systems unless specifically stated. An exception is the treatment 
of a phenomenon called spinodal decomposition for which important restrictions are 
described by including the effect of composition gradients on the Gibbs energy. See 
Section 15.4. 

Ni, U and V obey the law of additivity and their values in a system are conserved 
quantities in the sense that they can only change by interaction with the surroundings. 
Their values for the whole system are thus conserved if there is no exchange of heat, work 
or volume with the surroundings. The entropy, S, can change by internal processes but 
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S — AipS is a conserved quantity if Ai^S is defined as the internally produced entropy. 
Other extensive quantities are derived from the primary ones by adding or subtracting 
terms containing P, T and /u, , e.g. the terms PV and TS. The law of additivity applies to 
such quantities only under special precautions as discussed in Section 3.4. 

Finally, it should be noted that, when applying thermodynamics to systems with inter¬ 
nal processes, one assumes that thermodynamic properties, evaluated under equilibrium 
or frozen-in conditions, apply not only to stable and metastable systems but also to unsta¬ 
ble systems undergoing changes. In the present work that assumption will be applied as an 
approximation without further discussion. We shall for instance evaluate thermodynamic 
properties by assuming that any momentary situation is frozen-in. 

Most of the applications in this chapter are based on the combined law in the form 

dS = {\/T)dU + {P/T)dV - T,{iii/T)dNi -f- dipS, (5.50) 

where dip5 is the entropy production which must be positive for a system undergoing 
spontaneous changes. We shall first consider cases where dip^ is caused by homogeneous 
processes that will not disturb the uniformity of a system which is uniform from the 
beginning. Transport processes require a quite different approach. They concern quanti¬ 
ties that can be exchanged with the surroundings and in the limit they could sometimes 
establish a stationary state of flow through the system. Even though such processes may 
concern quantities already present in the combined law, it should be realized that in the 
combined law they represent direct exchanges with the surroundings and not processes 
of flow inside the system. The discussion of transport processes will thus be preceded 
by considering a discontinuous system composed of two subsystems and with transport 
between them. 

Starting with processes in homogeneous systems we shall presume that all thermo¬ 
dynamic properties are uniform. Internal processes may tend to change some properties 
but the processes must progress uniformly in the whole system in order not to change the 
homogeneous character. In a system that is not completely isolated there may be compli¬ 
cations, e.g. due to the heat of reaction leaking out to the surroundings and causing heat 
flow from the interior of the system to its surface. In a system open for heat transfer to 
a reservoir of constant temperature it is common to assume that the temperature is kept 
constant although there must be temperature gradients in order for the heat of reaction 
to leave the system. Evidently, one assumes that those gradients and the corresponding 
thermodynamic forces for the heat flow are so small that their production of entropy is 
negligible. That will now be our assumption. 

It may often be more convenient to use the combined law in the form based on Gibbs 
energy if T and P are kept constant. By further assuming that there is no exchange of 
matter with the surroundings we get for spontaneous changes of the state. 


dG = VdP - SdT + YyadNi - TdipS = -TdipS = -T,Djd^j < 0. (5.51) 


Dj is the driving force for process j. It is defined as a generalization of the driving force, 
D, in Section 1.8. 


z),. rM 


dG 

Wj 


(5.52) 
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Introducing the flux of process j, Jj — d^y/dt, we get for the time derivative 



^Ta ^ 'EDjJj > 0 . 


(5.53) 


The rate of entropy production, a, was defined by Eq. (5.3) and the second law requires 
that it is positive. That explains why dG in Eq. (5.51) was stated as negative. It should 
be emphasized that the driving force is only defined for constant T and is then related to 
the more generally applicable thermodynamic force Xj by 



(5.54) 


That is shown by comparison with Eq. (5.7). The term driving force for Dj is here used 
in an attempt to avoid confusion with the thermodynamic force, Xj. 

The internal production of entropy, ct, is a well defined quantity and Tct is regarded 
as the dissipation of Gibbs energy. It is thus connected to the internal processes. On the 
other hand, —G in Eq. (5.53) describes the change of the properties of the system with 
no regard to how the change occurred. The equality of the two may seem self-evident 
but is extremely useful and may be illustrated in diagrams of the molar Gibbs energy 
versus molar content. Then it is necessary to express both the dissipation and the change 
of Gibbs energy in the same dimensions as the diagram, i.e. J/mol. Equation (5.53) is 
expressed in J/s and it would thus be necessary to divide the whole equation by some 
flux, Jo, measured as mol/s. One would then obtain the change of Gibbs energy per mole 
of the flux. 


- AG„ = -G/Jo = YfjDj, 


(5.55) 


where fj = Jj/Jo- For simple case with just one process, Jo will normally be defined as 
the flux of that process and — A Gm will be equal to Dj. One can then evaluate the driving 
force Dj from — A Gm and it is even common to regard it as the driving force itself. For 
more complicated cases one may even regard it as the total driving force. However, it 
should be remembered that — AGm is the change of the properties of the system and Dj 
or fjDj represents dissipation. 

There are many kinds of homogeneous processes, some of which can be described as 
a change of order, e.g., short-range order of the atoms relative to each other and even the 
transition to a state of long-range order if it occurs by a so-called second-order transition, 
which is homogeneous. An extreme case of order among the atoms is the formation of 
molecules by so-called chemical reactions. They will be treated separately in the next 
section. 

Exercise 5.5 

Suppose T and V are kept constant. What form of the combined law should it then be 
natural to use? How would the time derivative of that characteristic state function be 
related to the rate of entropy production if there is no exchange of matter? 
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Solution 

Using Helmholtz energy, the combined law is written as dF — —VdP — SdT + 
E/r,dA^, — rdip^ = —rdip5 = —< 0. The time derivative of Helmholtz 
energy is the same as of Gibbs energy but the conditions are different —F — Tdi^S/dt — 
Ta = T^DjJj > 0. 

5.5 Homogeneous chemical reactions 

The combined law for dG contains the terms E/rydA^y where the summation includes 
a set of c components. Each one is regarded as independent if it cannot be formed by a 
reaction between the other ones. Basically, the set should only contain the c independent 
components. For homogeneous chemical reactions one sometimes includes more com¬ 
ponents. One may then choose which ones should be regarded as independent. The other 
ones will be regarded as dependent and each one of them can be formed by a reaction 
between the independent ones. Those reactions are regarded as independent reactions 
but many more reactions could occur between the components. If one considers s com¬ 
ponents altogether, there will be {s — c) dependent components and the same number of 
independent reactions. That number will be represented by r — s — c. 

A component could be a pure element but could also be a molecule or some hypo¬ 
thetical aggregate of atoms. Let us express the chemical composition of component j by 
the letter J and write 

C 

y = (5.56) 

1=1 

where a/ represents the stoichiometric coefficients and / represents a pure element 
or the composition of any other basic unit used for representing the composition of 
the components. Let these units be the independent components and J be a dependent 
component. It is evident that Eq. (5.56) should then be the reaction formula for the 
formation of J if it is turned around. 

C 

(5-57) 

1=1 

We could thus regard the a/ coefficients as the reaction coefficients for the reaction 
between J and the c independent components. They have here been normalized by 
making the coefficient for J equal to 1. There will be such a reaction for each dependent 
component, i.e. r reactions. They may be chosen as the r independent reactions among 
the many more possible reactions between the s components. 

One reason to include dependent components in E/xydA/ is that it may facilitate 
the modelling of the thermodynamic properties, e.g. for a gas containing several kinds 
of molecules. A related reason is that one may like to consider ffozen-in states where 
the rates of internal reactions are negligible. In that case one may add some amount of 
any component without having to consider its possible reactions with other components 
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inside the system. The dependent components can then be treated as independent and 
we may define the chemical potential of any component 




(5.58) 


Even though the system is frozen-in, we may evaluate the driving force for the r reactions 
by which each one of the r additional components could react with the independent ones. 
It may be derived as follows. 

Considering the changes of all the s components, both independent and dependent 
ones, we may write the combined law as 

dG = VdP - 5'dr -t- ^ /x,dM (5.59) 

1=1 


We would now like to introduce the extent of the internal reactions, , in this equation. 
One may define the reactions in such a way that each reaction represents the formation 
of a single dependent component from the set of independent ones, but without the other 
dependent components being involved. In a closed system, the change of an independent 
component may be given by the loss caused by several reactions, and may thus be related 
to the increase of several dependent components. 

r 

AN,=-Y^ai&Nj. (5.60) 

7 = 1 

For the dependent components dNj is only caused by their own independent reactions. 
The combined law for a closed isobarothermal system will thus be 

a/diV^.^ + 

= V&P - SAT (5.61) 

7 = 1 

The driving force for the formation of the dependent component j is here defined as 

C 

= ^(a/M,)-M7- (5-62) 

i=\ 

The combined law for an open system could thus be written 

err 

dG = VAP -SAT + Y^ fi,ANi + Y M/dA^/ “ X! ■ (5.63) 

, = 1 j=l 7 = 1 

It should be emphasized that dA^, and ANj here represent only the amounts received from 
the surroundings. The changes due to all internal reactions are included in A^P Under 
freezing-in conditions one should omit 'ZDJA^P When the internal reactions are very 
fast, there is almost internal equilibrium and the driving forces necessary for maintaining 




dG = VAP - SAT + Em- -E 


1=1 


i=i 
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equilibrium are so small that can again be omitted. Then 

C 

c / r 

dG = VdP - SdiT + ^ I ^Ni + 

i=\ V 7 = 1 


(5.64) 

(5.65) 


Again, dA, and dA; represent only the amounts received from the surroundings. When 
treating intermediate cases one should take into account the rate of all reactions, starting 
with the r reactions by which the r dependent components can form from the independent 
ones and then adding those in which two or more of the dependent ones take part. We 
shall now consider the very simplest case where there are one independent component 
and two dependent ones. The dependent components will be denoted by 1 and 2 and 
their reactions will also be identifred by 1 and 2. For consistency with the derivations in 
Section 5.4 the superscripts used for D and f in the above equations will now be given 
as subscripts. Without any coupling between the first two reactions their rates will thus 
be given as 

Ji* = ^ = L\X\ = K*yD\ (5.66) 

df2 

^ = L^Xl = KlDl, (5.67) 

where D* — TX* according to Eq. (5.54) and K* — ly T . For the additional reaction, 
where both dependent components take part, we write 

J 3 * = = K^Dl. (5.68) 

Suppose this reaction produces component 1 and consumes component 2. Then we know 
that its driving force must be 


(5.69) 

By direct measurements of the amounts of the two dependent components one would not 
get any direct information on the third reaction but one can represent the experimental 
information using the phenomenological equations for those reactions. 

Ji = A„Z)i + Ai 2/)2 (5.70a) 

K 21 D 1 + K 22 D 2 . (5.70b) 

The goal is to evaluate the kinetic coefficients in the three processes, assumed to have no 
cross terms, from the experimentally determined coefficients in Eqs (5.70a and b). This 
problem was discussed in more general terms in Section 5.2. By comparing the relations 
between the driving forces given by Eqs (5.44) and (5.69) we find that the present case 
corresponds to k = 1 and / = — 1 . From Eq. (5.49) we thus find 


A3* = -Ai2 = -A21; K* = K22 + Kn, A* = + Kn 


(5.71) 
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We have thus been able to eliminate the cross terms in Eqs (5.70) by introducing an 
additional reaction. 

Exercise 5.6 

Demonstrate that Onsager’s reciprocal relation applies to the reactions between CO, CO 2 
and O 2 in a gas in contact with pure C as solid graphite. 


Hint 


Among the four components there are four possible reactions obtained by omitting one 
component at a time. We should accept that all four actually occur. There will only be 
two independent components and we may choose C and O 2 . First one should decide how 
many independent reactions there are. There are four species, CO, CO 2 , O 2 and C, but 
only two components. There will thus be two independent reactions. Start by defining 
them. Denote their driving forces by Di andZ) 2 . Then define as many dependent reactions 
as possible but express their driving forces in terms of Di and D 2 . 

Solution 

We may choose the following reactions as independent, CO2 —>• C + O2 (1) and 2 CO — 
2 C + O2 ( 2 ). Then 2 CO - CO2 ^ C ( 3 ) and 2CO2 - 2 CO ^ O2 ( 4 ) are dependent 
reactions. Reaction (1) can be obtained from ( 3 ) + ( 4 ) and its driving force will be 
Di — D2 + D4. Reaction ( 2 ) can be obtained from 2 ( 3 ) + (4)withZ)2 = 20 ^ + D4.The 
rates offormationofC and O2, respectively, will be = KiDi +2K2D2 + — 

Ki(D2 + D4) + 2K2{2D2 + D4) + K2D2 = + 4^2 + W3)D3 + {K, + 2K2)D4 

and = K,D, + K2D2 + K4D4 = KiiD^ + D4) + K2i2D2 + D4) + K4D4 = 
(K\ + 2X2)02 + (Ki + K2 + K4)D4. Both cross coefficients are equal to Ki + 2X2. 

Transport processes in discontinuous systems 

We shall now consider the simultaneous transportation of heat and matter within a system. 
Those quantities are included in the second law, Eq. (1.38), which will now be generalized 
to several components. 


d5 = de/r- ES^dAi + dipS. 


(5.72) 


First we shall consider a system completely isolated from the surroundings in which 
Eq. (5.72) reduces to d^ = dip5 and, introducing the contributions from various internal 
processes from Eq. (5.6), we write 



(5.73) 


We shall not use the second law expressed through dG because the temperature is not the 
same in the whole system. In the second law heat and matter represent exchanges with 
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the surroundings. In order to make them take part in an internal transportation process 
we shall now consider a system with a sharp discontinuity separating two subsystems. 
For each subsystem it is as if there were exchanges with its surroundings when heat and 
matter are transported between them. The subsystems will be regarded as homogeneous 
and it will be assumed that the equilibration within each subsystem is very efficient. It 
only requires a low thermodynamic force and will thus produce a negligible amount of 
entropy. We can then evaluate the entropy production due to transportation between the 
subsystems by simply comparing the total entropy content before and after the exchanges. 
However, we cannot apply the concept of heat to the state of a system and shall instead 
apply the combined law in the form of Eq. (1.72), generalized to several components 
to the two equilibrium states. Under constant P the difference in entropy of the whole 
system will be 

dip5 = d^ + d^" = {\/T')AH' - E(/x;/r)dA^^ + {\/T")diH" - E(/r^7r")dA^;. 

(5.74) 

The subsystems are identified by (') and ("). The total values of U and will be 
maintained in a completely isolated system and that is the choice made by most authors. 
However, instead of keeping V constant, as for a completely isolated system, we prefer 
to keep P constant because that is a more common experimental condition. Thus, PI and 
Nk will be conserved in the system, 

dH = dH' + dH" = 0 (5.75) 

dNk^dN^ + dNl^Q (5.76) 

The transport of internal energy and matter between the subsystems will be regarded as 
simultaneous internal processes in the system and their extents will be expressed by the 
amounts received by the second subsystem ("). Their production of entropy will be given 


by Eq. (5.74), 

(5.77) 

We may thus introduce two fluxes, Jh — dPl" jdt and Jk — dN'j^/dt, and two forces, 

= = (5.78) 

^. = -(#-7)=-A(f) (5.™) 

For small differences in T and composition we can approximate 

X;, = A (5.81) 

X, = -A(^) = ^A/x,+ ^Ar 


(5.82) 



5.6 Transport processes in discontinuous systems 


97 


The phenomenological equations would be 

J, = E Tiy A (^) (5.84) 

According to the reciprocal relation we know Lnk — I^kH- However, by transforming 
— AYk/T) according to Eq. (5.82) we find after rearranging terms 

Jh — iy-Lnu + ^ Lhj^Lj^ at - ^ ^ InjAfij (5.85) 

Jk = {-LkH + ( 5 . 86 ) 


It is interesting to note that the cross coefficients are no longer equal when we regard 
A T and A/xy as the forces. This is a demonstration of the fact that the reciprocal relation 
holds only when the fluxes and forces have been selected as conjugate pairs, each of 
which contributes with A, J, to the entropy production. 

If the discontinuity separating the subsystems is a wall with a hole, one may 
like to regard the pressure difference between the subsystems as the force for trans¬ 
port of matter through the hole. If there is only one component, its chemical poten¬ 
tial is identical to the molar Gibbs energy and it can vary with T and P according 
to Eq. (3.35), 


AG„= VraAP-S^AT. 


(5.87) 


By also using — TS^ one can transformin Eq. (5.82) and obtain for a pure 

element. 


X. = -A ^ = -Gn,A U, - ^AG 


= ^AT - —AP+ — A7’= ^AT - —AP. 
rp2 T T T 


(5.88) 


Exercise 5.7 

Examine if the reciprocal relation applies to the phenomenological equations for Jh and 
Jk if expressed with AT and AP as forces. 


Hint 

The forces can be replaced by the two new forces, A T and AP, only for a pure element 
where there are only two forces to start with. For that case, insert A{Gm/T) from 
Eq. (5.88) as A(/xy/r) into Eqs (5.83) and (5.84). 


98 


Thermodynamics of processes 


Solution 

We obtain Jh = -{{Lhh - Lj,M/T^)AT - iLj,,VJT)AP and J, = -(HkH - 
LkkHm)/T^)AT — {Lkk VklT)AP. The reciprocal relation does not apply. 


5.7 


Transport processes in continuous systems 


It is evident that the kinetic coefficients in Eqs (5.83) and (5.84) do not represent prop¬ 
erties of the two subsystems because it was assumed that the equilibration within each 
subsystem is very efficient and the corresponding production of entropy should be neg¬ 
ligible. The kinetic coefficients must represent properties of the discontinuity separating 
the subsystems and the production of entropy occurs inside the discontinuity. It could be 
a membrane or wall separating the two subsystems or a phase interface between crystals 
of two different phases or between two liquids. It could even be an impermeable wall with 
a small hole through which matter can diffuse as from a Knudsen cell. At the same time, 
the wall could conduct heat. That could be a case of negligible coupling, i.e., negligible 
cross coefficients. 

In the preceding section there was no discussion of what happens inside the disconti¬ 
nuity but in order to give the kinetic coefficients any physical interpretation it is necessary 
to give the discontinuity some width and assume a model for its properties. With the very 
rough approximation that the discontinuity consists of a wall of homogeneous material 
it would make sense to define an average gradient A(l/ T)/ Az inside the discontinuity 
if Az is its width. Equation (5.80) would thus change to 


_ dip^ ^ 

dt 


A{\/T) 

Az 


Jh-Y^ 


Ajp^k/T) 

Az 


Jk 


■ Az. 


(5.89) 


In order to remove the assumption that the discontinuity consists of a layer of a homo¬ 
geneous material, we shall now consider a thin slice of the material separating the two 
subsystems. The rate of entropy production in that slice would be 
dcr 
dz 


d(i/r)^^ ^ d(/x,/r) ^^ 


dz 


dz 


(5.90) 


The local values of the force in a one-dimensional inhomogeneous system are defined 
as 


= 


AXh d(l/r) 


dz 


dXk 

dz 


dz 

AiPk/T) 

dz 


-1 dr 

r2 d7 

_ -1 d/Xj: 
T dz 


By integrating over the whole width we obtain 

G — j da — j JiVXjdz. 


f^k dT 
dz' 


(5.91) 

(5.92) 


(5.93) 


As an example, for isothermal diffusion of a number of components we get for the 
dissipation of Gibbs energy, — AG, 


- AG = r 




Jt(d/r,t/dz)dz. 


(5.94) 
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The phenomenological equations, Eqs (5.83) and (5.84), would change to 


Jh — Lhh'^{^/T) — ^ Lnk'^if^k/ T) 

Jk — ^kH V{\/T)-Y,LkjV{nj/T). 


(5.95) 

(5.96) 


As already emphasized, heat is not a state variable and one cannot define the content of 
heat in a system. Instead, it is connected to a particular way of exchanging energy with 
the surroundings. The popular concept of heat content is actually the amount of energy 
that can be extracted from the system in that way. Heat capacity is the capacity to receive 
energy in that way with a given increase of its temperature. By studying how heat has 
to be fed into a system at one end and extracted from the other end in order to maintain 
a certain temperature difference, one can study heat conduction, usually denoted by X. 
That heat is supposed to flow through the system and it is only in that sense that heat 
exists inside the system. 

In contrast, enthalpy is a property of the system and there is no mechanism operating 
directly on enthalpy by which it can move between the system and the surroundings. For 
the same reason, there is no mechanism operating directly on enthalpy that can make it 
flow through the system. Nevertheless, we have managed to derive the thermodynamic 
force for enthalpy flow, which is valid in a formal sense. It should now be used to derive 
the thermodynamic force for the flow of heat, which should be of more fundamental 
nature. It can be obtained by realizing that the flow of enthalpy depends not only on heat 
flow but also on the flow of matter, which carries enthalpy with it. We may thus evaluate 
the flux of heat by subtracting the contribution from the flux of matter from the flux of 
enthalpy. 


JI^Jh- ^HkJk. 

We may retain the flux of matter in the new set of fluxes, 

j: = Jk. 


(5.97) 


(5.98) 


It is easy to see that, in order not to change the entropy production, we must use the 
following forces. 


VX*Q = VXh = V(l/r) 

yxi = vWi + HkVXH = -y{pik/T) + //iV(i/r). 


(5.99) 

(5.100) 


It is interesting to note that we thus find the same driving force for heat as for enthalpy but 
it should be realized that it is to some part the result of how we defined the other process in 
the new set of processes. Furthermore, since we have a physical understanding for these 
two processes, the flow of heat and matter, it seems reasonable to start by defining the 
phenomenological equations for them. By neglecting the possible coupling between them 
and considering only one diffusing species, we write 



(5.101) 

(5.102) 


In passing, we may note that comparison of Fourier’s law for heat conduction, Jq — 
—XdT/Az, and Eq. (5.101) with the force from Eq. (5.99) inserted, gives the relation 
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L*qq — XT^, which is particularly interesting since it has been found experimentally 
that X is often rather independent of T. It seems that depends strongly on T. 

Combining Eqs (5.97) to (5.102) we can relate the phenomenological coefficients in 
the two formalism, 


Jh = J*q + = LIqVX*q + H,Ll,VXl 

= LIqVXh + HtLl,(VX, + H.VXh) (5.103) 

Jk = Jl = Llj^yXl = LUVXk + HkVXH). (5.104) 

The phenomenological coefficients for the set of processes defined by flow of heat 
together with enthalpy and appearing in Eqs (5.95) and (5.96) would thus be 

Lhh^L*qq + hIlI, (5.105) 

Lnk = HkLl^ = LkH (5.106) 

Lkk = Ll,. (5.107) 


In this way it is thus possible to get numerical values for the flow of enthalpy although such 
flow does not occur physically. It is worth noting that the main information is obtained 
already from experimental information on diffusion and heat conduction obtained with¬ 
out both processes being present simultaneously and it results in a prediction of cross 
coefficients for the enthalpy formalism. 

Another choice of forces can be obtained from Eq. (5.100) using the same transfor¬ 
mation as in Eq. (5.88). It only applies to pure elements or species and yields 

V dP 

VXl^-^ — . (5.108) 

T dz 

It is interesting that the thermodynamic force driving the flux of matter due to a pressure 
gradient is thus independent of the temperature gradient if one considers heat flux as 
the other flux rather than the flux of internal energy. In principle, this simple expression 
does not hold in a system with more than one component. However, when a gas or liquid 
is subjected to a pressure gradient then it will flow as if it were a pure substance and 
Eq. (5.108) can be applied. 


Exercise 5.8 

Prove that the entropy production is not changed if the new set of processes, defined by 
Eqs (5.97) to (5.100), are applied instead of Jh and Jk. 


Solution 

The procedure in Section 5.2 yields Jh^Xh + T,JkVXk — Vcr = JqVXq + 
= {Jh - ^HkJkWXn + ^Jki^Xk + HkVXn) = Jh^Xh - ^HkJk- 
VXh + T,JkVXk + T.HkJk ■ VXh = Jh^Xh + T,JkVXk. 


5.8 Substitutional diffusion 
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5.8 Substitutional diffusion 

The flux of any transport process must be given relative to some frame of reference. 
For heat conduction in a solid material it is natural to flx the frame to the material itself 
because it will not be much affected by the process. However, there may be some heat 
expansion of the material and the formal description may thus be simplified if distances 
in the frame are measured as atomic distances. In a crystalline material the frame of 
reference will thus be fixed to the crystalline lattice. In metallic solutions diffusion 
normally occurs by atoms jumping into neighbouring vacant sites in the lattice. From 
a fundamental point of view it may thus seem natural to describe diffusion in a lattice- 
fixed frame. For diffusion of atoms dissolved interstitially in a host lattice the situation 
would be somewhat similar to the case of heat conduction if one had chosen a frame 
fixed to the host lattice. However, there may be a small effect due to the interstitial atoms 
expanding the host lattice and it would again be an advantage to measure distances in 
atomic distances. 

The situation is different in a substitutional solution where the solute atoms occupy 
the same kind of lattice sites as the host atoms. A lattice-fixed frame may thus expand 
or contract locally if the solute atoms diffuse with a different rate to that of the solvent 
atoms. Experimentally, it may be easiest to study substitutional diffusion in a volume- 
fixed frame. If the solute atoms diffuse faster and by a vacancy mechanism, there would 
be a net flow of atoms in one direction and of vacancies in the other relative to the 
lattice. Vacancies would thus have to be generated in some places and condense in 
other places, resulting in local creation or disappearance of lattice sites. There could 
be a considerable difference between the lattice-fixed and volume-fixed frames. It is of 
considerable practical importance to be able to transform diffusion data from one frame 
to another and that is done by defining different sets of processes in different frames and 
to transform between them. We shall first discuss this for a simple binary system and 
transform from the lattice-fixed frame to a number-fixed frame, which is identical to the 
volume-fixed frame if the molar volume is constant. A more general treatment will then 
be given, which could easily be extended to the volume-fixed frame. 

Primarily we shall describe diffusion of individual components relative to the 
lattice-fixed frame. The diffusing atoms will transport volume with a rate E Ij y, , where 
Vi is the partial molar volume and that transport can be studied experimentally by 
placing small inert markers in the material. They are called Kirkendall markers and can 
be assumed to be fixed to the lattice. They will thus move with a velocity u = —T,ViJi 
relative to the volume-fixed frame. Expressed as mol/s m^ the Kirkendall shift will thus 
be represented by the flux 

n 

(5.109) 

i=\ 

where a, = Vij and Ex, a, = 1. Let the flux of a component j be J* in the volume- 
fixed frame. If the lattice-fixed frame moves with a velocity v relative to the volume-fixed 
frame, e.g. measured by the Kirkendall shift, then the flux in the lattice-fixed frame will be 

Jj = J* - Xju/ Vm. 


( 5 . 110 ) 
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Combination with Eq. (5.109) yields 

n n 

J j — Jj X j\J j — Jj X j ^ ^ Qi Ji — ^ ^ (^<5 ji QiX (5 .111) 


1 = 1 


f = l 


where is the Kronecker symbol and it is equal to 1 for i = j but 0 otherwise. By 

definition of the volume-fixed frame we have a relation between the new fluxes, 

o 

II 

(5.112) 

1 «-i 

/=i 

(5.113) 

We can thus eliminate J* and instead include the Kirkendall shift, J^, from Eq. (5.109) 
in the new set of independent processes. Introducing the new set of processes through 
a generalized version of Eqs (5.16) we write 

II 

(5.114) 

Comparing with Eq. (5.111) we find ay, = 3y, — a,xy for j = 1 to « — 1. For j — n, 
comparison with Eq. (5.109) yields a„, = —a, . The coefficients in the phenomenological 
equations for the new set of processes are now obtained directly from Eq. (5.21). 

n n 

^ sr — ^ ^ ^ ^ ('^i7 ^i^s)iPrk 

i=\ k=\ 

k (5.115) 

n n 

^sK ~ ^ ^ ^ ^ ^k^^ik 

i=l k=\ 

(5.116) 

n n 

^ Kr ~ ^ ^ ^ ^ ( ^i)i^^rk ^k^r)^ik 

i=l k=l 

(5.117) 

n n 

^KK ~ ^ ^ ^ ^ {~^f )( “ ^k)^ik- 
i=l k=l 

(5.118) 


The relations of the new thermodynamic forces to the initial ones are obtained from a 
generalization of Eqs (5.18) by inserting the expressions for aij, 

n n—\ 

= E - Qj - ajVXl for y = 1 to w - 1 (5.119) 

/=1 i=\ 

n — \ 

VX„ = -anY^x^VX* - a„yXl. (5.120) 

i=l 

Comparing these equations we find 

VX* = VXj - (ajla„)VX„. (5.121) 

For the number-fixed frame all a, = 1 and Eq. (5.121) is simplified to 

VX* = VXj - vx„. 


(5.122) 
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This is the gradient of the diffusion potential and it applies to interdiffusion under 
exchange of atoms with those of a selected type, n, usually identified as the solvent. Insert¬ 
ing Eq. (5.121 ) in Eq. (5.120) we obtain the thermodynamic force for the Kirkendall shift 

n—\ 

n n 

— ^ Xyi j Clyi Xi V Xi -f- Xfi^ Xfi -f- ) V Xfi j Cl fi ) Xi di Xfi (^Cln j Xfi 

1=1 1=1 

n 

= -^x,VX,. (5.123) 

1=1 

We here made use of Ex,a, = 1. The result is equal to 0 because VW, = —d(/x,7r)dz, 
where T is the local temperature, and Ex, d/x, = 0 due to the Gibbs-Duhem relation 
under isobarothermal conditions. Consequently, the Kirkendall migration will not 
produce any entropy. That is a natural conclusion because the markers are fixed to the 
lattice and do not move in a physical sense. It is thus possible to completely neglect the 
Kirkendall migration when transforming the diffusion equations from the lattice-fixed 
frame to another frame. This is the case where the number of independent processes is 
decreased, which was mentioned in the discussion following Eq. (5.40). The description 
of diffusion of all the components relative to each other will still be complete but the 
Kirkendall migration will be forgotten. It should be emphasized that the Gibbs-Duhem 
relation does not apply to diffusion across a phase interface with its discontinuous jumps 
in properties and composition. The full treatment given here is thus necessary for diffu- 
sional phase transformations with a discontinuous jump in composition at the interface. 
That will be further discussed in Sections 17.5 and 17.6. It will also be useful for diffu¬ 
sion inside a phase with appreciable differences in composition between neighbouring 
atomic planes, e.g. in ordered alloys or in steep composition spikes close to an interface. 

Realizing that the Kirkendall shift should not produce any entropy and its driving 
force should thus be zero, we could have transformed the diffusion equations from the 
lattice-fixed frame to the number-fixed frame in an easier way, in particular for a binary 
system. For diffusion by exchange of A and B atoms the force should be 


SJXl = VXa - VXb. (5.124) 

where the forces in the lattice-fixed frame are VA, = —d/xy/dz. For the Kirkendall shift 
we have 


(5.125) 

This case was defined by Eqs (5.35) and (5.36) and now a 2 \ — —I, 0121 — fin — 1 
and P 2 \ = —1- Equations (5.38) to (5.40) show that in order not to change the entropy 
production we must have 


J\ — aiiA + (XuJb — an A — (1 — aii)JB 

VXJ = /I21 VAa + /I22VAB = -(1 - an)VAA - an VAb. 


(5.126) 

(5.127) 
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It can easily be checked that ’EJjS/Xj — a — X*. The an parameter is arbitrary 
but with the choice an = xb and 1 —an = xa one finds that VXJ = 0 due to the Gibbs- 
Duhem relation. That choice will thus give the same result as the previous derivation. 
Other alternatives are less useful. 

Exercise 5.9 

Express the flux of a component in the number-fixed frame in terms of those in the 
lattice-fixed frame. 

Hint 

Use Eq. (5.114) and remember that all a, = 1 for the number-fixed frame. 

Solution 

n n 

^ ^ — Jk ^ ^ ^kJi — ^k ^ ^ ^k ^ ^ Ji • 

i=\ i=\ i^k i^k 

For a binary system, = xb^a — and Jg = = “■^a- 


5.9 Onsager’s extremum principle 

When a system is initially in a state of non-equilibrium, it is of practical interest to be able 
to predict how the state will change with time as a result of internal processes. Normally, 
this is done by using kinetic equations, e.g. the linear phenomenological equations. An 
alternative method will now be described but it should be emphasized that it will result 
in the same predictions as the linear phenomenological equations. As a consequence, 
it cannot be used outside the linear range. In fact, it may be regarded as a method of 
deriving the linear phenomenological equations for the processes involved, a method that 
sometimes may be a convenient way of formulating those equations. 

The alternative method is based on the ‘dissipation function’ defined by Onsager [5]. 
His function originates from the rate of entropy production of the system, which was 
derived in Section 5.1. According to the second law, spontaneous processes in a system 
result in an entropy production and the rate will be 

cj = J2XjJj>0. (5.128) 

With a linear kinetic equation for each process we have 

(5.129) 

k 

The rate of entropy production would then be 

j k 


(5.130) 
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One could just as well invert the kinetic equation, Eq. (5.129), obtaining 

= (5.131) 

k 

RjkJk — EE RjkJjJk. (5.132) 

j k j k 

The new kinetic coefficients represent the resistance or friction of the processes whereas 
the L coefficients represent their mobilities. The set of R coefficients are directly obtain¬ 
able from the set of L coefficients. If there were no cross coefficients one would simply 
get 

a = ^(l/T,-,)j2. (5.133) 

The right-hand side of Eq. (5.132) could have been formulated directly by assuming that 
the rate of entropy production is a function of the fluxes and developing that function 
in a Taylor series. Evidently, the first term in the series can be omitted because there 
can be no entropy production without a flux. The second term can also be omitted in 
view of the second law because that term is linear in the fluxes and would make the 
entropy production change sign if the direction is reversed, which is not allowed since 
the entropy production of spontaneous processes must be positive. The right-hand side 
of Eq. (5.132) represents the third term except for a factor Onsager thus defined a 
function 

<h(y, J) = V 2 ^ ^ RjkJjJk- (5.134) 

j k 

He called it dissipation function because 2<t> is not only equal to the rate of entropy 
production, a. Under isobarothermal conditions 27’<t> actually represents the rate of 
Gibbs energy dissipation. Without any physical argument, Onsager then formulated a 
new function, vp = cr — O and examined under what conditions its value is maximized. 
For a system with gradual variations of the local state he found the answer by variation 
analysis. We shall avoid this complication by limiting the derivation to a small volume 
with approximately uniform conditions or to a system with more than one homogeneous 
region. 

Comparison of Eq. (5.132) and first part of Eq. (5.134) demonstrate that is equal to 
a/2. However, they represent different functions. This is best understood by multiplying 
them with T. According to Eq. (5.53), T dipS is equal to the decrease in Gibbs energy of 
the system if it is completely isolated, and — Ta is the time derivative of Gibbs energy, 
G. The quantity a thus represents a rate of change of the state of the system. On the 
other hand, r<t> with O defined by Eq. (5.134) shows how the Gibbs energy is being 
dissipated by friction. The new function is thus defined as 

vp = a - CD = ^ W, J, - V 2 ^ ^ RjkJjJk- (5.135) 

7 7 k 

We shall now consider a purely hypothetical case where the fluxes can vary under fixed 
forces and the coefficients, if they are not constant, vary with the forces but not with the 
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fluxes. Then we obtain the following conditions,under which 'I' has an extremum, 

\ Y. + Rkj)Jk = 0 (5.136) 

k 

^ - V 2 ^ {Rkj + Rjk)Jj = 0. (5.137) 

oJk j 

It is evident that this is a way of reproducing the kinetic equation, Eq. (5 .13 1), if Onsager’s 
reciprocal relation applies. On the other hand, comparison between Eqs (5.136) and 
(5.137) demonstrates that this new method of deriving the kinetic equations results in 
the reciprocal coefficients being equal because ^{Rjk + Rkj) is equal to \(Rkj + Rjk)- 
However, this cannot be taken as a proof for Onsager’s reciprocal relation because there 
is no physical principle behind his extremum principle. It should be regarded simply as 
a mathematical tool for formulating the linear kinetic equations. 

Onsager showed that if there is an extremum it has to be a maximum. However, it 
should be emphasized that the value of the maximum is of no interest, nor the fact that 
it is a maximum. His principle has thus been called Onsager’s extremum principle. It 
should further be emphasized that the extremum is an extremum only in comparison 
with the results of non-linear kinetic equations because it is found by keeping the force 
constant while varying the flux, i.e., by not requiring the linear law between force and 
flux. 

However, it is difficult to see how the expression for $(J, J) in Eq. (5.134) could be 
created by combining Eq. (5.128) with a non-linear kinetic equation. 

Most practical applications of Onsager’s extremum principle might concern systems 
under constant T and P and it is thus convenient to use Gibbs energy instead of entropy 
and we know that G — —aT, e.g. from Eq. (5.53). We could thus write Eq. (5.135) as 

Tfl/=-G - Td). (5.138) 

One should first model Gibbs energy as a function of various internal variables, fy, 
and take its time derivative to form G as a function of all the fluxes Jj, being defined as 
d^y /dt. One has thus identified some internal processes and from their phenomenological 
equations one could express the contribution to the dissipation of Gibbs energy from 
each one, 

cjki^rYRikJiJk, (5.139) 

k 

where T, being constant, is usually not shown explicitly but is incorporated into the R 
coefficient. In addition, there could be other processes that are not identified as eas¬ 
ily. Their contributions should also be evaluated in the same way and included in the 
dissipation function 

TO = (5.140) 

Onsager’s extremum principle states that the kinetic equations are obtained from 

j, ^ dcjkj 

dJj ~ dJj 


(5.141) 


5.9 Onsager’s extremum principle 


107 


By solving this set of equations one can thus calculate how the system develops with time. 
In order to succeed it is necessary to express all the 0, functions as functions of the same 
fluxes that describe the change of Gibbs energy, G. An example will be given in Section 
17.4. A special advantage of this method is that one may use a model of the properties 
that includes some dependent variables and apply mathematical expressions for their 
dependencies as auxiliary conditions by using Lagrange multipliers when deriving the 
conditions for an extremum of Onsager’s 'L function. 

It should finally be emphasized that Onsager’s extremum principle was derived under 
the condition that the phenomenological coefficients are constant. It will be discussed 
again in Section 17.3. 

Exercise 5.10 

Onsager’s principle is sometimes regarded as a principle of extremum or maximum 
entropy production. Examine if the condition of an extremum for the rate of entropy 
production, a, gives the same result as an extremum of Onsager’s function 'L. 

Hint 

Use <I> = a/2 from Eq. (5.134) as an auxiliary condition by introducing a Lagrange 
multiplier. 

Soiution 

z, = a + 1(0 - a/2); dL/dJj = Xj + + RkjVk - Xj/2) = 0. Apply¬ 

ing Onsager’s reciprocal relation, multiplying by Jj and adding the equations for all j, 
yields TiXjJj + X{'E'ERjkJkJj — V 2 £A'y Jy) = 0 or a -|- 1(20 — Vya). With O = a/2 
this shows that 1 = —2, yielding the kinetic equations as dL/dJj — IXj — 'E(Rjk + 
Rkj)Jk — 0. This is in complete agreement with Eq. (5.136). 


6 Stability 


6.1 Introduction 

For a spontaneous internal process Z)d^ must be positive according to the second law. 
A positive D value would thus require that d^ is positive. The process would proceed 
forward. Negative D values would reverse the direction. At equilibrium we have D — 0 
by definition but it is then of interest to examine if it is a stable or unstable equilibrium. 
We should thus examine the consequence of a small fluctuation d^ that brings the system 
away from the state of equilibrium. Since D is zero, it is then necessary to consider a 
higher term in Eq. (1.44) 

T&^S = DAH + yiiAD/A^mf = yiiAD/AmHf- ( 6 . 1 ) 

When dZ)/d| is positive, Tdi^S would increase further if d^ increases further. That 
would thus happen spontaneously whether the fluctuation is positive or negative. Any 
small fluctuation would grow and the system is unstable. The quantity —dD/d^ may be 
regarded as the stability and will be denoted by B. 

As an introduction to a more detailed discussion of stability it may be instructive to 
compare with the mechanical analogues in Fig. 6.1. It shows two bodies with different 
cross-sections and in contact with a flat floor. Their potential energy varies with the 
angle 9. 

Only very slow changes will be considered, and it will be assumed that any release of 
potential energy goes into frictional losses. Kinetic energy will thus be neglected. The 
extent of the process, f, will be expressed by the angle 6 and the potential energy will 
be denoted by E. 

The variation ofii, Z) and with d is illustrated in Fig. 6.2 for the body with an elliptical 
profile. It has an energy minimum at 0 = 0 and a maximum at 0 = jr/2. In both these 
positions the driving force for a further rotation is zero, D — —dE jdB — 0, and they 
both represent equilibria. The quantity d^£/d0^ = —dZ)/d0 may there be regarded as 
the stability and the lower part of the diagram shows that for 0 = 0 it is positive and 
the equilibrium is thus a stable one. For 0 = :7r/2 it is negative and the equilibrium is 
unstable. A small fluctuation of 0 away from nil in any direction will here give a force 
for a further growth of the fluctuation. 

Figure 6.3 is for the body with a rectangular cross-section. It also has two equilibria, 
at 0 = 0 and 7r/2, which are both stable because a small fluctuation of 0 will give a force 
for rotation back to the initial position. This case corresponds to Fig. 1.6 where Aip5 has 
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Figure 6.1 Mechanical analogues of two cases of thermodynamic systems. 




This equilibrium 
is unstable 


Figure 6.2 The energy, driving force and stability for the elliptical body in Fig. 6.1 as function of 
the angle of rotation. 


a sharp maximum. In order to decide whether such an equilibrium is stable it is not only 
unnecessary but even incorrect to look at the value of d^ft/dU^ because it represents 
the stability only when the driving force is zero, D = —dE/Ad — 0, which is not the 
case for 0 = 0 or 7r/2. Figure 6.3 demonstrates that /dO^ would give an incorrect 
prediction for these two equilibria. On the other hand, there is a third equilibrium which 
has D — —dE/dO = 0 at some angle between 0 and nil and there d?'E/dO^ < 0 and 
will correctly predict that the equilibrium is unstable. 
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Figure 6.3 The energy, driving force and stability for the rectangular body in Fig. 6.1 as function 
of the angle of rotation. 


Of the two stable equilibria, one (6 — n /2) has a higher energy than the other (0 = 0). 
For thermodynamic systems such a state is called metastable. 


6.2 Some necessary conditions of stabiiity 

In the discussion of general conditions of equilibrium in Section 1.10 we saw that a 
system is in a state of internal equilibrium with respect to the extensive variables if 
each one of the potentials has the same value in the whole system. It remains to be 
tested if it is a stable or unstable equilibrium. We thus return to the combined law 
according to the energy scheme and apply dU to the whole system, but we replace Dd^ 
in Eq. (1.54) by — V25(d^)^ because we shall only consider a state of equilibrium where 
Z) = 0. 


df/ = E y W + yiBid^f. (6.2) 

First we shall consider only one internal process at a time, the transfer of dX^ from 
one half of the system, denoted by to the other, denoted by ", d§ = dX^ = —cLY'*’. 
On the other hand, we shall limit the discussion to systems with no exchanges with the 
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surroundings. All the dX^ of the total system are zero and Eq. (6.2) simplifies to 


dU = yiBid^f 

d^u _ / d^u Y / d^u y 
W ~ + V(WAc 


(6.3) 

(6.4) 


Here we have used the fact that the change of 6/in the total system must be equal to the sum 
of the changes in the two subsystems. The two terms are equal if the system consists of a 
homogeneous substance at equilibrium. By introducing the potential 7*’ = {dU/dX'^)x‘ 
we then obtain 


9^2 \{dx^f)^. \dxy^. 


(6.5) 


The value of this derivative depends upon the size of the system. It should be evaluated 
for half of the system but the stability condition, > 0, is not affected by the size. The 
derivative may thus be evaluated for a system of any given size in the formulation of the 
stability condition. It can be written as 

/ d^U \ {dY'°\ 

( 6 . 6 ) 


The last form uses the shorthand notation for derivatives of characteristic state functions, 
introduced in Section 2.5. 

From Eq. (6.6) we may conclude that in order for a substance to be stable it is necessary 
that it has such properties that any pair of conjugate variables must change in the same 
direction if all the other extensive variables are kept constant. Actually, so far we have 
proved this only for conjugate pairs appearing on the energy scheme, i.e., (T, 5), (— V) 
and (q.,, A, ). For them the stability conditions could be written as 


Uss >0; Uvv > d', Ux,N, > 0. (6.7) 

As an example, in a stable system the chemical potential of a component, /r, , cannot 
decrease when the content of the same component. A, , increases under constant S and 
V. As another example, when the temperature of a substance is increased at a constant 
volume, the entropy must also increase in order for the system to be stable. 

/dT\ 

( 6 . 8 ) 

Using Eq. (2.27) we can write this stability condition as 


T/Cv > 0. (6.9) 

In combination with the fact that the absolute temperature T is always positive, this 
implies that the heat capacity under constant volume, Cy, must be positive 


Cv = TidS/dT)vM = T/idT/dS)v,N, > 0 . 


( 6 . 10 ) 
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However, in order to indicate where the limit of stability is, one should stick to the 
condition as obtained directly from Eq. (6.8), i.e Eq. (6.9), or since T is positive, 

\/Cv>0. (6.11) 


The limit of stability occurs as l/Cy goes to zero, i.e., as Cy goes to infinity. Similar 
considerations can be based upon the entropy scheme, where we have 


-dS^(-\/T)dU+ (-P/TW +T.(iJi,/T)dN, -(D/T)d^. (6.12) 


By again replacing Z)d§ at equilibrium by — V 2 ^(dt)^ we obtain under constant U, V 
and Ni, 


-d5 = 

B _ / 9V^) \ _ f d\-SW ( d\-S) V 
T V VWVvc VWVvc 


(6.13) 

(6.14) 


Since T is never negative, we find 



(6.15) 


where X’’, 7’’ is any pair of conjugate variables appearing in the entropy scheme, i.e. 
{—\/T, U), {—P/T, V) and (f^i/T, Nj). As an alternative we could have defined the 
stability by replacing {D/T)d^ with Then T would not have appeared in 

Eqs (6.9) and (6.10). Similar considerations can also be based on the volume scheme 
introduced in Section 3.5, 


dV = (r/P)d5 - {\/P)dU + E(/x,/P)dA, - (Z)/P)d^ (6.16) 


At equilibrium under constant S, U and A, it yields 

P 


(6.17) 


The conjugate pairs of variables are here (T / P, S),{—\/P, U) and (fii/P, Ni). 


Exercise 6.1 

In Section 2.7 we saw that Griineisen’s constant can be evaluated from y — V(dP/dU)v 
and it often has a value of about 2. Is this a quantity that is always positive for a stable 
system? 


Solution 

Y concerns the variation of P with U but they are not conjugate variables in any of the 
schemes presented in Table 3.1. Thus, we cannot prove that y is always positive. On the 
contrary, it may be negative because a may be negative in rare cases and y — VajK-rCv. 
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Sufficient conditions of stability 


So far we have discussed stability with respect to one internal process at a time. In 
Chapter 5 we considered more than one simultaneous process, expressing dip 5 as E X/d^, 
or T dipiS as E A d^,. At equilibrium the forces are zero and we need the next higher-order 
terms. Instead of Eq. (6.1) we should write 

TA^S = Y. - ‘/2 ^ ^ = -1/2 Y E (6.18) 

! j '■ j 

We should thus generalize Eq. (6.2) and by arranging the Y^AX^ terms in a special order 
we write the combined law as 

AU = rd^ - PAV + 112AN2 -!-••■ + li^cANc + fixANi + 1/2 EE B,jAH,AHj. 

(6.19) 


We shall again keep all the extensive variables for the whole system constant and consider 
the transfer of some amounts of the extensive quantities, here S, V, N 2 , N^,..., Nc, Ni, 
between the two subsystems. In order for the system to be in a stable equilibrium all 
the stability conditions given in Eq. (6.7) must be satisfied. However, in Chapter 5 we 
found that cross terms could be very important for the kinetics and it is also true here. 
It is an interesting question if it is then necessary to stipulate that all the By stabilities 
are positive in order to ensure that the system will be stable. In fact, it will now be 
shown that it is sufficient to ensure that a smaller set of conditions are satisfied if the 
members of that set are chosen in a particular way. For the present set we have the 
definition 


d^u d^u /ayn 

d^iA^j ~ dx^Ax'^ ~ Ec 


( 6 . 20 ) 


According to Section 2.5, Ay could be denoted Ux^x>> because the set of extensive 
variables are the natural variables of the U. 

By first considering the transfer of only some amount of one of the extensive variables, 
there will be no cross effects and taking the first extensive variable we write 

fdT\ 

Uss^(^) >0, (6.21) 

V (to / v,N2,...,NcXi 


as a condition of stability. Next, consider the transfer of dFbut also of some S. However, 
it is possible to eliminate the cross effect between them by the use of the combined law 
after subtracting d(71S), 


AF = A(U - TS) = -SAT - PAV + /r2dA2 -t- ■ • • -f /r^dW 

-t-/ridAi -h 1/2 EE ByA^^AHj. (6.22) 

(■ j 

Instead of prescribing the amount dS to be transferred we shall consider the amount 
that keeps T constant. The value of T, being a potential, must be uniform in the system 
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at equilibrium and there can be no cross terms between a potential and an extensive 
quantity. The new stability condition will simply be 



(6.23) 


Next we shall add d(P V) obtaining dG and when considering the transfer of d/Vi the 
next stability condition in the set will be 



(6.24) 


Then we subtract d(/U 2 A^ 2 ) obtaining a characteristic state function applied in Eq. (3.44), 
d(G - /X 2 JV 2 ) = -SdT + VdP - At2d/X2 + + ■■■ 

+ fJicdNc + MidM + 1/2 EE (6.25) 


j 


When considering the transfer of dNj, we obtain the stability condition 

(G - M2/V2)v3V3 = (> 0. (6.26) 

By proceeding in the same way we obtain conditions involving all the components from 
2 to c and each time with one more potential among the variables that are kept constant. 
Finally we obtain 



(6.27) 


It would seem that there is one more derivative in this series, (9Mi/9'^i)r.p,M2,...,Aic,> 
where all the variables to be kept constant are potentials. However, that derivative is 
always equal to zero in view of the Gibbs-Duhem relation between the potentials. It says 
that fi\ cannot vary if all the other potentials are constant. The final derivative thus yields 
a trivial condition, which will not be included in the set of stability conditions. 

We have thus been able to derive a set of c 4- 1 stability conditions without involving 
any cross terms. As explained in more detail in Chapter 8, at equilibrium there are 
c + 1 degrees of freedom in a one-phase system with c components. The set of c 4- 1 
stability conditions can thus ensure that the system with its c 4- 1 degrees of freedom is 
stable against all possible fiuctuations that can utilize the c 4- 1 degrees of freedom. We 
have thus obtained a sufficient set of stability conditions. Naturally, one could form a 
number of such sets by rearranging the extensive variables in a different order. It should 
be emphasized that if all the conditions in a sufficient set are satisfied, then all other 
stability conditions are automatically satisfied. It may be mentioned that the variable, put 
last among all the extensive variables, was thus chosen to express the size of the system. 
For that purpose Gibbs used the volume V. Of course, any extensive variable could be 
used. 

Finally, it should be emphasized that a set of stability conditions can only be sufficient 
with respect to the particular kinds of freedom that are considered. In addition to those 
considered so far, there could be degrees of freedom concerning the homogeneous state 
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of the system, e.g., the mutual order among different atoms and the crystalline structure. 
Such a case will be discussed in Section 6.7. 

Exercise 6.2 

What would be the last stability condition if we use the combined law written according 
to the basic entropy scheme? 

Hint 

Consult Table 3.1. Select the content of component 1 to define the size of the system. 

Solution 

We get {d(iicl 7’)/9iVc)i/7’,/>/r,M2/r,....M.-i/rw, > 0 but since \/T is kept constant, T is 
also kept constant and because T is always positive we could just as well write this 
condition as (9/rc/9A^e)7’,p,/22,...,Mc-i,A'i > 0, which we recognize. 


Summary of stability conditions 


We have seen that stability conditions are defined through the derivative of a potential with 
respect to its conjugate extensive variable. In Section 6.2, all the remaining extensive 
variables in the same set of conjugate pairs were kept constant. In Section 6.3 it was 
shown that a stability condition is also obtained if one or more of the potentials are kept 
constant instead, i.e. 


V9^ 




> 0 . 


(6.28) 


However, it must be emphasized that all the independent variables appearing in a stability 
condition must come one from each pair in a set of conjugate pairs. One cannot use a 
mixture of variables from different sets. Nine possible sets were listed in Table 3.1 
and they can all be used for this purpose. Each one yields its own form of the Gibbs- 
Duhem relation and eight stability conditions, not counting those where a mixture of 
fii and Ni are used. This makes 72 stability conditions, but few of them are really 
useful. 


Exercise 6.3 

Find a stability condition concerned with Cp. 

Hint 

Remember that Cp = T(dS/dT)p^f^^. 
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Solution 

It is evident that we should look for a stability condition involving {dT/dS)p^Mi- We 
find the combination of variables in line 1 of Table 3.1 listing pairs of conjugate vari¬ 
ables. The combined law with S, P and Ni as independent variables is obtained as 
dU + d(PV) = d// = T(1S+ FdCP)-!- E/x,diV,-, where T = (a///35>,y We get the 
stability condition Hss = {d^H/dS^)p^Ni — (dT/dS)p^N. > 0 and thus T/Cp > 0. 


6.5 Limit of stability 


Let us now compare the stability conditions occurring in a given set of sufficient con¬ 
ditions. Suppose we are inside a stable region and want to know which one will first 
turn negative as we move into a region of instability. We can find this by first examining 
which derivative is the smallest one inside the stable region. Let us start by comparing 
any two conditions, which differ only by the choice of variable in a conjugate pair to be 
kept constant, the extensive variable or the potential. Using the ability of Jacobians to 
change the independent variable from to we find 



In view of a Maxwell relation, (9T’’/9X‘^)xb and (9T‘^/9W’’)_yc are equal and 
(dY'^/dX^)x*> cannot be negative for a stable system. Thus, the last term with its minus 
sign cannot be positive and we find 


/9T‘’\ 

V9^/j.o “ 


(6.30) 


It is evident that each time a potential is introduced among the variables to be kept 
constant, the stability condition gets more restrictive. The most severe condition is the 
one where only one extensive variable is kept constant, the one chosen to represent the 
size of the system. Consequently, this derivative must be the first one to go to zero and 
that happens on the limit of stability. Of course, it is possible that one or several of the 
other derivatives also go to zero at the same time. However, we can always find the limit 
of stability by considering the last condition in the set if we know that we start the search 
from inside a stable region. 

Let us now consider what happens to the last derivative in a different set of stability 
conditions. We can write the condition for the limit of stability according to the first set 
of necessary conditions in the following general form 

= 0, (6.31) 


/9T‘’\ 


rsA'i 


where Y'^ indicates that all potentials except for 7*’ and 7' are kept constant during the 
derivation. However, in this situation where the derivative is zero, 7’’ is also constant 
and, according to the Gibbs-Duhem relation, the only remaining potential, 7', must also 
be constant. We thus find that, in this situation, it is possible to change the value of an 
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extensive variable, without affecting any potential, nor the value of the extensive 
variable chosen to express the size of the system. However, the other extensive variables 
will change with X^, because they are dependent variables, and it would be possible to 
accomplish the same change of the system by prescribing how any one of them should 
change. The above relation thus holds for any conjugate pair of variables. We thus find 
that the last stability condition, obtained in each set of stability conditions, are all zero 
at the same time. Anyone of them could be used to find the limit of stability if one starts 
from inside a stable region. 

It should be emphasized that inside a region of instability the above conditions may 
again turn positive when other conditions have become negative. In the general case it 
is thus necessary to apply a whole set of stability conditions. It is only when one is able 
to start from a point inside a stable region that one can identify the limit by applying a 
single condition. 

Exercise 6.4 

Show for a unary system that {d{—P)/d V)r and {dT/dS)p go to zero at the same time, 
as they should because only one extensive variable, N, is kept constant (and it is omitted 
from the notation in the case of a substance with fixed composition). 

Hint 

In order to compare them, they must be expressed in the same set of independent variables, 
which can be done using Jacobians. Take S and V, for instance. 

Solution 

We obtain {d{-P)/dV)T = Uyv - {Usvf/Uss and {dT/dS)p = Uss - {Usvf/ 
UvY — ■ Uss/Uw If one expression goes to zero when Uss and Uw 

are still > 0, then the other expression also does. The two quantities can be expressed as 
1/ Vkj and T/Cp. It is interesting to note that Kp and Cp both go to infinity at the limit 
of stability. 


Limit of stabiiity against fluctuations in composition 


Experimentally and in practice it is most common that temperature and pressure are 
approximately constant. The question of stability then concerns only fluctuations in 
composition. We can omit T and P from the notation and give the limit of stability as 


{dNj 


= 0 . 


(6.32) 


Usually the experimental information is available as fundamental equations of Gibbs 
energy. It would thus be convenient to express Eq. (6.32) in terms of Gibbs energy. This 
can be done by the use of Jacobians of a higher order than discussed before. The result 
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is conveniently written with the notation G^i for which is also equal to 

d^G/dN/cdNi. One has thus obtained the following (see [ 8 ]), 


_ 

G 22 ■ 

■ G2c 

/ 

G 22 

G2,c-1 

\dNc) 

Gc2 ■ 

■ Gcc 

/ 

rq 

■ 7 

0 

Gc—l,C—l 


The second determinant can be related to the derivative for the preceding component, 


( 9Mc-i \ 

G22 ■ G2,c-1 

/ 

G22 G2,c-2 

\ 9 Ac-l J fC2,...,iL,^2,Nc,Ni 

Gc-1,2 ■ Gc-l,c-l 

/ 

Gc-2,2 Gc-2,c-2 


(6.34) 

Again, the second determinant can be related to the derivative for the preceding compo¬ 
nent, etc. Finally we obtain by eliminating all lower-order determinants 

G 22 ■ • <J 2 c 


( 


(6.35) 


Gc 2 ■ ■ Gcc 


For convenience, we have here omitted the indices for the derivatives. In a stable region 
all these derivatives are positive. No derivative can decrease its value to zero before the 
first one. The criterion of limit of stability can thus be given simply as 


G22 


Gc2 


G2c 


= 0 . 


(6.36) 


However, this is still not the most practical way of writing the criterion because the Gibbs 
energy is usually given as a function of the composition, X 2 , X 3 ,... and the size of the 
system is expressed by the total number of atoms, N, rather than Ni. Thus, 


G = A - Gm(V2,X3, ...). 


(6.37) 


It should thus be most practical to express the criterion for the limit of stability in terms 
of the derivatives of Gm- We should introduce dx, and dA in the expression for dG. 
Using xi = 1 — X 2 — X 3 — ■ ■ • because we have chosen xi as the dependent composition 
variable, we find 


Ni = Ax, (6.38) 

dA, = Adx, 4- x,dA. (6.39) 

^/2 ,dA=A^/r,dx,+dA^ /r,x,- = A ^ (/r, - /ri)dxi -F G^dA (6.40) 

i 1 = 1 1=1 i=2 

dG ^-SAT + VdP + A ^ (/r, - /rOdxi 4- G^dA - ^ D'df. 

i=2 


(6.41) 
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We may proceed as before because we can keep xj of a whole system constant and transfer 
Axj between two halves and the same amount of component 1 in the other direction. The 
limit of stability will now be given by 



= 0 . 


(6.42) 


Again we shall change the variables to be kept constant by using Jacobians. The final 
expression will then contain derivatives of the type (9(yu-i — iJL\)ldxi)xj,N and they can 
be expressed as {d^Gxal^Xkdxi)^^, which we shall abbreviate as gki- We shall also use 
the notation 



(6.43) 


where xi is a dependent variable. This was shown in Section 4.1 in which it was mentioned 
that fjLj — fjik is regarded as the diffusion potential between j and k. The difference from 
Eq. (4.8) is caused by the molar Gibbs energy Gm here being treated as a function of 
T, P and all x, except for x\, which is chosen as a dependent variable. In that case 
dxi = — Edx^. By introducing the notation gk for first-order derivatives of Gn, and gki 
for second-order derivatives, we obtain the following convenient form of the limit of 
stability 


gl2 ■ ■ glc 


= 0 . 


(6.44) 


Scl ■ ■ Sec 


It should be noted that Eq. (6.42) could have been written as 



(6.45) 


It should again be emphasized that gk and gki are defined with xi as dependent variable. 

For a binary system, the condition for the limit of stability reduces to g 22 — 0. Although 
the limit of stability of a solution is exactly defined by the condition just given, there 
have been attempts to modify this expression in order to get a function which is more 
suitable for representing the properties of a solution in its stable range as well. In par¬ 
ticular, the determinant in Eq. (6.44) goes to infinity at the sides of an alloy system, 
an effect which can be removed by multiplication with xiX 2 .. .x^. One may further 
make the expression dimensionless by dividing by RT to the proper power. For a binary 
system one has thus defined the stability function x\X 2 g 2 il RT, which is unity over 
the whole range of composition for an ideal solution and goes to zero at the limit of 
stability. 


Exercise 6.5 

Show that the stability function, just defined, is unity over the whole system for an ideal 
A-B-C solution. 
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Hint 

An ideal solution has + RT\nx[). Take the derivatives of remem¬ 

bering that xi = 1 — X 2 — X 3 . 


Solution 


g 2 = dGm/dx 2 = °G 2 - "Gi-1 -f?r(lnx 2 - Inxi); gii^ RT{\/x 2 +l/xx)', g23 = 

RT{\/xx) = g32; g 33 = RT{\/x 2 + 1/xi). We thus get 


X1X2X3 


§■22 

§23 


§32 

§33 


jRT — X1X2X3 



1 

-h 

X 1 X 2 


Xi^i \X\ 


\ 

I = Xi -t-X2 -t-X3 = 1. 


Exercise 6.6 


Use a Jacobian transformation to show that the limit of stability in a ternary system is 


§22 §23 

§32 §33 


= 0 . 


Hint 

By omitting the variables that are kept constant, the stability condition in Eq. (6.42) can 
/9(/X3 — /ui)' 

be written as ( - | = 0 . 

9x3 


Solution 


/ 9(/X3 - Ml) 
V 9X3 


9(/X3 - q-i) 

9(/X3 - Ml) 


9x3 

9x3 

9x3 

9(/X2 - q-i) 

9x2 

9(m 2 - Ml) 

/ 

9x3 

9(m 2 - Ml) 

9x2 

9(m 2 - Ml) 

9x3 

9x2 


9x3 

9x2 

9'G» 92 

Gm 




9 x 39 x 3 

9'G„ 


9x39x2 

92 G„ 


9X39X2 


§22 §23 

§32 §33 


/§22 = 0 . 


9x29x3 9x29x2 

However, g 22 > 0 in the stable region and it does not reach g 22 — 0 before our condition 
is satisfied. Our condition can thus be written as 


§22 §23 

§32 §33 


= 0 . 


6.7 Chemical capacitance 

The diagonal elements in the Gcc determinant can be written as (diJ.j/dNj)T,p,Nt and 
they must all be positive because they are stability conditions according to Section 6.2. 
In addition, the inverse quantities are sometimes regarded as the chemical capacitance 
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of the component j [9], 


Qjj — 


dNj 




jj- 


(6.46) 


J / T,P,Nt 


This quantity may be of practical importance because it is often of considerable interest 
to be able to increase the amount of a component j in a system without increasing the 
chemical potential of the same component too much. A system with a high capacity is 
said to be well buffered. 

An off-diagonal term in the Gcc determinant cannot by itself form a stability condition 
because it concerns variables that do not make a conjugate pair. It may thus be positive 
or negative in the stable region. Nevertheless, its inverse quantity may also be used as a 
kind of chemical capacitance. The following relation holds between them, 

d^G 

(6.47) 


dubj 

' ^ dNk 


dNjdNk BN 


BUjr 
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Exercise 6.7 

What gas mixture is best buffered for oxygen: (a) 1 mol of Ar and 10“® mol of O 2 at 
1 bar and 1550 K; or (b) 0.99 mol of CO 2 and 0.01 mol of CO at 1 bar and 1550 K? 


Hint 

The conditions were chosen in such a way that the equilibrium partial pressure of oxygen 
is very close to 10“® in case (b) as well as in case (a). Accept this information. 

Solution 

(a) P 02 = \-No 2 /Nf^ = Nop, MOj = “moj + RTlnPo^ = + RT\r\Nop 

l/J2o,o, = Bixo^/BNo, = RT/No, = RT/IQ-^. 

(b) If we add N 02 , most of it will react by O 2 -t- 2CO — 2 CO 2 yielding Nqo — 0.01 — 

2 N 02 ^coi — 0-99 -t- 2 N 02 . We get, using the equilibrium constant K: P 02 — 
K{Pco 2 /Pcof = W[(0.99 + 2AoJ/(0.01 - 2^0,)]^; l/^2o.o. = = 

27?7’[2/(0.99 -t- 2 N 02 ) - (-2)7(0.01 - 2AoJ] = 4I?r/0.01. Thus, (f^o^Oz)*’ >> 

(^0202 


Limit of stabiiity against fluctuations of internal variables 

As mentioned in Section 6.3 there are c -I- 1 degrees of freedom with respect to fluctu¬ 
ations resulting in differences between various regions of the system and c - 1 of them 
are connected to fluctuations in composition. All these degrees of freedom are related to 
the extensive variables that were originally defined from interactions with the surround¬ 
ings. Thus, they can also be used to represent exchanges between various regions of the 
system, regarded as subsystems. There is another kind of variable that can only describe 
changes within a homogeneous system and without involving any interaction with the 
surroundings. They give rise to internal degrees of freedom in addition to those already 
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discussed. The problem of stability also applies to such variables. As an example we shall 
now consider a crystalline system with more than one sublattice. In order to describe the 
constitution in such cases, the concept site fraction was introduced through Eq. (4.50). 

= (6.48) 

The sum of site fractions in a sublattice is equal to 1. The superscript 5 identifies a 
particular sublattice. If N is now the number of moles of formula units, we have 


G = (6.49) 

where Gm is the Gibbs energy for one mole of formula units. We now want to express 
dG in terms of all the dy^ and dN. We obtain 

dG = -SdT + VdP + EE (P^jd/j + Gn,dN - (6.50) 

* j 


The summation for each sublattice starts from the second constituent present in that 
sublattice, the first constituent being chosen as the dependent one. cpj is the conjugate 
variable to y* just as gk — ixk — M i from Eq. (6.43) is the conjugate variable to 




= N 


T.P,y\,fy,N 


dG^ 


T,P,y\,yi 


(6.51) 


where yl denotes the site fractions of all the other independent constituents on the same 
sublattice and y\ denotes the site fractions of all the independent constituents on other 
sublattices. By proceeding as before we obtain for the limit of stability 




(6.52) 


and, after changing the variables to be kept constant using Jacobians, 


gll 

g\k 

gkl 

gkk 


(6.53) 


As before, gy denotes the partial derivatives of Gm but, for convenience, we have now 
numbered all the independent constituents in all the sublattices from 1 to k. It should be 
noted that k could be equal to, smaller than or larger than c, the number of components 
in the system. It should be emphasized that any internal variable, can be included 
in the k variables if it is an extensive quantity divided by the size of the system. In a 
ferromagnetic alloy it could be the number of atoms per mole with magnetic spins in a 
certain direction. A particularly simple case is obtained in a pure element if there is only 
one interval variable. The stability condition is then 


Finally, it should be remembered that a criterion of stability can only be applied to a state 
of equilibrium and all the elements of the determinant, being partial derivatives of Gm, 
must be evaluated for that state before the value of the determinant can be calculated. It 
is thus necessary first to calculate the equilibrium values of all the internal variables. 
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Exercise 6.8 

At low T, (3-brass has two sublattices and could be represented by the formula 
(Cu, Zn)i(Zn, Cu)i. The major constituent in each sublattice is given first. All the sites 
are equivalent and the system will disorder above a certain temperature. Calculate 
the critical temperature if Gm = va°Ga- t- xb°Gb- b Inyj^ + jg Injg + 

y'j^ Iny^ + + K{y'p^y'^ + TbTa)- a negative constant and' and " identify the 

sublattices. 

Hint 

There are two independent variables in addition to T and P, namely the alloy composition 
and the degree of order. To simplify the calculations it may be convenient instead to treat 
y'f^ and as the independent variables. Then y'^ — \— y'^, y" = 1 — ; xa = 

(Ta + = (Tb + Tb)/ 2- Treat T and P as constant. For the disordered state 

Ti = Ta = -^A- 

Solution 

Let be variable 1 and y'^ be variable 2. We find gi = °Ga/2 — °Gb/2 + 
Q.5RT(\ny'^ - Iny') + W(y" - y"); = °Ga/2 -°Gb/ 2 + 0.5f?r(lnyX - Iny") 

+ K{-y'^ +y'^)- gi2 = W(-l-l) = g2i; gn =0.5f?T(l/yj,+ l/y') = 0.5f?r/ 
y^y^; g 22 = 0.5f?7’(l/y^ + 1/yg) = 0.5f?r/y^yg. The criterion for the limit of 
stability gives giig 22 - gi 2 g 2 i = 0; (Q.SRTf/y'f^y'^y'l^y'^^ {-2Kf. The critical 
temperature for ordering in a disordered alloy of composition xa, xb is thus T — 
4(-W)XAXB/f?. 


Le Chatelier’s principle 

When discussing the limit of stability we compared the values of two derivatives, which 
differed only by one of the variables to be kept constant. Using the same method of calcu¬ 
lation we can also compare the effect of changing an external variable under a frozen-in 
internal variable f and under a gradual adjustment of ^ according to equilibrium, i.e. 
D = 0. It should be remembered that ^ may be treated as an extensive variable and —D 
could be regarded as its conjugate potential. We obtain 



For simplicity, the variables that have been kept constant in all the derivatives have been 
omitted from the subscripts but any set of potentials and extensive variables presented 
in Table 3.1 can be used. (9F’’/9^)xi> and (9(—D)/9W*’)| are equal due to a Maxwell 
relation and (d(—D)/d^)x*> is equal to the stability B at equilibrium. For a stable system, 
B is positive and the second term on the right-hand side with its minus sign cannot be 
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Le Chatelier's 
modification 



X‘= 


Figure 6.4 Illustration of Le Chatelier’s principle. The extensive variable X'’ is changed by an 
amount AX*’ by an external action. An internal process is first frozen in, = 0, but then 
proceeds to a new equilibrium, D — 0. The initial effect on Y* is thus partly reversed. During 
the whole process either the potential or the extensive variable of the other pairs of conjugate 
variables is kept constant (here represented by X‘’ on the abscissa). 


positive. We thus obtain from Eq. (6.48) 

/a7’’\ 


0< 


V9^Vi3=o 


< 


/9y'’\ 


(6.56) 


This relation is quite general. It has here been derived using the energy scheme. It can 
also be derived using the other schemes. 

Suppose the equilibrium inside a system is disturbed by an action from the outside. 
For instance, X** is changed quickly by an amount AX** and there is not enough time for 
an internal reaction, i.e. ^ is kept constant. Thus, the potential Y** is changed according 
to the term appearing on the right-hand side of the inequality and first on the right-hand 
side of Eq. (6.55) (see the left-hand arrow in Fig. 6.4). After a sufficiently long time the 
internal reaction will occur and ^ will change to a new state of equilibrium, D — 0, and 
the net change of the two stages may thus be calculated from the term appearing in the 
middle part of the inequality and on the left-hand side of Eq. (6.55) (see the right-hand 
arrow pointing upward in the figure). It represents the change of Y** due to a slow change 
AW*’. The difference between the two changes of F*’ represents the change due to the 
internal reaction, the so-called Le Chatelier modification. The inequality shows that the 
change in F*’ will thus be partly reversed during the second stage (see the arrow pointing 
downward in the figure). This principle was formulated by Le Chatelier [10] but in a less 
exact manner. It should be emphasized that it concerns two conjugate variables, X** and 
F’’. It should further be emphasized that the extensive variable must be regarded as the 
primary variable. If, instead, the potential variable is regarded as the primary one, then 
the opposite result is obtained 


/9W'’\ ^ /dX*’^^ 


> 0 . 


(6.57) 


The derivation of Le Chatelier’s principle is based on derivatives and it has thus been 
proved only for infinitesimal disturbances. There is no guarantee that it always applies 
to large disturbances. 
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Exercise 6.9 

Test Le Chatelier’s principle on the change of temperature and pressure when an amount 
of heat is added to a two-phase system of water vapour and liquid water under constant 
volume. Suppose that evaporation is initially very slow due to a thin film of oil. 

Hint 

Remember that di7 = dg-PdK. At constant F we thus have dC/ = dg and could choose 
U as the variable that is changed by an action from the outside. Its conjugate variable 
is - 1 /T. The internal variable f may be identified with the amount of vapour. 

Solution 

Identify U with and — \/T with T’’. For a stable system we get, at constant 
i.e. before any change of the amount of vapour, 0 < {d{—\IT)/dU)^. This means that 
— \IT, and thus also T, has increased due to the increase of U. 

At the higher temperature the equilibrium vapour pressure will be higher. In a second 
stage of the process there will thus be evaporation and the temperature will decrease in 
agreement with Le Chatelier’s principle, 0 < (d{—\/T)/dU)D=a < (9(—1/T)/9I7)|. 

On the other hand, the pressure has increased during the first stage due to the heating 
of the vapour present from the beginning. During the second stage, the pressure will 
increase further, in apparent contradiction to Le Chatelier’s principle. However, pressure 
is not conjugate to U, which was the variable that was changed to a new value in the 
experiment. 

The result is far from trivial because there would be further evaporation during the 
second stage only if the increase in pressure of the initial vapour due to its heating is 
smaller than the increase of the equilibrium vapour pressure due to the heating of the 
water. By relying upon Le Chatelier’s principle we may thus conclude that the heating of 
the vapour gives a smaller increase of the pressure than the heating of the water would 
increase the equilibrium vapour pressure. 


7 Applications of molar Gibbs 
energy diagrams 


7.1 Molar Gibbs energy diagrams for binary systems 

In this chapter we shall derive some useful thermodynamic relations relating to phase 
equilibria under constant temperature and pressure, sometimes in exact form but some¬ 
times using approximations in order to bring the final expressions into a suitable form. 
We shall see how property diagrams for the molar Gibbs energy can be used in such 
derivations. Most of the applications will make use of the tie-line rule (see Section 4.5). 

As an introduction, some basic properties of solutions must be discussed and, in the 
present section, a simple solution model will be described. A more thorough discussion 
will be given in Chapter 20. 

Let us first consider a case where a solution phase a can vary in composition over a 
whole binary system from pure A to pure B. It is then convenient to compare the Gm 
value at any composition with the value one can read on the straight line between the two 
end-points, sometimes called the end-members of the solution. The difference is often 
called the Gibbs energy of mixing and is denoted with a superscript M. It is illustrated 
in Fig. 7.1 . It is defined by the following equation 


G“ =XA°G^+XB°Gg + “G“. (7.1) 

A warning should be issued regarding the interpretation of Usually it is defined 
with reference to the straight line between points representing the pure components in 
the same state as the phase under consideration, i.e. the end-members of the solution. 
However, sometimes it is defined with reference to a different state for one of the compo¬ 
nents, for instance the state which is most stable at the temperature under consideration. 
This is illustrated in Fig. 7.1(b) where pure B is more stable as (3 than as a. 

The Gibbs energy diagram gives information on the partial molar Gibbs energies 
for the two components, i.e. the chemical potentials. For a single phase one can use 
the construction explained for in Fig. 4.6 and illustrated for Gm in Fig. 4.7. It is 
now demonstrated again in Fig. 7.2(a) and is in agreement with the following relations, 
which are examples of the more general expression for all partial quantities, derived in 
Section 4.1. 


Gg = + (1 - XB)dG“/dxB = G« + XAdG“/dxB 

Gg - G“ = dG“/dxB. 


(7.2) 

(7.3) 
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(a) (b) 




Figure 7.1 Molar Gibbs energy diagram for a binary system illustrating the definition of the 
Gibbs energy of mixing. The end-members of the solution are used as references in (a) but a 
more stable state of B is used in (b). 


(a) (b) 




Figure 7.2 (a) Tangent construction to obtain a chemical potential, (b) Definitions of excess 
quantities for an alloy of composition Xg. 

An important contribution to the Gibbs energy of mixing comes from the entropy of 
mixing of the two kinds of atoms. In Section 19.8 we shall consider the case where they 
are distributed at random and shall find that the entropy of mixing of one mole of atoms 
will then be —R(xa InxA + xb Inxe). A solution with only this contribution to the Gibbs 
energy of mixing is regarded as an ideal solution 

(jideal. ^ ^ ^ ^ (7 4) 

Using Eq. (4.5) relating partial quantities to molar quantities we obtain 

(jideala = 0^“ + jRT Inxe. (7.5) 

A comparison with the ideal solution is given in Fig. 7.2(b). The curve for shows 
that the term RT{xa Iuxa + xb Iuxb) is negative and makes the Gm curve look like a 
hanging rope. It is the main cause of the stability of solutions. 
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It is common to summarize all other contributions to the Gibbs energy with a term 
called the excess Gibbs energy and denoted by 

Gl = + EG“ = xa°G“ + XB°Gg + RT{xp, InxA + xb Inxfl) + ®G“. (7.6) 

This is also illustrated in Fig. 7.2(b). In the same way we may define the mixing and 
excess quantities for the partial Gibbs energies, 

+ '^G" = °Gg + RT InxB + ®G“ (7.7) 

RThix^ + '^Gl- (7.8) 

It is evident that the mixing and excess quantities can be calculated directly in the same 
way as Gg. 

“G“ = “G“ + (1 - XB)d“G“/dxB = “G“ - XAd“G“/dxA (7.9) 

^G* = ^G* + (1 - XB)d^G“/dxB = ®G“ - XAd^G.Vd^A. (7.10) 

It should be emphasized that one cannot give an absolute numerical value to the partial 
Gibbs energies, °Gg or “G^, because there is no natural zero point for Gibbs energy. 
Numerical values can be given only to differences in Gibbs energy between two states. 
Thus we can give a value to Gg — “Gg, and another value to Gg — °Gg, where pure 
a-B and pure (3-B are regarded as two different choices of reference states for B. Such 
a value gives the vertical distance between two points (see the B-axis in Fig. 7.2(a)). 
For alloys, a numerical value can be given only to differences between two states of the 
same composition. The two lines representing '^Gm and “GJ„ in Fig. 7.1(a) and (b), 
respectively, are thus vertical. This stems from the fact that one cannot compare the 
Gibbs energies for A and B. When starting to construct such a diagram one can give the 
°G^ — °Gg line any convenient slope. 

If one has chosen the end-members of an A-B solution to define the reference states, 
°Ga and °Gb, then it is evident that the excess Gibbs energy is zero at the two sides of 
the system where Gm is equal to °Ga or °Gb. For a dilute solution of B in A we may 
thus try to approximate ^Gm as Txaxb, an expression that goes to zero on both sides. 
This is the regular solution approximation, and using the equation relating Gb to Gm we 
find 

G“ = °G“ -h RTXnx^ + '^Gg = °G“ -f RT Inxg -f ^“x^. (7.11) 

It is common to introduce the chemical activity, a^, through the expression 

Gg = °Gg -h RTlnoB = °Gg -f RTXnxs + RTlnfs, (7.12) 

where 

flB = /bxb, (7.13) 

and /b is called the activity coefficient of B. The activity is thus defined as 
aB = exp[(Gg-°Gg)/i?r]. 


(7.14) 
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Figure 7.3 Molar Gibbs energy diagram illustrating the definition of the standard Gibbs energy 
of formation, of a compound 0. 


The activity coefficient is obtained through 

7?rin/B = ®G“ (7.15) 

For a dilute solution, i.e. low xb, we may thus write 

T^rin/B =or /b = exp(Z.77?r). (7.16) 

With this approximation, the activity is proportional to the content. This is called Henry’s 
law. We also find for low xb, 

7?rin/A = ®G“+ (1 -XA)d^G*/dxA = L^xl = 0. (7.17) 

The value of /a is thus unity close to the A side. This is called Raoult’s law. When 
Henry’s law holds for B and Raoult’s law holds for A, then we obtain 

dG^J dxB = G“ - G“ = °Gg + RT InxB + - °G^ - RT InxA (7.18) 

d^G“/dxg = RT/xb + RT/xfi^ = ^^(xa + Xb)/xaXb = RT/x^Xb = RT/xb- 

(7.19) 

For an intermediary phase, which does not extend to the pure components, one must 
always refer the Gibbs energy to the values of the components in selected states, usu¬ 
ally their stable states. For a phase with a well-defined composition one often talks 
about the standard Gibbs energy of formation (see Fig. 7.3). From that diagram we 
obtain 


A°G^ = °G^-xa°G^-xb°G^. (7.20) 

This quantity is often denoted by Af G^ or Af° G^ It is important to mention the reference 
states to which it refers and also the amount of material being considered, for instance 
1 mole of atoms or 1 mole of formula units (like, e.g., Cr 23 C 6 ). 
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Figure 7.4 Solution to Exercise 7.1. 

Exercise 7.1 

An a solution in the A-B system has ab = 0.9 at 1000 K when pure a-B is used as 
reference state. Calculate ub referred to another state of B, called |3-B, which is more 
stable than a-B by 1200 J/mol. Illustrate with a Gm diagram. 

Hint 

The position of the point on the B-axis representing Gg does not depend upon the choice 
of reference state. We can thus equate any two expressions for Gg. 

Solution 

= 0.9; "Gg + jRT ln(ag=f“) = Gg = °Gg + 7?r InCag^^^); 

= flg"f“exp[(°Gg - °gI)IRT^ = 0.9 x exp(1200/8.3145 x 1000) = 1.04. Since 
this is > 1, the a solution is supersaturated with B in comparison with the stable |3 state 
of B (see Fig. 7.4). 

Exercise 7.2 

Fe 3 C is metastable at all temperatures and could thus decompose into an Fe-rich phase 
and graphite. At 1169K the stable Fe phase (y) dissolves about 1.24 mass% C. Mea¬ 
surements have shown that the Gibbs energy of formation of FeaC at 1169 K is negative 
(-1620 J/mole of formula units). Explain how this can be reconciled with the fact that 
Fe 3 C is not stable by sketching a Gm, xq diagram. 

Solution 

Fe 3 C falls 1620 J/mol below the line of reference between pure Fe and pure graphite 
(dashed line in Fig. 7.5) but it falls above the common tangent representing the y -F 
graphite equilibrium. Thus, Fe 3 C is more stable than a mixture of the pure elements but 
less stable than a mixture of an Fe-C solution and pure C. 
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(a) (b) 




Figure 7.6 (a) Construction showing that a negative curvature results in a decrease of Gb when 
xb is increased, (b) Demonstration that a system between the points of inflexion is unstable. A 
small difference in composition will increase spontaneously. 


Instability of binary solutions 

In Figs 7.1 and 7.2 we have sketched molar Gibbs energy curves, each with two minima 
and a central region where 9^Gm/9xg is negative. This region falls between two points 
of inflexion and according to Section 6.6 they should define the limit of stability. In 
Fig. 7.6(a) tangents have been drawn at some compositions between the points of inflexion 
and it can be seen that Gb decreases when xb increases. According to Eq. (6.27) this is 
also a violation of the condition of stability. 

The change in the total Gibbs energy of the system, when one half of the system grows 
richer in A and the other one in B, is illustrated in Fig. 7.6(b). The tie-line rule requires 
that the total Gibbs energy of a mixture is represented by a point on the line connecting 
the points representing the two parts. Since the overall composition is not changed, the 
total Gibbs energy moves down along a vertical line at the alloy composition (not shown 
here). Such a system is thus unstable against fluctuations in composition. 
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Exercise 7.3 

In a binary solution one usually discusses two activities, ua and ub, and for a stable 
system each of them increases monotonously with the content of the same component. 
However, one may define the activity of an intermediary species, e.g. A 2 B. Prove that 
flAzB also increases as the content of A 2 B increases in a stable system and thus has a 
maximum at the very composition of A 2 B. 

Hint 

Instead of the chemical activity, ctAjB, let us consider the chemical potential which 
is equal to 2/xa + Mb, i-e. 2Ga + Gb, or, even better, / 2 A 2 / 3 B 1 / 3 , i-e. (2Ga + Gb)/3). It 
may be studied in a Gm, ^b diagram. 

Solution 

For any alloy the tangent in the Gm, xb diagram gives Ga and Gb on the two sides 
and the intersection of the tangent with a vertical line at xb = 1 /3 thus gives (2 Ga + 
Gb)/3. By inspection it is evident that the intersection has its highest position for the 
alloy Xb = 1/3 (see Fig. 7.7). Otherwise, the Gm curve must have a negative curvature 
somewhere. 


7.3 Illustration of the Gibbs-Duhem relation 

The molar Gibbs energy diagram in Fig. 7.8(a) shows a stoichiometric compound, 0, 
with a well-defined composition A^B*, possibly because it is a crystalline phase with 
two sublattices. Often, the composition of such a phase cannot vary appreciably without 
a very steep increase of the Gibbs energy. It is thus practically impossible to vary Na 
and keep Nb constant and the definition of partial Gibbs energy, given in Section 4.1, 
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(a) (b) 



Figure 7.8 Molar Gibbs energy diagram for (a) a binary stoichiometric phase 0 and (b) a binary 
solution phase a. If /xa is controlled by some method then the value of /tb is given in both cases. 


cannot be used. However, the tangent construction in Fig. 7.2 can still be used. For this 
case we shall prefer to talk about chemical potentials and use the notations /ua and 
/xb. The situation is not drastically different for a phase with variable composition (see 
Fig. 7.8(b)). For both types of phase one may select the value of /xa and the value of /xb 
will then be fixed. One could also talk about the chemical potential of the compound, 
From Section 4.8 we get 

= Maa = = «Ma + Vb; Mb = (Ma^b^ - aMa)/^- (7.21) 

By comparing the values defined by two different tangents we find for a stoichiometric 
compound, because /XA<,Bi, is fixed, 

xa(/Xa - Ma) + -^8(^8 - Mb) = 0- (7-22) 

where a — xa and b — xb ii a + b is chosen as 1. This may be regarded as the Gibbs- 
Duhem relation integrated for a phase with constant composition. 

For a phase with variable composition one may also select the value for /xa, and the 
value for /xb will then be fixed by the expression for the molar Gibbs energy, 

Gm = xaMa + ^bMb; Mb = (Gm - xaMa)/vb, (7.23) 

but here Gm varies with the composition and the composition varies with the choice of 
/Xa, as demonstrated for a solution phase a in Fig. 7.8(b). The Gibbs-Duhem relation 
holds 


XAd/XA + Xfid/XB = 0, (7.24) 

but not in the integrated form given for the stoichiometric compound, because the tangents 
do not intersect in a point on the Gm curve. 

In a ternary system one may have a solution between two binary stoichiometric phases 
if they are isomorphic (have the same structure). Figure 7.9 shows a Gibbs energy diagram 
for such a case. The composition can now be varied with one degree of freedom and we 
may consider two components or end-members A^Cc and BaCc. 

This kind of solution may be represented by the formula (A, B)aCc and the composition 
may be represented by molar contents defined as 




(7.25) 
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(a) 

B 



Figure 7.9 Molar Gibbs energy diagram 
stoichiometric phases. 


(b) 





a ternary solution between two binary 


where the two Ns represent the moles of formula units. Another method of representation 
is based on the molar contents evaluated for each sublattice, the so-called site fractions 
which were discussed in Section 4.7. 

From Fig. 7.9 it is evident that the molar Gibbs energy for this kind of solution phase 
can be expressed in the following ways if a -F c = 1. 

Gm = XAf^A + XBfJ-B + ^cMc = FaMa.q + FbMb„c,- (7.26) 

The diagram in Fig. 7.9(a) with two possible tangent planes shows that the values of 
IJ.A^Cc Slid /tb^Cc ^^6 "'sll defined by the composition but ha, Mb mc are not. 


Exercise 7.4 

Consider the chemical potential of FeaC in a solution phase of Fe, C and Mn, using basic 
principles. Show that it is actually equal to S/rpe + Me by making a calculation using 
Section 4.6. 


Hint 

In the Fe-C-Mn system we usually use Fe, C and Mn as the components but now we 
should change to a new set of components. Fe 3 C is one component and the others could 
be C and Mn. Notice that dG = ^M;dN, cannot change its valuejust because we change 
the set of components to be considered. 
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(a) 


(b) 



a is stable P stable 
^ a+P is stable ^ 


A 


B 


Figure 7.10 The common-tangent construction for finding the compositions of two phases in 
equilibrium at given T and P. 


Solution 


Let the amounts of the components be Nq and A^Mn in the old description and 
A^Pe 3 C ’ A^Mn ^hc new one. Denote the chemical potentials in the new description 

with /r'. The mass balance for each element gives A^mi, = ^Mn> ^Fe = 3 and Nq — 



WethuSget^/x'dAt; = J^/X/dA^/ = MFedA^pe -h /XMndA^Mn + Pc^Nc = MFe ■ 
3dA^Fe3C + MMndAt^n + + /XcdAtp^^p, = (3/Xpe -t- /Xc)dtVpgj(- -1- /XcdAt^ + 

/XMndAtj^j^. 

Thus, /x'c = ^lc, = /XMn and = 3/xpe -f /xc- 


7.4 Two-phase equilibria in binary systems 


In a two-phase equilibrium we have the following two conditions at constant T and P 
because the chemical potential for each component must be the same in the two phases. 



(7.27) 

(7.28) 


It is evident that these conditions can be satisfied only by a common tangent, as illustrated 
in Fig. 7.10(a). The lowest possible Gm for each composition is shown in Fig. 7.10(b) and 
it is evident that some mixture of a -F (3 represents the stable state for an alloy between 
the two tangent points. 

For a stoichiometric phase with its well-defined composition, it is not possible to 
define the chemical potentials since one can draw different tangents without changing 
the composition of the point of tangency markedly. On the other hand, the chemical 
potentials of a phase can be defined by equilibrium with a second phase. Figure 7.11(a) 
illustrates this case when the second phase is a solution phase or (b) another stoichiometric 
phase. When it is a solution phase, we obtain 



(7.29) 








136 


Applications of molar Gibbs energy diagrams 


(a) (b) 




Figure 7.11 Molar Gibbs energy diagram showing the equilibrium between (a) a stoichiometric 
phase and a solution phase and (b) between two stoichiometric phases. 


By solving this equation, one can determine the composition of the solution phase, (3, 
and from the known properties of |3 one can then calculate /ua and /tb- In Fig. 7.11(b) 
both phases, 0 and 0, are stoichiometric phases, and we obtain the following relations 


e 


e 


Ma = 






Xd — X 




+ Mb- 


;Gi;-A;c^ 

v-0 


(7.30) 

(7.31) 


These equations also apply to the equilibrium between two solution phases if the G^ 
and G^ are evaluated for the equilibrium compositions. 


Exercise 7.5 

In a binary system, where the mutual solubilities are very small, there are two stable 
stoichiometric phases a(A 3 B 2 ) and (3(AB3). Calculate the chemical potential of B in a 
50:50 alloy in terms of the quantities G“ and Gj^. Base the calculation on a construction 
in the Gm diagram. 


Hint 

Remember that the Gibbs energy of a two-phase state falls on the common tangent. 
Start by drawing a solid line representing all stable states. It should show that both 
stoichiometric phases are stable. 


Solution 


Evidently, the alloy is a-t- (3 (see Fig. 7.12). With = 0.6 and = 0.25 the con¬ 
struction gives Mb = = G“ -t- (G^ - G“). (x^ - 0)/(x^ - x^) = G“ -t- (G^ - 

G«). 60/(60 - 25) = (60/35)GP - (25/35)G“. 
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Figure 7.13 The relation between Gibbs energy curves of two phases and their two-phase fields in 
the phase diagram. The dashed line is the so-called Ta line or allotropic phase boundary. 


Allotropic phase boundaries 

One can sometimes draw a line inside a two-phase region to show where the two phases 
would have the same Gibbs energy value if they had the same composition. It is the critical 
limit for a hypothetical diffusionless phase transformation. Such a transformation is very 
similar to an allotropic transformation in a pure element and the line, sometimes called 
the allotropic phase boundary, is often denoted by To. This name is derived from the 
word ‘allotropy’, i.e. the property of a substance of being found in two or more forms. 
Figure 7.13 illustrates the relation between the allotropic phase boundary and the molar 
Gibbs energy diagram. 


Exercise 7.6 

Consider a binary system with three phases of variable compositions and in a eutectic 
equilibrium (see Section 12.5) with each other. Show reasonable positions of the three 
allotropic phase boundaries. Extrapolate all of them below the eutectic temperature. 
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T 




Figure 7.14 Solution to Exercise 7.6. 

Hint 

Consider in particular how the three allotropic phase boundaries intersect each other when 
extrapolated. Will there be one or three points of intersection? It may be instructive to 
sketch a molar Gibbs energy diagram. 

Solution 

It is evident that and will intersect inside the a + (3 phase field. Consider 
a Gn, diagram (Fig. 7.14) at the eutectic temperature, showing one Gm curve for each 
phase (thick lines in the lower portion of the figure). Each one of the three intersections 
is a point on a To line. When the temperature is decreased, the L curve is lifted (see thin 
line) relative to the other two until all three curves finally intersect in one point. There 
the three To lines will intersect. In the phase diagram (upper portion) we should thus 
draw the line through the intersection of the other two. 




7.6 Effect of a pressure difference on a two-phase equilibrium 

In order to illustrate the effect of pressure, we shall consider an incompressible phase, 
|3. The application of a hydrostatic pressure will lift up its Gibbs energy curve by the 
amount P^V^. This is illustrated in Fig. 7.15(a). Since is usually dependent on the 
composition, the curve will be somewhat deformed. The construction with a tangent will 
yield P^vl and P^ where vl and are defined from in the same way as Gj^ 
and Gg are defined from Gj^ (see Fig. 4.6). 

The relative position of the Gibbs energy curves for different phases can change with 
pressure due to differences in the molar volumes. The equilibrium conditions can thus 
be modified by the application of a hydrostatic pressure. This effect is even stronger if 
the pressure is applied to one of the phases only, which may happen due to the effect 
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(a) (b) 




Figure 7.15 (a) Effect of a hydrostatic pressure on the molar Gibbs energy of a single phase. The 
phase is assumed to be incompressible, (b) The effect of pressure in a stoichiometric phase on 
the equilibrium composition of a coexisting phase not under pressure. 


of surface energy in a curved interface. In Fig. 7.15(b) the phase under pressure is 
a stoichiometric phase and its molar Gibbs energy is increased by P® F®. We may, for 
instance, imagine that the phases are contained in a cylinder where the balance of surface 
energies, a, at the wall of the cylinder gives a constant radius of curvature p — 2a/P^. 
The diagram illustrates that the solubility of 0 in a is increased due to the pressure 
in 9, assuming ordinary pressure in a. It should be emphasized that this case must be 
treated with care because the two phases are under different pressures and the law of 
additivity does not apply to the Gibbs energy unless special precautions are taken. This 
was mentioned in Section 3.4 and will be discussed in Section 16.7. However, in applying 
the common-tangent construction we have only made use of the definition of the chemical 
potentials. 

The effect on the solubility can be estimated if one knows the curvature of the G“ 
curve. The difference in slope between the two tangents can be estimated as — 

Xg^®(0)] • d^G“/dxg if the change in composition is small. If the distance between the 
two phases is reasonably constant, we obtain, by multiplying with that distance, 

K = [4 - 4) - 4^®(0)] ■ d^G* /dxl (7.32) 

x“/®(P®) - x“/®(0) = P® C/(x® - x“)d2G“ /dxl (7.33) 

When a is a dilute solution we may approximate d^G“/dx| with RT/xl^ according to 
Eq. (7.19) and obtain 

x“/®(P®) - xl\0) = P® VlxiyPT (x® - x“). (7.34) 

This equation is often applied to a spherical interface and 2a/r is then substituted for P®. 
In that form it is known as the Gibbs-Thomson equation. For large changes in solubility 
one should integrate over the pressure increase and allow Xg on the right-hand side to 
vary during the integration. For an infinitesimal increase in P® we get 

dx“/®/x“/® = [V^/RT (x® - x«)] . dP®. (7.35) 

For the case where (xg — Xg) is reasonably constant integration yields 
In [x“/®(P®)/xg“/®(0)] = P® V^/RT (x® - x“). 


(7.36) 
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(a) (b) 




Figure 7.16 Molar Gibbs energy diagram illustrating the change in composition of a phase, [3, 
under pressure when in equilibrium with another phase, a. 


If the phase under pressure can also vary in composition, its equilibrium composition 
will also change. This case is illustrated in Fig. 7.16. The change in composition of the 
phase under pressure can be evaluated from Fig. 7.16(b) where a tangent to the initial 
gp curve has been drawn for the |3 composition of the new equilibrium. The diagram 
defines a quantity AGm which is given as 

AG„ = pP(x“f/+x“FbP), (7.37) 


but also as 


AG„ = (xi - x“) ■ d^G^dx^ . [xP^“(PP) - xP/“(0)], (7.38) 

ifd^GP/cfcB is reasonably constant. By equating the two expressions we obtain 

xP/“(pP) - xP/“(0) = PP(x^Ft + xSFi)/[(x^ - x“) ■ d^GP/dx^]. (7.39) 

If the (3 phase is a dilute solution of B in A, then x^ + Xg Fg is approximately equal 
to the molar volume for pure A in the |3 state, which we shall simply denote by F^, and 
d^G^dx^ can be approximated by RT/x^ according to Eq. (7.19), yielding 

dxgP^7xgP^“ = [vllRT[xl - x“)] • dPP. (7.40) 

We can take into account the effect of PP on both phases if they are both dilute solutions 
of B in A but then we cannot treat Xg — Xg as a constant. However, the expressions for 
dxg^P/xg^P and dxg^“/xg^“ are identical for two dilute solutions. 


dx“/P/x“/P=dxgP/7xgP/“ 

(7.41) 

x“/P(pP)/x“/P(0) = XgP/“(/’7/4^“(0) 

(7.42) 

^P/«(p(3) _ x“/P(pP) xP^“(0) - Xg/P(0) 

xP/“(PP) “ xP^“(0) 

(7.43) 


Integration yields 
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The quantity on the left-hand side appears in the equation for dxg^“ with a slightly 
different notation, (xg — Xg)/xg. This ratio can thus be treated as a constant during the 


integration of dxg , yielding 



(7.44) 


(7.45) 


It should again be emphasized that the equations in the present section were derived only 
for an incompressible phase. 

Exercise 7.7 

The precipitation of Sn from a supersaturated solid solution of Sn in Pb sometimes 
results in a lamellar aggregate of a Sn phase with very little Pb and a Pb phase with 
less Sn. The aggregate, comprising alternate layers, grows into a Pb-rich matrix of the 
original composition. Experimental studies have been made of the coarseness of such 
a structure in terms of a quantity w, the combined width of one lamella of each phase. 
When discussing theoretical predictions the measured w is compared with the critical 
value w* which would completely stop the growth of the Sn phase because, due to 
the effect of surface energy, it would put this phase under such a high pressure that 
it would be in equilibrium with the original Pb matrix in spite of its supersaturation. 
This pressure can be calculated from the effect of surface energy. In one study an alloy 
with xsn = 0.112 was investigated at a temperature where the equilibrium value was 
0.06. The investigators assumed that the new phase had the equilibrium composition, 
xsn = 0.06, and using the Gibbs-Thomson equation for large changes they calculated 
w* from w* — 2CTFni/7?7’ln(0.112/0.06). They found that the observed w was about 
100 times larger than w* instead of twice according to a simple theory. Check their 
calculation. 


Hint 


Make a careful analysis of what pressure the surface energy will impose on the Sn 
phase under the simplifying assumption that the Pb lamellae are not under an increased 
pressure. 


Solution 


The pressure in the Sn phase will balance the surface energy, which gives a force oflaL 
if L is the length of the lamella. The area of the edge is fw*L if/is the fraction of the Sn 
phase. Thus, P* fw*L — 2aL. The lever rule gives / = (0.112 — 0.06)/(l — 0.06) = 
0.055. Now relate the pressure to the change in solubility, ln(0.112/0.06) = P*Vm/RT 
(1-0.112) Combining these equations yields w* = 2a/P*f — 2aV^/fRT 

ln(0.112/0.06). The investigators missed the factor/(= 0.055) which explains most of 
the discrepancy. 
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(a) (b) 




Figure 7.17 (a) Molar Gibbs energy diagram, (b) Method for evaluation of the driving force for 
the formation of a new phase 0 from a supersaturated |3 solution. 


7.7 


Driving force for the formation of a new phase 


When we take some A and B away from a large quantity of a solution phase, a, it is like 
taking them from one reservoir each, with the chemical potentials equal to G\ and Gg, 
respectively. As long as the amount of the a phase is large, we can take A and B in any 
proportion without changing the values of G\ and Gg. We can thus form a small amount 
of a new phase, 0, of any composition without changing the Gibbs energy of the whole 
system, provided that the new phase falls on the a tangent. If the new phase falls below 
the tangent, the decrease counted per mole of atoms in the new phase is obtained as 

- AG^ ^A-Gl (xg“) + Gg (xg«) - G^ (x®). (7.46) 


This is illustrated in the molar Gibbs energy diagram in Fig. 7.17(a). By convention, 
the change of Gibbs energy accompanying a reaction is defined as AGm = _ 

(jreactants evident that the decrease in Gibbs energy, — AGm, is equal to the driving 
force for the precipitation of the 0 phase from a supersaturated |3 solution, counted per 
mole of 0, if the extent of the reaction, is expressed as the number of moles of 0, A®, 


/ T.P,N, 


/ 3G 


3A0 


= -AG“ 


(7.47) 


T,P,Ni 


The magnitude of the driving force for the precipitation of 0 from a supersaturated 
a solution, counted per mole of 0, can be estimated from the supersaturation Axg in 
almost the same way as the effect of pressure on solubility was evaluated. By comparing 
Fig. 7.17(a) with Fig. 7.15(b) we obtain from Eq. (7.32) 


D = - AG^ = C = Axg“ ■ d^G“ /dxg . (x® - xg“). 


(7.48) 


This is the driving force at the start of the precipitation of 0. As the process continues, 
the supersaturation will decrease gradually and so will the driving force. It may thus be 
interesting to evaluate the integrated driving force which should represent an average 
value for the whole process. The method of evaluation is illustrated in Fig. 7.17(b). 
One usually evaluates the integrated driving force for the transformation of the whole 
system, i.e. the difference in Gibbs energy between the final a + 0 mixture and the initial 
supersaturated a. It is simply given by the short vertical line in Fig. 7.17(b). 
















7.7 Driving force for the formation of a new phase 


143 


(a) 


(b) 
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Figure 7.18 Solution to Exercise 7.8. 


Exercise 7.8 


Consider the formation of a small amount of (3 from a large reservoir of a under condi¬ 
tions such that the reservoir has the potentials G% and Gg and the new phase has G^ and 
Gg (accepting that such conditions can somehow be realized), (a) Construct a reasonable 
molar Gibbs energy diagram and use it for deriving an expression for the driving force 
per mole of |3 phase. Express the result in terms of the potentials and the compositions 
of the two phases, (b) Suppose the composition of a has been decided. How should one 
choose the composition of (3 in order to get the largest driving force? 


Hint 

(a) Using the given potentials one can draw the tangents to the two Gibbs energy curves. 
Evaluate the distance between them at the proper composition, (b) In this exercise, the 
tangent to the a curve is given. The question is how we can find the point on the (3 
curve which lies as low as possible relative to the a tangent. In principle, it can be found 
without drawing the corresponding (3 tangent but it would be most helpful to do so, so 
long as one draws that tangent correctly. 

Solution 

(a) See Fig. 7.18(a). (b) One should choose the composition obtained from a parallel 
tangent construction (see Fig. 7.18(b)). 

Exercise 7.9 

Show with the construction in Fig. 7.17(b) the magnitude of the integrated driving force 
counted per mole of the 0 phase formed. 


Hint 

The magnitude is — AGm/if /®is the final fraction of 0 in the alloy. The question is 
how to find this by construction. Notice that /® can be found graphically using the lever 
rule. 
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Solution 

Draw a straight line joining the final a and the initial a(Fig. 7.19). Extend the line to the 
composition of 0. Also use the tangent to the final a point shown in Fig. 7.17(b). Read 
the distance between intersections on the 0 composition. 


7.8 Partitionless transformation under local equilibrium 

So far, we have mainly considered stationary states and for a state with more than 
one phase we have assumed equilibrium between the phases, which is a reasonable 
approximation after a long enough time at a high enough temperature. The situation is 
quite different during a phase transformation but it is still common to assume that full 
equilibrium is established locally at the phase interface even when it is migrating through 
the material. This was introduced in Section 3.10 and is called the local-equilibrium 
approximation and will now be our starting point for an examination of partitionless 
transformations. The local conditions at migrating interfaces will be further discussed 
in Chapter 14. 

When a (3 ^ a transformation occurs in an alloy without any difference in composi¬ 
tion between the reactant phase (also called parent phase) and the product phase (also 
called daughter phase or growing phase), it is regarded as a partitionless transformation. 
The two phases will fall on the same vertical line in the molar Gibbs energy diagram. 
Figure 7.20(a) shows the construction for a binary system. Under constant T and P, the 
driving force is given by the vertical distance between two points representing the initial 
|3 and the growing a 

D = gP - G“ = -AG„. (7.49) 

It is evident that the partitionless transformation cannot possibly occur under local equi¬ 
librium unless the composition of the phases falls on the left-hand side of the point of 
intersection between the two G^ curves. 

Whether or not a transformation can actually occur under the conditions illustrated in 
Fig. 7.20(a) will be discussed in Section 14.4. An attractive possibility is illustrated in 
Fig. 7.20(b). It is based on the assumption of local equilibrium at the interface and that 
is why the common-tangent construction is used here. This illustration presumes that the 
parent phase is so supersaturated that its composition falls on the equilibrium composition 
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(a) 


(b) 



Figure 7.20 (a) Change in Gibbs energy for a partitionless |3 —> a transformation, (b) A 
partitionless transformation under local equilibrium. Here the whole decrease in Gibbs energy 
drives the diffusion in the matrix phase, [3. The quantity x is the initial composition of the |3 
alloy and also the equilibrium composition of a. 



Figure 7.21 Use of the common-tangent construction to find the boundary conditions for the 
diffusion process. 

of the growing phase. It should be realized that the local-equilibrium assumption implies 
that there is a gradient within the parent phase, as illustrated in Fig. 7.21. There the 
composition axis has been turned vertically in order to demonstrate how the molar 
Gibbs energy diagram can yield the boundary conditions for diffusion. 

Figure 7.21 demonstrates that the local-equilibrium assumption implies that there is a 
pile-up of one of the components in front of the migrating interface. After an induction 
period during which this pile-up is being built, one could expect a steady-state process 
in which the rate of migration and the composition profile stay constant. As the interface 
migrates through the system and pushes the pile-up forward, it makes material of the 
initial alloy composition move up on the pile-up and on the top it will be deposited 
on the growing phase, the composition of which is here assumed to be equal to the 
initial one. During this process the material passes through regions of higher and higher 
alloy content. In each such region the chemical potentials can be described by the end¬ 
points of the tangent to the curve at the local composition. The value of Gm for the 

material we consider will be found on that tangent and at the initial composition. It is thus 
evident that the material will gradually decrease its Gibbs energy by an amount — AGm 
corresponding to the arrow in the Gm diagram. The length of the arrow represents the 
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Figure 7.22 Partitionless |3 ^ a transformation under local equilibrium and under a pressure 
difference, respectively. 

integrated driving force dissipated by diffusion in the pile-up. Under our assumptions, 
all the driving force is used to drive the diffusion and the transformation is completely 
diffusion controlled. 

In rapid transformations an appreciable driving force may be required in order to 
make the phase interface move with the high speed. A driving force may also be required 
in order to balance the pressure difference across a curved phase interface, caused by 
its surface energy, lajp. The total driving force on the interface, ZJint, may actually be 
regarded as a pressure difference AP — Z)int/ Vm- In a very crude but useful approach it 
is assumed that the rate of migration, u, of an interface is proportional to the net pressure 
difference. 


u = M ■ APne, = M ■ (Ant/ Un - 2a/p), (7.50) 

where M is the mobility of the interface, a is the specific surface energy and p is the 
radius of curvature, assuming a spherical shape. 

The part of the driving force acting on the interface, Dint, has an effect on the local 
equilibrium between the two phases, as illustrated in Fig. 7.22. The Gn, curve for the 
growing phase is lifted by an amount ZJint relative to the curve for the parent phase 
as if there actually were a pressure difference Due to this construction, the 

equilibrium composition of the growing phase is displaced and the local-equilibrium 
assumption now requires that the parent phase is initially even more supersaturated and 
falls on the other side of the equilibrium composition of the growing phase, i.e. inside 
its one-phase field. The amount of driving force dissipated by diffusion will in general 
be higher than before. 

Exercise 7.10 

Consider the partitionless growth of a into a small spherical (3 particle of radius p in 
a binary alloy. Suppose there is local equilibrium at the interface and no driving force 
is required in order to make the interface move at a velocity v. Make a reasonable 
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construction in a diagram illustrating that this could occur at an alloy composition 
inside the a + |3 two-phase region. 

Hint 

The surface energy, a, may lift the curve for |3. 

Solution 

The solution is presented in Fig. 7.23. 


7.9 Activation energy for a fluctuation 

Sometimes one is interested in the formation of a fluctuation for which the driving force 
is negative. In such cases one instead talks about the activation energy. For the moment, 
we shall make two assumptions: (i) the fluctuation is only in composition, not in structure; 
and (ii) the size will not be prescribed. We have already demonstrated that a system is 
not stable against fluctuations in composition if d^Gm/dx^ is negative. We shall now 
consider the case of a positive curvature. Fig. 7.24. The activation energy per mole of 
atoms in a fluctuation Axb is represented by AGm in the diagram. By introducing the 
curvature of the G“ curve we directly obtain an approximate expression if both Henry’s 
and Raoult’s laws hold, 

AG^ = V2 (Ax“)' . d'G“/dx2 = 1/2 (Ax“)' . RT/x^x^ 

= i/2(Ax“)^R7’/x“. (7.51) 

However, in this case we should examine the validity of the approximation by also 
carrying out an exact calculation. By comparing with the evaluation of the driving force 
for the precipitation of a new phase we find without any approximation 


AG^ = G; - xiGl - x^G“ = xi(Gi - G“) + x^(G^ - G“), (7.52) 
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Figure 7.24 Molar Gibbs energy diagram for a fluctuation in composition. 

where the superscript f denotes the fluctuation. Henry’s and Raoult’s laws yield 

AG„ = xf) + xl\rL[xll x^)\. (7.53) 

For |xg — Xg I <SC Xg 1 we obtain approximately 

AG„ = V2^7’(^b - 4)V^b- (7-54) 

This is in agreement with the previous approximation, Eq. (7.51). 


Exercise 7.11 

Consider a binary liquid with 0.1% of B in A at 1273 K. Evaluate the activation energy 
for the formation of fluctuations with 0.05 and 0.15% of B, respectively. Express the 
results as joule per mole of atoms in the fluctuations. 


Hint 

It might be justified to use a dilute solution approximation but not the special approxi¬ 
mation for |xg — Xg I Xg. 


Solution 

(a) AGm = Rr[0.99951n(0.9995/0.9990)-b 0.0005 ln(0.0005/0.0010)] = 1.625R7’. 

(b) AGm = Rr[0.99851n(0.9985/0.9990)-t- 0.0015 ln(0.0015/0.0010)] = 1.147R7’. 


Notice that the approximate equation would have given: 

(a) AGm = 0.5Rr(0.0010 - 0.0005)^/0.0005 = 2.646RT. 

(b) AGm = 0.5Rr(0.0010 - 0.0015)2/0.0015 = 0.882R7’. 
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(a) 


(b) 



°Gc. 







Me 


Figure 7.25 Molar Gibbs energy diagram for a two-phase equilibrium in a ternary system. The 
two-phase field is created by the common tangent-plane rolling under the two surfaces, (a) Two 
ordinary solution phases, (b) One ordinary solution phase, a, and one solution between two 
compounds. 


7.10 Ternary systems 

The property diagram for at constant T and P as function of the molar content 
in a ternary phase is a three-dimensional diagram with a surface like a canopy. It can 
be shown that for a stable phase it is everywhere convex downwards and Fig. 4.9 was 
drawn in accordance with that fact. In that diagram the tangent plane to an alloy was 
also drawn, the intersections of which give the partial Gibbs energies in the alloy, i.e. 
the chemical potentials. We shall now apply such diagrams to various cases of phase 
equilibria. 

Equilibrium between two phases requires that they have the same value for the chem¬ 
ical potential of each component. In a binary system this leads to the common-tangent 
construction where the intersections with the sides represent the chemical potentials. In 
a ternary system it leads to a common tangent-plane construction where the intersec¬ 
tions with the three edges represent the chemical potentials. With the two Gibbs energy 
surfaces given, one can allow this tangent plane to roll under them and thus describe a 
series of possible equilibrium situations, each one represented by a tie-line between the 
two tangent points in the plane. The result will be a two-phase field, formed by projection 
on the compositional triangle (see Fig. 7.25(a) where one tie-line is projected). 

The general equilibrium condition in a ternary system is of course = //a = G^, 
Gg = /ub = GgUndG" = /uc = G^. These three equations leave one degree of freedom 
for the two-phase equilibrium since each phase can vary its composition by two degrees 
of freedom. The two-phase region in a ternary phase diagram will thus be an area covered 
by tie-lines. Each tie-line connects two points, representing the coexisting phases in a 
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possible state of equilibrium. This conclusion still holds even if there is a restriction to 
the variation in composition of one of the phases but the equilibrium equations will then 
be modified, as we shall now see. 

Let us first consider the equilibrium between a solution of compounds and an ordinary 
solution phase. It can be illustrated with the molar Gibbs energy diagram in Fig. 7.25(b). 
It should be noticed that here a + c = 1 because the diagram is for one mole of atoms. 
The construction shows that the equilibrium condition can be derived by considering 
two of the sides of the triangular tangent plane 

= fl/r-A + c/U-c = + cG^ (7.55a) 

= a/xg + c/xc = aGg + cG^. (7.55b) 

These equilibrium conditions leave one degree of freedom because there are two equa¬ 
tions and three possible variations in composition, one for the solution of compounds 
and two for the ordinary solution phase. By taking the difference between the equations 
we find that 

«c.-<cJ/« = G“-G“. (7.56) 

Let us next consider the equilibrium between two solutions of compounds, 0 and cf), with 
the formulas (A, B)aCc and (A, B)feCj, where a + c= 1 — b + d. The previous type 
of equation applies to each one of these phases although the chemical potentials on the 
right-hand side cannot be referred to any one of the phases but are simply the chemical 
potentials of the two-phase equilibrium. 

+ c/xc 
+ C/Xc 
+ d/Xc 

Gt.c, = +d/xc. 

By eliminating the unknown potentials we find a single equilibrium condition 

(Glc. - Glc .)/a = MA - Mb = (G^c, - oU/b- (7.57) 

We have thus found that there will again be one degree of freedom because now there 
are two possible variations in composition, one for each line compound. If one selects a 
composition for one phase, the composition of the other one is given by this equation. 
The result will be similar but mathematically more complicated if the two solution phases 
are formed by the mixing of a different pair of components. 

Exercise 7.12 

Consider the equilibrium between a solution phase (A, B)aCc and a stoichiometric com¬ 
pound A;B„,C„ in a ternary system. Show how the chemical potential of the element C 
can be calculated. 
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Hint 

For the stoichiometric compound, cj), there is only one relation. For the solution phase, 
0, there are two. Find a combination of Gs that eliminates //a and /re¬ 
solution 

“G* =//xa +'w/re + «/rc; <Ja„c. =+ c/xc; — afis + cfxc- Elimi¬ 

nate /xa and /xe by taking a°G^ — IG% ^ — inGg q , which is found to be equal to 
{an — cl — cm)fj.c- We obtain /xc = — IG% q — mGg q )/(an — cl — cm). 


7.11 Solubility product 

According to Eq. (3.18) the Gibbs energy of a phase is always related to the chemical 
potentials /x, by the following relation 

(7.58) 

where xf represents the composition of the phase. When the phase is a compound, the 
composition is constant and it is described by the indices in the formula, e.g. l,m,n in 
A;B,„C„. For one mole of formula units we have, if/-F»?-|-n = l, 

°G^ =//Xa-F ot/xb + n/xc- (7.59) 

The superscript ° is used in order to indicate that the value refers to the compound itself, 
the ‘pure compound’, and not to a compound phase, diluted by other components being 
dissolved in it. 

Figure 7.26 illustrates the equilibrium between a compound 4> and a solution phase, a. 
There is only one equilibrium condition and it is obtained by inserting the partial Gibbs 
energies of the solution phase instead of the chemical potentials in the last equation. So, 

°G^^lGl + mGl + nG^ (7.60) 

Let us consider the solubility curve of 4> in a close to the A corner and introduce 
activities instead of chemical potentials. The activity a, is defined through the equation 

Gi^°Gi + RT\nai, (7.61) 

where °G, is the molar Gibbs energy of some reference state for i. Eq. (7.59) yields 

(°G* - 1°Gk - m°Gb - n°Gc) jRT = / ■ InuA + m ■ InuB + « ■ Inuc- (7.62) 

Using the standard Gibbs energy of formation of the 4> phase from the pure components 
in their reference states, which is equal to the expression in parentheses, we get 

exp(A°G,t/7/7’) = {acf. 


(7.63) 
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Figure 7.27 Isothermal and isobaric section of the Fe-Cr-C phase diagram near the Fe corner. 
The solubility curves for strictly stoichiometric compounds would have been straight lines in the 
logarithmic diagram (b) and hyperbolic in the linear diagram (a). 


In a dilute solution the activity of minor components is approximately proportional to the 
content expressed, for instance, as the molar content. The activity of the major component 
is approximately unity and can thus be omitted from the equations. Thus, 

exp = {a^riacT. (7.64) 

The left-hand side is often denoted by K and is regarded as the solubility product. The 
solubility curve for a compound in a terminal solution may thus be approximated by a 
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hyperbolic curve in a linear phase diagram and with a straight line in a logarithmic phase 
diagram. As an example, in Fig. 7.27 an isobarothermal section of the phase diagram 
Fe-Cr-C is presented. The diagram shows the solubilities of three carbides in y. In the 
logarithmic diagram the solubility lines are almost straight although the compositions 
of the carbides are not quite constant. 


Exercise 7.13 

Consider the equilibrium between two ternary stoichiometric phases. Even though the 
compositions are fixed, there is a degree of freedom from a thermodynamic point of view 
because there must be three chemical potentials. After a value has been chosen for one 
of them, the other two are fixed. Derive equations for their calculation. 


Hint 

There are only two equations relating the three potentials, one for each phase. Choose 
one of the potentials as the independent one and eliminate one of the other two. 


Solution 

Write the two conditions as °G^ — a/xa + and = //xa + ?w/xb + nnQ. 

A Gibbs energy diagram demonstrates that there is indeed one degree of freedom 
(Fig. 7.28). We can thus take any value of /xc, for instance, and then express the other 
two in /Xc ■ After eliminating /xb by multiplying the first equation with m and the other 
with b and subtracting, we get /xa = [m°G^ — b°G‘^ + {bn — cm)iic]/{atn — bl) and 
in the same way /xb = ^ ~ c/)/xc]/(^/ — am). 
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Exercise 7.14 

Sketch the whole y + M 7 C 3 two-phase field in Fig. 7.27 and include a series of tie-lines. 

Hint 

Tie-lines are straight lines in diagrams with linear scales. When the scales are changed 
to logarithmic, only those tie-lines remain straight that are horizontal or vertical or have 
a slope of unity. 

Solution 

The solution is given in Fig. 7.29. 







8 Phase equilibria and potential 
phase diagrams 


8.1 Gibbs’ phase rule 

We saw in Section 3.1 that the internal energy of a c-component system is a function 
of c + 2 independent, extensive state variables, with the possible addition of internal 
variables, and the fact is that the equilibrium state of the system is completely determined 
by the c + 2 variables. Consequently, if the state of a system is known, one may calculate 
the change of internal energy U by specifying the change of these variables, assuming 
that there is no entropy-producing process inside the system. So, for a reversible change 
we have 


df/= rd^-PdF-t-E/x,dW, (8.1) 

where T, — P and are potentials. We have also seen that one can instead introduce 
other independent variables, for instance the potentials T and - P, obtaining 

dG = d(G - ST + VP) = -SdT - Vd(-P) + 2]/.t/dW. (8.2) 

The state of the system is still determined by c -t- 2 independent variables. However, 
when we further introduced all the chemical potentials /x, as variables in Section 3.3, 
we obtained a relation between the c -t- 2 variables which did not involve any other state 
function. 


0 = d(G - EWmO = -SdT + VdP - EWd/x,. (8.3) 

Instead, this equation gave a relation between the c -t- 2 potential variables. As mentioned 
in Section 3.3 it is usually called the Gibbs-Duhem relation. As a consequence, only 
c -f 1 of the potentials, T, —P and /x, are independent and any one of them may be 
regarded as the dependent potential. In order to define the state of a system completely 
it is thus necessary to use at least one extensive variable and that is for the purpose of 
defining the size of the system. It is convenient to use the total content of matter, N, for 
this purpose or the content of one of the components, Nj. If one is only interested in the 
properties of a substance, one may disregard the size of the system and regard the state as 
completely defined by c -|- 1 potentials. In order to represent all the states we then need 
a diagram with r — c + \ axes, a state diagram according to Section 1.1. We shall call r 
the dimensionality of that diagram. In the following, when we talk about the properties 
of a system, we shall disregard its size. 




156 


Phase equilibria and potential phase diagrams 


If /xi is chosen as the dependent potential, then it is convenient to divide by N\ and 
thus introduce molar quantities per mole of component 1. 

C 

d/Xl = -SraidT - - ^Z,dM, . (8.4) 

2 

In this connection it may again be emphasized that one should always specify how the 
formula unit is defined for molar quantities like ^n, and Vm. In Section 4.3 the molar 
quantities, obtained by dividing by Ni, were identified with the subscript ‘ml’ and Ni/Ni 
was denoted by z,. For clarity this notation is adopted in the present discussion. 

When considering more than one phase in mutual equilibrium, one has a relation of 
the above type for each phase and every such relation should be obeyed simultaneously 
if the phases are to stay in equilibrium during the change. Of course, T must have the 
same value in all the phases and the same holds for all /x,. Neglecting the effect of surface 
energy, the same holds forP. The Gibbs-Duhem relations for all phases will thus contain 
the same changes of the potentials. For each new phase, added to the equilibrium, there 
will thus be one more relation between the changes of the potentials and the number 
of independent variables will decrease by one. This is expressed by Gibbs’ phase rule, 
Eq. (8.5). 

V — c + 2 — p, (8.5) 

where v is called the variance or the number of degrees of freedom for the equilibrium 
with p phases. 

The independent variables in Gibbs’ phase rule are primarily the potentials because 
the derivation of the expression for the variance is based upon the Gibbs-Duhem relation, 
which concerns the change of potentials. An extensive quantity must be included in the 
set of independent variables in order to define the size of the system but that feature is 
not covered by Gibbs’ phase rule and will not be further discussed here. On the other 
hand, instead of a potential one may alternatively use one of the molar quantities , 
Cl and z“ for any phases a, because they are intensive variables and are strictly related 
to T, —P and /x, . However, it may again be emphasized that the molar quantities are not 
potentials like T, —P and /x, although they are intensive quantities. They will generally 
have different values in the individual phases. 

It should be emphasized that c is the number of independent components. In an alloy 
system it is usually the number of elements but in a system with molecules it may not 
be immediately evident how many species should be included in the set of independent 
components because it is affected by stoichiometric constraints. In a complicated system 
it may be difficult to identify the number of stoichiometric constraints. We shall return 
to this problem in Chapter 13. 

We may encounter even more complicated cases in systems with molecules of 
restricted capability to react with each other. In order to describe such cases with Gibbs’ 
phase rule one sometimes includes all molecules or ‘chemical substances’ and then sub¬ 
tracts a term for the number of ‘independent reactions’ in order to obtain the number of 
components. However, the problem remains and is now focused on defining the number 
of independent reactions. This problem was discussed in Section 5.5. As a consequence. 
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we shall not modify Gibbs’ phase rule in this way. By components we shall understand a 
set of chemical substances necessary and sufficient for defining the over-all composition 
of every phase, taking due notice of all the chemical reactions which can occur and also 
of all stoichiometric constraints. 

In the remainder of the present chapter we shall discuss the consequences of Gibbs’ 
phase rule for a kind of diagram which will be introduced soon, the so-called phase 
diagrams. 

Exercise 8.1 

Consider as a system the content of an expandable vessel. In the vessel one has enclosed 
a certain amount of water. Then one varies T and P by actions from the outside and 
studies what happens to V in an attempt to decide whether the system behaves as a unary 
system. Due to its larger volume, it is easy to see when a gas phase forms. Discuss what 
one would expect to happen. Suppose the wall of the vessel acts as a catalyst for the 
dissociation of H 2 O into H 2 and V 2 O 2 . 

Hint 

The discussion should be based upon Gibbs’ phase rule written asc—v — 2 + p. 

Solution 

The vapour pressure of H 2 O depends on T. At any arbitrary external P there will be a 
unique T where water and vapour can coexist. To choose P arbitrarily is the only freedom, 
which yields c = v — 2 + p= \—2 + 2— 1. This system behaves as a unary. It would 
start to behave as a binary if some hydrogen can leak out through the wall of the vessel. 
Then water and gas can coexist over a range of T although very small. 


Fundamental property diagram 

Let us first discuss a T, P diagram for a substance with one component. A, and one 
phase, a. According to Gibbs’ phase rule the state is completely determined by giving 
the values of T and P, i.e. by giving a point in the T, P diagram. In this sense we may 
thus regard the T, P diagram as a state diagram according to Section 1.1 . The value 
of /r A for the substance can be calculated and plotted as a surface above the T, P state 
diagram, yielding a three-dimensional diagram, see Fig. 8.1 . This type of diagram we may 
regard as a property diagram for the particular substance under consideration. Actually, 
this diagram can be looked at from any direction and any one of T, P and pp, may be 
regarded as the dependent variable. The state may be defined by a point on any side of 
the property diagram. As a state diagram one may thus use a diagram formed by any two 
of the potentials. 
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Figure 8.1 Fundamental property diagram for a unary system with one phase. Any one of the 
three potentials can be chosen as the dependent variable (property). The potential P has been 
plotted in the negative direction because -P appears naturally in thermodynamic equations. 


This kind of property diagram is of special interest because it is composed of a 
complete set of potentials. We shall call it the fundamental property diagram and it 
has the axes T, P and one /r, for each component. In a unary system /xa is identical to 
Gra and the surface in the diagram thus represents a fundamental equation, Gm(T, P). 

For a higher-order system it represents a fundamental equation /xi(r, P, /X 2 , /X 3 , ...) 
which is of a type we have not defined before. In principle, we could calculate a point on 
the surface from any one of the fundamental equations, if it is available. One can then 
follow the surface by applying the Gibbs-Duhem relation. For a unary system we get 


SdT - VdP + NAdiJ^A = 0. 


( 8 . 6 ) 


The direction of the surface is given by the relations 


( 9/xa ^ 

1 ^ <0- 1 


1 



[ dTj 

'p Na’ 


9(-^) 

dT 


Ma 


5 

-V- ( 8 - 7 ) 


As many times before, we take —P as a potential rather than -t-P. The numerical values of 
the last two ratios depend on what reference we choose for the entropy. If we accept the 
common choice of 5 = 0 at r= 0 K, then S and all the ratios are positive at F > 0 and all 
the derivatives are negative. Figure 8 .1 was constructed accordingly. Similar expressions 
can be derived for a system with several components and we can summarize all the 
expressions in a general form 


/9F"\ _ A'’ 


( 8 . 8 ) 


where represents all the potentials except and Y'°. 
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Figure 8.2 Fundamental property diagram for a unary phase. The surface is everywhere convex. 
The property surface is here shown for negative pressures, which is not unrealistic for solid 
substances. 


Since a point on any side of the T, P, fi\ diagram defines the state, we can use the 
third axis for the representation of some other property. We may, for instance, represent 
the refractive index r as a function of T and P but that would not be a fundamental 
property diagram. However, knowing a point on the surface, we may follow the surface 
by applying an equation similar to the Gibbs-Duhem relation. 


dr = 



(8.9) 


The surface in Fig. 8.1 was given as a plane for the sake of simplicity. That would require 
that F/A^a and S/Np^ are constant for the a phase, independent of T and P. In reality, 
they are not constant and the surface would be curved. We shall now examine in what 
direction it will be curved. The fundamental property diagram is independent of the size 
of the system since only potentials are concerned. However, we have the right to consider 
a system of a constant size and to define that size by any extensive variable. If we take 
W® as that variable, and keep it constant when we evaluate the curvature in a section of 
constant from the derivative of Eq. (8.8), we obtain 

( 8 . 10 ) 


in view of the stability condition Eq. (6.28). The result is illustrated in Fig. 8.2 for an 
element A with the choice of /ua > 0 at T = 0 and P = 0. The surface looks like part of a 
dome and is everywhere convex, as seen from the origin. A different choice of reference 
for // A will simply displace the whole surface vertically. 

Let us return to the simple picture in Fig. 8.1 . Suppose that we make a similar diagram 
for the same substance in another possible structure (phase), (3, and plot the two surfaces 
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Figure 8.3 Fundamental property diagram for a unary system with two phases. One may regard 
Ma “ Ma the integrated driving force for transformation from (3 to oc at the given values of T 
andP. 

in the same coordinate frame. We can then compare the two phases at the same T and P, 
for instance, and evaluate the difference in /xa, see Fig. 8.3. 

Let us consider a possible transition from phase (3 to phase a at the fixed values 
of T and P. We cannot evaluate the driving force for that transition without knowing 
the detailed mechanism, i.e. the reaction path. However, we can evaluate the integrated 
driving force for the transition, /fJd§. We should then use the form of the combined law 
having T, —P and /t-a as the variables: 

0 =-^dP - Fd(-P) - A^acIma - (8.11) 

in which T and P must be regarded as independent variables if they are kept constant. 
The third potential, /ua, must then be regarded as a dependent variable. In addition, we 
may choose one of the extensive variables as independent in order to define the size of 
the system and it must come from the conjugate pair, which has not yet been used to 
define an independent variable. It must thus be A^a- For a system at constant T, —P and 
A(a we obtain 

N^dfiA = - l^l) = AfA(Mi - Pa)- (8-12) 

It is evident that the phase with the lower /t-a value will be the more stable phase. At the 
combination of Land P, marked in Fig. 8.3, a is thus the more stable phase. Furthermore, 
the line of intersection of the two surfaces must be a line of coexistence because on that 
line there is no driving force for a change. This line is shown in Fig. 8.3. In the figure the a 
phase is stable in front of the coexistence line and the (3 phase behind it. It is evident that 
the coexistence line represents a ridge on the composite surface representing the stable 
states. We may generalize this observation and conclude that the surface representing 
stable states in a system with several phases is composed of pieces, one for each stable 
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Figure 8.4 Fundamental property diagram for a substance having four different structures 
(phases). The two-phase lines are all ridges. There are no re-entrant angles. 


phase, and joined by coexistence lines which are all ridges. An example with four phases 
is shown in Fig. 8.4. If we combine this with the previous conclusion that the surface 
for each single phase is convex, we may conclude that the composite surface is also 
convex. 


Exercise 8.2 

Using the criterion that the more stable phase in a unary system under constant T and 
P has the lower chemical potential, it is possible to obtain a so-called phase diagram 
from Fig. 8.3. (This will be demonstrated in Fig. 8.5.) Suppose that one would instead 
like to choose /xa and T as the independent variables and construct a phase diagram 
with these axes. What criterion could then be used for deciding where each phase is 
stable? 


Hint 

The answer can be found by again considering the combined law in the form of 
Eq. (8.12). What extensive variable should be regarded as independent when /xa and 
T are chosen as independent potentials? 


Solution 

We must choose V as the independent extensive variable. By keeping V constant together 
with T and /xa we should obtain = fV(P‘^ — P^) > 0 if a is the more 

stable phase. It is evident that the phase with the highest P will be the more stable 
phase. 
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Figure 8.5 Projection of the fundamental property diagram onto the T, P state diagram, yielding 
a potential phase diagram. 


8.3 Topology of potential phase diagrams 

A coexistence line in the fundamental property diagram can be projected onto any side 
of the diagram, for instance the T, P side (see Fig. 8.5). In that T, P diagram (Fig. 8.5(b)) 
we may indicate on which side of the line each phase is stable, i.e. has a lower /xa value 
than the other phase. We may further indicate that the coexistence line represents the 
a + (3 equilibrium. Such a diagram is called a phase diagram and it is actually a state 
diagram used for plotting coexistence lines. In this chapter we shall mainly be concerned 
with phase diagrams. In order to emphasize the character of the axis variables we may 
call the present diagram a potential phase diagram. It is worth remembering that it 
is actually a projection of the fundamental property diagram. When T, —P, is used 
as the complete set of potentials, one usually projects in the direction of /xa and presents 
the T, P phase diagram. However, it should be remembered that in Section 3.5 it was 
shown that there are at least nine ways of writing the Gibbs-Duhem relation and there 
are thus at least nine sets of potentials that can be used in the construction of potential 
phase diagrams. 

Knowing one point on the coexistence line in the fundamental property diagram we 
can determine the direction of the line by applying the Gibbs-Duhem relation to both 
phases using the fact that AT, dP and d/XA must be the same in both phases if they still 
coexist 


d/XA = -5“dr+F*dP (8.13) 

d/XA = -5PdF+Fj^dP. (8.14) 


This system of equations defines the direction of the a + (3 coexistence line in the 
fundamental property diagram. The direction of the projected line in the T, P phase 
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Figure 8.6 The T, P phase diagram for carbon, according to a thermodynamic assessment. 


diagram, i.e. the a + |3 phase field, is obtained by eliminating d/XA from the Gibbs- 
Duhem relations 


dP _ 

- Fn? ■ 


(8.15) 


As an example Fig. 8.6 shows the equilibrium between graphite and diamond in a 
T, P phase diagram for carbon. Except for low temperatures the equilibrium line is 
almost a straight line because the differences in Sm and F^ stay rather constant. At low 
temperature the line becomes parallel to the T axis because the difference in 5m goes to 
zero at absolute zero in agreement with the third law of thermodynamics. 

Using the alternative form of the Gibbs-Duhem relation, obtained from line 5 in 
Table 3.1, we may introduce (//“ — H^)/T instead of (5“ — 5,!^). 


d(-P) 

d(-i/r)“ (F“-FP)/r 

(8.16) 

dP (//“-//P)/r 

dr “ F“ - FP 

(8.17) 


This is known as Clapeyron’s relation. It should be realized that the molar volumes 
of condensed phases are so small that pressures of about 1 bar have an effect on the 
equilibrium temperature which is negligible for many purposes. 

Suppose there is a third possible phase. We shall then have a third surface in the 
property diagram. There will be three coexistence lines and one point of intersection, a 
triple point, and by projection they will all show up on the phase diagram (see Fig. 8.7). 

It is immediately evident that all the angles between the three intersecting lines in 
the phase diagram are less than 180°. We have thus found the 180° rule which says that 
the corners of a one-phase field must have angles less than 180°. The dashed lines in 
Fig. 8.7 represent metastable extrapolations of the two-phase coexistence lines and they 
fall inside the one-phase field of the third phase. The geometrical elements of the potential 
phase diagram are called phase fields and they are listed here. 
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(b) 





Figure 8.7 Projection of a property diagram (a) onto the T, P state diagram, yielding a phase 
diagram (b) with three univariant and one invariant phase equilibria. Metastable equilibria are 
shown with dashed lines. 


(a) Points where three phases are in equilibrium. We cannot change any variable without 
changing the kind of equilibrium. We call this an invariant equilibrium or a zero¬ 
dimensional phase field. 

(b) Lines where two phases are in equilibrium. We can change only one variable inde¬ 
pendently without leaving the line. We call this a univariant equilibrium or a one¬ 
dimensional phase field. 

(c) Surfaces where a single phase exists. We can change two independent variables 
without leaving this kind of phase field. We call this a divariant equilibrium or a 
two-dimensional phase field. 

The dimensionality of a phase field in the potential phase diagram is thus equal to the 
variance of the corresponding phase equilibrium. We shall denote the dimensionality by 
d and can calculate it from Gibbs’ phase rule. With one component it yields 

d — V — c + 2 — p — 3 — p. (8.18) 

A three-phase equilibrium thus has a variance of 0 and appears as a point {d — 0). A 
single phase has a variance of 2 and it thus requires a surface {d — 2) to be represented. 

More phases can be added but there will be no new kind of geometrical element. 
The probability of more than three surfaces meeting in a point in a property diagram 
is negligible for any real system. As an example of a more complex phase diagram, 
Fig. 8.8 reproduces the Fe phase diagram. Most of the lines are fairly straight similar 
to the line in Fig. 8.6. An exception is the two branches of the bcc -|- fee line because 
they can be joined by a curve looking as a parabola by extrapolating them to negative P 
values. Clapeyron’s relation shows that the heat of transformation has different signs for 
the two branches and must go through zero at some intermediate temperature, i.e. at a 
negative pressure. The reason is a magnetic transition in the bcc phase. 
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Figure 8.8 T, P phase diagram of Fe according to an assessment of experimental information. 

Exercise 8.3 

Derive an equation for the a + (3 line in a unary T, P phase diagram under the conditions 
that A//n, and A Fm can be regarded as constant. 

Hint 

Start with Clapeyron’s relation, Eq. (8.17). 

Solution 

dP = (A/4/AFm)(dr/r)andF - Pq = (A/4i/AFm)ln(r/ro) under constant A/4i 
and A Fm. In addition, a point on the line. To, Pq, must be known. It should be noticed 
that it is sometimes more convenient to approximate A^m as constant than ATTm. The 
result is then a straight line in a linear T, P phase diagram. When one of the phases is 
a gas, one may approximate A F^ by and integration yields, if AT/^ is constant, 

\nP ^ Kexp(-AHJT). 

Exercise 8.4 

AT, P phase diagram for a unary system (pure A) is given in Fig. 8.9. It shows four 
phases. Construct a reasonable T, /ua property diagram at P\. It should show all the 
stable and metastable two-phase equilibria at Pi. 

Hint 

The T values for all the two-phase equilibria at Pi are easily found by extrapola¬ 
tion. Approximate all the T, /xa lines by straight lines, intersecting at the two-phase 
equilibria. 
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Figure 8.9 See Exercise 8.4. 


(a) (b) 



Figure 8.10 Solution to Exercise 8.4. 


Solution 

The solution is given in Fig. 8.10. The convex polygon close to the origin represents the 
stable equilibria. 


8.4 Potential phase diagrams in binary and multinary systems 

So far we have discussed a system with one component, a unary system. In a binary 
system we have two components and four potentials, T,—P,fij^ and /xb . The fundamental 
property diagram will be four-dimensional and cannot be visualized. The phase diagram 
will be three-dimensional and it will be composed of four geometrical elements as 
illustrated in Fig. 8.11. They are all phase fields. 

(a) Points where four phases are in equilibrium. We cannot change any variable without 
changing the kind of equilibrium. 

(b) Lines where three phases are in equilibrium. We can change only one variable inde¬ 
pendently without leaving the line. 
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(c) Surfaces where two phases are in equilibrium. We can change two independent 
variables without leaving this phase field. 

(d) Volumes where a single phase exists. We can change three independent variables 
without leaving this kind of phase field. Its equilibrium is trivariant. 

For higher-order systems, ternary, quaternary, quinary, etc., the principles will be the 
same. The phase diagram will have c -t- 1 axes, where c is the number of components. 
The geometrical elements will be points, lines, surfaces, volumes, hypervolumes, etc., 
and they will represent phase equilibria which have a variance of zero, one, two, three, 
four, etc., in accordance with Gibbs’ phase rule. 

Suppose one wants to calculate a state of equilibrium under the requirement that it 
must consist of p specified phases. Then one must, in addition, specify the values of v 
independent variables, where v is given by Gibbs’ phase rule, u = c -t- 2 — p. On the 
other hand, suppose one wants to calculate a state of equilibrium without specifying any 
phase. Then one must specify the values of v independent variables, where v is equal 
to c -F 1 because the phase diagram will have c + 1 axes. That corresponds to the case 
of one specified phase. This does not violate Gibbs’ phase rule because one will always 
fall inside a one-phase field, p — 1. In practice one will never be able to hit exactly on 
the other types of geometrical elements. 

Figure 8.3 illustrated the integrated driving force for a transition from (3 to a. The 
same situation cannot be illustrated for a higher-order system but the integrated driving 
force can be derived in the same way under conditions where T, P and all the chemical 
potentials except for /xi are kept constant. The combined law yields 


C 


-SdT -F VdP - Nkdpik - 

2 

(8.19) 

j Dd^ = -w (/xr - /xf) = Ni (/xf - /X?). 

(8.20) 


It is thus necessary that /xj is lowest in the stable phase if all the other potentials are kept 
constant. 
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In the above integration it was assumed that is kept constant which was the way 
to define the size of the system. However, it must be noted that the content of all the 
other components will most probably change during a transition carried out under the 
conditions considered here. It may be of more practical interest to derive the integrated 
driving force for a transition under constant T, P and composition. It can be obtained 
from the combined law expressed in terms of Gibbs energy, 


dG = -5dr + VdP + T.iJL,dNi - = -Z)d| 


( 8 . 21 ) 



( 8 . 22 ) 


Exercise 8.5 

Try to formulate the equivalence of the 180° rule for a point where four phases coexist 
in a binary three-dimensional phase diagram. 

Solution 

All such points must be on pointed tips. The four adjoining three-phase lines must fall 
on ridges. 


8.5 Sections of potential phase diagrams 


In order to visualize a higher-order potential phase diagram one may decrease the 
number of dimensions by making a section at a constant value of some potential, an 
equipotential section. It will show exactly the same geometrical elements as a poten¬ 
tial phase diagram for a system with one component less. One may section several 
times and thus decrease the dimensions of a higher-order phase diagram until it can 
be plotted as a two-dimensional diagram. It is common first to keep P constant and 
then T. One may then continue and keep the chemical potential of some component 
constant. 

At each sectioning one will lose the geometrical element of the lowest dimensionality. 
This is demonstrated in Fig. 8.12 which was obtained by taking a horizontal {T — Ti) 
section through the potential phase diagram in Fig. 8.11. The chance of hitting the 
four-phase point is negligible and no four-phase point should be included in this type 
of diagram. The topology of a diagram will thus be the same whether the number of 
dimensions is decreased by sectioning at a constant value of a potential or by reducing 
the number of components by one. In order to distinguish the two cases, one may call 
the diagram with axes for all the independent potentials a complete potential phase 
diagram. It has c + I axes. 

In Section 8.3 we called the geometrical elements phase fields. In the complete poten¬ 
tial phase diagram a phase field has the dimensions given by Gibbs’ phase rule. However, 
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Figure 8.12 Equipotential (isothermal) section of the potential phase diagram in Fig. 8.11 at 
T = Ti. 


its dimensionality decreases by one unit for each sectioning and we obtain 

d—u — Its — c + 2 — p — ns, (8.23) 

where ns is the number of sectionings. In order to avoid confusion with the variance of 
a phase equilibrium, which is given by Gibbs’ phase rule and is independent of what 
kind of diagram is used, this will be called the phase field rule. The number of axes in 
the diagram, r, which initially is c + 1, will also decrease by sectioning, r = c + 1 — «s, 
and we can thus write the phase field rule as 

d — r + I — p. (8.24) 

Phase fields for which d<0 will normally not show up in the final diagram, as 
demonstrated by the negligible chance of hitting the four-phase point in the above 
case. 

It is evident from the second form of the phase field rule that a diagram with r axes 
has the same topology independent of how many sectionings of potential axes have been 
used to obtain it. By inspecting a diagram without knowing the number of components, 
it is thus impossible to tell if it is a section or not. 


Exercise 8.6 

Consider the equilibrium Fe + S(gas) FeS under a constant P. Can it exist in a range 
ofT? 


Solution 

We have two components, Fe and S, i.e. c = 2, and three phases, Fe, gas and FeS, i.e. 
p — 3. If we sectional some pressure, we have ns—\. Thus d — c + 2 — p — ns — 2 + 
2 — 3 — 1 = 0. Under these conditions the equilibrium can exist only at a particular T. 
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(a) (b) 




Figure 8.13 Isobaric section at 1 bar of the W-C phase diagram with two potential axes, drawn in 
two alternative ways. l/Thas been plotted in the negative direction because -l/J appears 
naturally as a potential in thermodynamic equations. 


8.6 


Binary systems 


As an example of a sectioned phase diagram, Fig. 8.13 shows the bcc-W and WC phases 
in the W-C phase diagram at 1 bar. Two different sets of axes are used. Since a chemical 
potential has no natural zero point, a reference must be chosen. In this case graphite at 
1 bar and the actual temperature was chosen for carbon. 

It is interesting to note that the univariant two-phase field approximates very well to 
a straight line in Fig. 8.13(b). Its slope is obtained from the Gibbs-Duhem relation for 
constant P, applied to each one of the phases. In order to calculate the slope of the line 
in Fig. 8.13(b) we shall apply the Gibbs-Duhem relation in an alternative form obtained 
from the fifth line of Table 3.1 after dividing all the extensive quantities by Aw- 

d(Mw/r) = HZd{\/T) - z^diuic/T) (8.25) 

d(/xw/r) = AWCd(l/r) - z^^A{,xc/T). (8.26) 


On the line of coexistence the change of each potential must be the same in both phases. 
We may thus eliminate d(/r,w/7) by subtracting one equation from the other, to obtain 


dil^c/T) HZ 

d(l/7’) Zc'^-Zq 


(8.27) 


Here, = 0 and z= 1. Since the solubility of carbon in bcc-W is very low, we can 
approximate //*j with the enthalpy of pure bcc-W, to obtain 


d(Mc/n 

jPf'^C _ o ubcc 

d(i/r) “ * 


(8.28) 


However, in order to define a numerical value for the right-hand side, it is necessary to 
choose a state of reference for carbon. By introducing graphite as the state of reference 
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Figure 8.14 The Fe-C phase diagram at 1 bar, plotted with two potential axes. 


for carbon, we obtain 

d((Mc 


°GZ)/T) 


d(l/r) 




wc 


0 17 


bcc 




(8.29) 


because d(°Gp / r)/d(l/ T) — °HE . The right-hand side is the heat of formation of one 
mole of WC units from the pure elements, a quantity we may denote by A°//wc- The 
fact that the curve in Fig. 8.13(b) is almost straight, indicates that the heat of formation 
is approximately constant. By definition /xc — °Gq is equal to RTlnac where ac is the 
carbon activity, referred to graphite, and Eq. (8.29) can be written as 

iJdlnoc 


d(i/r) 


= A?7Twc, 


(8.30) 


and we could have plotted Rlnac as the abscissa and still have the almost straight line. 

In Fig. 8.13(a) the potentials T and /xc — have been used on the axes and with 
the usual form of the Gibbs-Duhem relation we obtain 

d(/Xc Gq ) C.WC I 0 c’bcc I o c’Sr a o c xo '21A 

-- = -‘^ml + = Afbwc- (8.31) 

The abscissa could have been interpreted as J?71nflc- From the fact that the slope is rea¬ 
sonably constant we may conclude that the entropy of formation of WC is approximately 
constant, but not as constant as the heat of formation. 

The situation will be more complicated if one or both phases can vary in composition. 
As an example, a complete Fe-C phase diagram at a constant pressure is presented in 
Fig. 8.14, using the axes 1 /T and (/xc — °Gq)/T. The strong curvatures are caused by 
the strong variation in composition of the fee and liquid phases. All the lines turn vertical 
at low values of /xc. That is where the C content goes to zero and all phases become pure 
Fe. The difference in composition thus goes to zero. 

For reactions involving oxygen it is natural to use an O 2 gas of 1 bar as reference. 
However, we may also express the oxygen potential by the ratio of the partial pressures 
of CO 2 and CO in an ideal gas and use as a reference a gas where these partial pressures 
are equal. Figure 8.15 gives an example of such a diagram with information from a large 
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Figure 8.15 Combination of isobaric phase diagrams for many M-0 systems at 1 bar. The 
oxygen potential is represented by Pco 2 /Pco in a hypothetical gas which is not present, except 
for the line CO + CO 2 . 

number of M-0 systems. An oxide is stable above each line. Below the line the stable 
state is either the pure metal or a lower oxide. The diagram is calculated for 1 bar and the 
state for pure Zn above the boiling point is thus Zn gas of 1 bar because the O 2 pressure 
is low enough to be neglected. This diagram is often called the Ellingham diagram. It 
should be emphasized that the effect of pressure is so small that this diagram could be 
used for any pressure down to zero and up to many bars, except for (i) the line CO + 
CO 2 which holds only for Pqq + — 1 bar and (ii) the line for gaseous Zn. 

Exercise 8.7 

Consider a system with graphite in a vessel under a pressure of 1 bar and a temperature 
of 1000 °C. The vessel can expand and accommodate a gas. What would be the partial 
pressures in the gas if a small amount of oxygen is introduced? 

Hint 

In this case the ordinate axis in Fig. 8.15 expresses not only the oxygen potential but 
also gives the actual value of T’coz/^co- 

Solution 

The system would place itself on the CO + CO 2 line and from Fig. 8.15 we read for 
1000 °C: log(Pco 2 /f^co) = ~2 which together with Pqq^ + Pqq — 1 bar yields Pqq^ — 
0.01 bar and Pqo — 0.99 bar. 
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Figure 8.16 Solution to Exercise 8.8. 


Exercise 8.8 

From the information given in Fig. 8.15 construct an Fe-0 potential phase diagram at a 
constant pressure of 1 bar. 

Hint 

It is not necessary to change the axes. The liquid phase cannot be included due to lack 
of information. 

Solution 

The phase diagram is shown in Fig. 8.16. 


8.7 Ternary systems 

For a ternary system one may obtain a two-dimensional phase diagram by sectioning at 
constant T and P. Figure 8.17 shows such a diagram for the Ti-O-Cl system and the 
axes represent fio/RT and jjicx/RT, expressed by the logarithm of the partial pressures 
of O 2 and CI 2 in an imagined ideal gas that would be in equilibrium with the system. 

Again we find that the univariant phase equilibria are represented by lines which look 
straight, a fact that can again be illustrated by application of the Gibbs-Duhem relation. 
For constant T and P we get by applying the Gibbs-Duhem relation in its ordinary form, 
Eq. (3.84), and dividing all the extensive quantities by Nn and thus introducing z,, 

d/uxi = -zgd/xo - Zci^Mci (8.32) 

d/xii = -ZodMo - Zci^Mci (8.33) 

d/xci _ Zq - Zq 
d/xo z“ - z^j 


(8.34) 
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Figure 8.17 The Ti-O-Cl phase diagram at 1 bar and 1273 K, plotted with two potential axes. 

The potentials are expressed in terms of the partial pressures (in bar) in an ideal gas which is not 
present. 



Figure 8.18 The Ce-O-S phase diagram at 1 bar and 1273 K, plotted with two potential axes. The 
potentials are expressed in terms of the contents in liquid iron which is not present. 

It is interesting to note that the slope can be calculated directly from the compositions 
involved. 

A sectioned potential diagram like Fig. 8.17 is sometimes called a Kellogg diagram. 
It must be emphasized that here the gas phase is not considered in the phase equilibria. 
The partial pressure is simply a popular means of expressing the chemical potential of 
volatile elements. It may be expressed in bar and the reference states are chosen as an 
ideal gas with a partial pressure for O 2 or CI 2 of 1 bar. Thus we have, for instance, 

2{tio-°GZ^/RT ^\nPo,. (8.35) 

Alternatively, one may express chemical potentials through the content in any other phase 
that happens to be present or could be present. As an example. Fig. 8.18 shows a case 
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Figure 8.19 The Cu-O-S phase diagram sectioned at 1 bar and a potential of SO 2 equal to the 
potential of pure SO 2 gas of 1 bar. 



Si2N20 


Si02 


log P02 


Figure 8.20 See Exercise 8.9. 


where the logarithm of the contents of O and S in liquid iron are used for representing the 
Ce-O-S phase diagram at constant temperature and pressure. With these axes one can 
directly see what cerium compound should form first from liquid iron if the cerium con¬ 
tent is gradually increased. However, the diagram does not reveal what cerium contents 
are required in the liquid iron phase. 

One may also section a ternary phase diagram at some value of a chemical potential 
and keep the temperature as an axis. Figure 8.19 shows such a case sectioned at a constant 
value of fis + 2/xo and plotted with fio /RT versus 1 /T. Here /xq /RT is expressed by the 
ratio of the partial pressures of CO 2 and CO in an ideal gas. 


Exercise 8.9 

Figure 8.20 shows at what O 2 and N 2 pressures three nitrides can form from pure Si at 
1840 K. (a) Use the slopes in order to evaluate the O content in a and (3, both of which 
are usually considered to be Si 3 N 4 . (b) Their coexistence lines are missing in the phase 
diagram. Calculate their slopes. 
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log P02 

Figure 8.21 Solution to Exercise 8.9. 


Hint 

The axes may be regarded as potential axes for O and N because T is constant. We can 
thus apply the relation d/zo/d/r-N = ~ ■^n)/(^o “ ^o)> similar to Eq. (8.34). The Si 

phase does not dissolve noticeable amounts of O or N. In all the oxides and oxynitrides 
we can assume the following valencies: +4 for Si, —2 for O, —3 for N. 


Solution 

(a) z, is here defined as Ni/N^i- For a/Si we read d/t-o/d/t-N = —45 = —(zS “ 0)/ 
(zg — 0) = —z^/zg. Applying electroneutrality, 4 = 2zg + 3z5 = 2zg + 45 • 
3zg = 137zg; zg = 0.0292; zg = 45 ■ 0.0292 = 1.3139. Figure 8.21 thus predicts 
that the formula for the a phase is Si1N1.3139O0.0292 or Si2.978Va0.022N3.913O0.087. 

For (3/Si we read d/r-o/d/ttN = 00 = —(z^ — 0)/(zo — 0); Zq = 0. The formula 
for (3 is Si 3 N 4 . 

(b) For a/|3 we then get: dAto/^N = -(1-313 - 1.3333)/(0.0292 - 0) = 0.664. For 
Q!/Si2N20 we get: d/xo/MN = -(1.3139 - l)/(0.0292 - 0.5) = 0.667. The two 
new coexistence lines will thus be parallel and almost vertical in Fig. 8.21 because 
of the very enlarged scale for log Pnj - 


Exercise 8.10 

For the invariant equilibrium TiCU + Ti02 + Ti 305 in Fig. 8.17 it has been found that the 
partial pressure of Ti is 5 x 10“^^ bar. Construct a reasonable logPoj. log an diagram 
for these three phases at the constant values of T and P. 

Hint 

Evidently, the potential diagram in Fig. 8.17 was obtained from the fundamental property 
diagram by first sectioning twice (at constant T and P) and then projecting in the //ji 
direction. Now we are asked instead to project in the nc\ direction. Start by plotting the 
point for the three-phase equilibrium at log Pn = —21.3 and a value of log P 02 obtained 
from Fig.8.17. Then we can calculate the slopes of invariant equilibria in terms of the 
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compositions involved. When one obtains an indeterminate value one should go back to 
the derivation of the equation used. 

Solution 

At constant T, P we have a three-dimensional property diagram looking like Fig. 8.7(a) 
but with fjLji, ijlq and /xci on the axes. Figure 8.17 is the projection on the (xq, /xci side. 
Now we want the projection on the /Uq, /uxi side. Then we must project in the /xci direc¬ 
tion and define z, as Ni/Nc\. For Ti02 and Ti 305 we get zq and zxi equal to infinity. 
We should thus go back to the Gibbs-Duhem relation for two phases, a and (3, and get 
x“jd/xxi + xgd/r-o + x^d/r-ci = 0 and x.fid/r,xi -t- Xod/xo -f x^d/xci = 0. 

ForTi 02 /TiCl 4 :x“j = 0 and already the first equation yields d/r-xi/d/xo = —xg/x“j = 
—2anddlnaxi/dlnPo2 = 0.5d/xxi/d/xo = — 1. 

For TiaOs/TiCU: Xq = 0 and already the first equation yields d/uxi/d/r-o = 
—Xq/x“; = —5/3 and dlnuxi/dln J °02 = O.SdfXji/dfxo — —5/6. 

For Ti 02 /Ti 305 : Xq = Xq = 0 and the only solution to the two equations is d/xxi = 0 
and d/xo = 0. This two-phase equilibrium will thus occur in one point only (see Fig. 
8.22). The reason is that we have projected the property diagram in the direction of the 
Ti 02 + Ti 305 coexistence line. 

In a two-dimensional potential phase diagram we normally expect to see two- 
dimensional phase fields for single phases and one-dimensional phase fields for two 
phases in equilibrium. As expected, the phase field for TiCU is two-dimensional but not 
the one for Ti02 or Ti 305 . However, since Ti02 and Ti 305 do not dissolve any Cl, their 
properties are not affected by /xci. The /xci axis in the fundamental property diagram is 
thus parallel to the property surface of both phases and hence parallel to the line rep¬ 
resenting their intersection. In the /xci projection these surfaces will become lines and 
their intersection, representing a two-phase equilibrium, will become a point. Compare 
Fig. 8.7 and let /xxi correspond to /xa, let /xq correspond to —P and /xq correspond to T. 
Rotate all the surfaces slightly until the (3 -F y coexistence line is parallel to the T axis. 
It will then appear as a point in the T projection. 


Direction of phase fields in potential phase diagrams 

In the discussions of two-dimensional phase diagrams we have several times derived 
equations for the slope of two-dimensional phase fields. We shall now give a more general 
treatment. The direction of phase fields is governed by the Gibbs-Duhem relation, which 
applies to each one of the p phases in an equilibrium, e.g. for the phase a: 

- ^“dr + CdP - ^ x“d/x,- = 0. (8.36) 

If all the phases stay in equilibrium with each other when some variation is made, each of 
d/x ,, dr and dP must have the same value for all phases. By combining the Gibbs-Duhem 
relation for all phases one obtains a system of equations for the coexistence of the phases 
in the fundamental property diagram. With p phases we have p Gibbs-Duhem relations 
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iog(Po,) 


Figure 8.22 Solution to Exercise 8.10. 


and can thus eliminate /> — 1 of the variables. If we would choose to eliminate /u, for i 
from 1 top — 1, we should multiply each equation by a factor that we can represent by a 
determinant. For example, the equation for the a phase should be multiplied by a factor 


X 

X 


P 

1 

Y 

1 


X 


p 


X 


Y 

p-\ 


X 


£ 

1 


X 


e 

p-\ 


As a shorthand notation such a determinant will be written by giving the diagonal ele¬ 
ments |xf xj - . I . By adding the equations for all the phases, we obtain 


. . x;_iidr + |F“xfxJ . . 


V_i dP - ^ |x“xfxj . . xyidM, =0. 

(8.37) 

Using an alternative form of the Gibbs-Duhem relation found from line 5 in Table 3.1 
we instead obtain 


^tn -*1 -^2 


-E 


a P Y 
\Xi xl xl 


x;_,|d(i/r)+i(F«/r) xf xj 
d(M,/7’) = 0. 


V-1 


dP 


V-1 


(8.38) 


The factors in front of d/x, or d(/x,77) for i from 1 to /> — 1 are zero because two 
columns have the same elements. For instance, with i — p — \ the first and last columns 
in the last determinant are identical. It should be emphasized that the equation can be 
formulated in many ways by including different /x, in the set of eliminated variables. All 
such alternative equations apply simultaneously and together they give the direction of 
the phase field. We shall now consider various cases by considering different values of 
p — c and in some cases different values of p. 
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For p = c + 1 we have a univariant equilibrium according to Gibbs’ phase rule, v — \, 
and shall thus obtain a linear phase field in the potential phase diagram. All the d/u, or 
d(/u., /T) can be eliminated mathematically because c — p — Furthermore, in this case 
each column in each determinant contains all the x, in a phase and we can make use of 
Ex, = 1 in the remaining terms, 

|//“ 1 xj . . x,^|d(l/7’)+|F“ 1 xj . . x,^|dP/7’ = 0. (8.39) 

This gives the direction of the phase field in a (1/7), P phase diagram produced by 
projection of the complete phase diagram. As an example, for a binary system with three 
phases the equation gives 

|//“ 1 xJ|d(l/7’)+|C 1 xJ|dP/7’ = 0. (8.40) 


This gives the slope of the phase field for a univariant phase equilibrium in a projection 
onto the (1/7), P side of the phase diagram. It can also be written as follows. 


dP _ (xJ - xf)77« + (x« - xJ)77P + (xP - xf)Hl 1 

- X2}V^ + (x2 - xj)vi + (x2 - x^)vZ ^ 


(8.41) 


In Section 13.2 we shall see that the equation can be reduced to a much simpler form. 
In fact, the numerator is equal to the heat of the three-phase reaction between a, (3 and 
y and is thus independent of the choice of reference states chosen for the H values. The 
denominator is equal to the change in volume. Thus, the value of dP/dT’ is indepen¬ 
dent of the choice of references, as it should be, and Eq. (8.41) is a generalization of 
Eq. (8.17). 

If we had eliminated d(/u i /T’) and dP instead of d(/r.i /P) and difia/T) we would have 
obtained 

d(P2/P) ^ +{VSi- + {Vl - V^)Hl 

d(l/n {VZ - Vi)xf + - VZ)x^ + {vi - V«)xJ ■ 


This is the slope of the phase field for a univariant phase equilibrium in a projection onto 
the ini/T), (1/P) side of the complete phase diagram. The value of the numerator here 
depends upon the choice of reference states for the 77 values and that choice will thus 
affect the value of d(/x 2 /P)/d(l/P). 

For p — cws have a divariant equilibrium, v — 2, and the corresponding phase field 
will form a surface in the phase diagram. We can, for instance, eliminate all d(/x, /7) terms 
except for d(/Xc/7) and obtain a relation between d(l/7), dP and d(/Xc/7), representing 
the direction of the two-dimensional phase field in a three-dimensional projection of the 
complete phase diagram: 


77“ 


x/_Jd(l/P)+|(F«/P) xf x] 
. x/_i|d(/x./P). 


'•e-l 


dP 


(8.43) 
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Under isobaric conditions we obtain a one-dimensional phase field, the slope of which 
is given by 

\xf . . x^_j //^|d(l/r) = |x“ xl . . x^_i x^^ldC/Xc/r). 

(8.44) 

For p — c — \ we obtain a similar equation but now two terms will remain of the 
summations in Eqs (8.38) and (8.39) since both c and c — 1 will be larger than p—l. 
Under isobarothermal conditions it simplifies to 

|x“_ixf . . x^^_ 2 |d/Xc-i-f-|x“xf . . x^^_ 2 |d/r.c = 0. (8.45) 


We may thus evaluate the slope d/Xc/d/Uc_i for the one-dimensional phase field in the 
constant T and P section of the phase diagram. We can see that it is completely defined 
by the ratio of two subdeterminants of the complete composition determinant. 

For a two-phase equilibrium in a ternary system at constant T and P, the equation 
reduces to 


dli 2 x“X[ — x“x 3 z“ — 

d/r ,3 X 2 x\ — x“x| z* — Zj 


(8.46) 


This is an example where the final result is simplified by introducing the z variables 
defined as z, = Xi/x\. This equation was derived in a more direct way when ternary 
systems were discussed in Section 8.7. We could apply the present method to two-phase 
equilibria in general, obtaining 

^ (z“ - zf)dM, = -(5“, - SP,)dr + (F“, - vl,)dP (8.47) 

2 

^ (z“ - zf)d(/x,/T) = (//“i - Hl)d{\/T) + (F“, - Vl.yp/T. (8.48) 
2 


Exercise 8.11 

Calculate the change of (xq for the A1 -|- AI 2 O 3 two-phase equilibrium when the pressure 
is increased. The densities of the phases are 2.7 and 3.5 g/cm^, respectively. 


Hint 

Since p — l and also c = 2, we have the case p — c and there is a relation between 
d{tXc/T), d(l/7) and dP. It is thus necessary to define the problem better. Let us assume 
that the intention was to keep T constant. 


Solution 

Let A1 be a: F“ = (1/2.7) ■ 27 = lOcmVmole of atoms. Let AI 2 O 3 be |3: = 

(1/3.5)-(102/5) = 5.8cmVmole of atoms. (9(mo/7’)/9P)t = (x^V^ - xfF“)/ 
r(x“x 2 ^ -xfx^) = (1 • 5.8- 0.4- 10)/7’(1 - 0 . 6 - 0 ) = 3/7’cmVmolK. 

Since T = constant,! = Nm and Pa = N/m^ we get {dixo/dP)T = 3 x 
10-® J/molPa. 
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Extremum in temperature and pressure 


For convenience we shall now use the relation derived from the Gibbs-Duhem relation 
in its ordinary form, i.e. we shall use S instead of H. 

For p — c we obtain, by rearranging the terms in the determinants, 

-|x« xf . . 5^|dr+|x« xf . . xti V,^\dP 

= |x“ xf . . x*_j X^|d/Xc- (8.49) 

Suppose the composition determinant on the right-hand side is zero, i.e., suppose 

|x“ xf . . xf_j x^l =0. (8.50) 

Under isobaric conditions this would yield dT /d/Xc = 0 for the linear phase field obtained 
in the /x^, T phase diagram and the phase field must go through a temperature extremum. 
Equation (8.50) is thus the requirement for an extremum to occur and it can also be 
written in the following form because Ex, = 1 in each phase, 

|l xf . . x,^|=0. (8.51) 


This is a well-known equation from the theory of determinants and shows that the phases 
fall on the same point (i.e. have the same composition) for c = p — 2, they fall on a 
straight line for c = /> = 3, on a plane surface for c = /> = 4, etc. The first two cases 
are described by Konovalov’s and von Alkemade’s rules, respectively (see Sections 10.8 
and 10.9). Furthermore, if one knows that there is such a temperature extremum under 
isobaric conditions, then one can conclude that the composition determinant must be zero 
and the equation shows that there will also be a pressure extremum under isothermal 
conditions. For a binary case, c — p — 2, this is illustrated in Fig. 8.23. 

For p — c — \ we obtain 

-|x* xf . . xU xf . . x ^2 Vi\dP 

= |x“ xf . . xl _2 x^_j |d/Xc-i -F |xj“ xf . . x ^_2 x^|d/Xc. (8.52) 


In order to obtain an extremum in T at constant P (and thus in P at constant 7), it is now 
necessary that two determinants are zero. 


C— \ \ 


^c-2 


= 0 

(8.53) 

= 0. 

(8.54) 


For a binary system this condition has no meaning because p — For p — 2 and c — 
3 it implies that the two phases fall on the same point in the composition plane (in 
agreement with a generalization of Konovalov’s rule), for /> = 3 and c = 4 it implies 
that the three phases fall on a straight line in the composition volume (in agreement with 
a generalization of Alkemade’s rule), etc. For a ternary system this can be demonstrated 
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Figure 8.23 Potential phase diagram for a binary system showing a divariant phase field having a 
T extremum in an isobaric section (see thin horizontal curve). It follows that an isothermal 
section will show a P extremum (see thin vertical curve). 


easily 


|x“ xf I = 0 (8.55) 

|x“ xl I = 0. (8.56) 


By adding the two equations we get 


0 = 


( 4 + 4 ) 


= xfl =xf 


(8.57) 


or x“ = xf . By inserting this in the Eqs (8.55) and (8.56) we get x“ = Xj and x“ = Xj 
and, consequently, also |x“x^| = 0. This case is illustrated in Fig. 8.24 which may be 
regarded as a diagram corresponding to the P section through the diagram in Fig. 8.23 but 
with one more axis due to the third element. It follows from Eq. (8.52) that here will also 
be an extremum in P under isothermal conditions but we would need four dimensions 
to show a diagram corresponding to the whole diagram in Fig. 8.23. 

For p — c — 2 the conditions for an extremum in T at constant P (and thus in P for 
constant T) is obtained as a set of three determinants equal to zero and this means that 
the compositions of the phases fall on the same point for /7 = 2 and c = 4, same line for 
p — 3 and c = 5, same plane fovp — A and c = 2, etc. 


Exercise 8.12 

Consider a three-phase equilibrium at 1 bar in a ternary system between pure A, a com¬ 
pound B 1 C 1 and a third phase with variable composition. Can this equilibrium go through 
a T maximum? Under what conditions? 
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Figure 8.24 Potential phase diagram showing a divariant phase field with a T extremum at a 
certain combination /tb, Me- The complete phase diagram has been sectioned at a constant P. 


Hint 


Notice that p — 1 and c = 3 and thus c — p. 


Solution 




x“ 

X3“ 


1 

x“ 

X3« 


1 

0 

0 

0 = 

xf 

P 

^2 

P 

^3 


1 

p 

x) 

P 

X^ 


1 

0.5 

0.5 


xj 

r'*' 

X2 

xJ 


1 

x] 

xJ 


1 

xJ 

^3 


= 0.5x^ 


0.5x1, 


or Xg = x^. The variable phase must fall on the straight line between A and BjCi in 
order for a T extremum to occur. However, we cannot tell if it will be a T maximum or 
minimum. 

Exercise 8.13 

Consider a ternary system where the potential of the third component is kept constant 
(by means of a high diffusivity and equilibrium with an external reservoir). The pressure 
is also kept constant. Suppose one will thus find that there is a maximum temperature for 
a certain a + (3 equilibrium. What conclusion can be drawn regarding the compositions 
of the two phases? What would be the most convenient composition variable to use in 
such a case? 


Hint 

p — c — 1. Equation (8.52) was derived for that case. Under constant P and fic it yields 


I OC P 
X, Xo 


c-2 -^c-l — 


Ixf xf 


'-c-2 


SL\dT. 
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Solution 

At the T maximum, the equation yields |x" ■ ■ x ^_2 x^_^ \ = 0 and for a 

ternary system |x“ xf | = 0 or x“/x“ = xf /x^. The ratio of components 1 and 2 is 
thus the same in the two phases. The most convenient composition variable in this case 
is M, = x,7(l — Xc) since Ml + iij + ■ ■ ■ + Uc-i — 1 and we find 


ii 


6 

c-2 


£ I I 1 

= U2 — U 2 = 0. 


U 


6 

c-2 


U 


e 

c—\ 


= 0 . 


For a ternary system we get 11 wf 


9 Molar phase diagrams 


9.1 Molar axes 

If one starts from a potential phase diagram, one may decide to replace one of the poten¬ 
tials by its conjugate variable. However, the potential phase diagram has no information 
on the size of the system and one should thus accept introducing a molar quantity rather 
than its extensive variable. By replacing all the potentials with their conjugate molar 
variables, one gets a molar diagram. One would like to retain the diagram’s character 
of a true phase diagram, which means that there should be a unique answer as to which 
phase or phases are stable at each location. In this chapter we shall examine the properties 
of molar diagrams and we shall find under what conditions they are true phase diagrams. 
Only then may they be called molar phase diagrams. However, we shall start with a 
simple demonstration of how a diagram changes when molar axes are introduced. 

Figure 9.1(a)-(d) demonstrates what happens to a part of the T, P potential phase 
diagram for Fe when Sm and Fm axes are introduced. Initially the P axis is plotted in the 
negative direction because V is conjugate to —P It can be seen that the one-phase fields 
separate and leave room for a two-phase field. It can be filled with tie-lines connecting the 
points representing the individual phases in the two-phase equilibrium. It is self-evident 
how to draw them when one axis is still a potential but they yield additional information 
when all axes are molar (Fig. 9.1(d)). 

Figure 9.2(a)-(d) is a similar demonstration using a part of the Fe phase diagram with 
a three-phase equilibrium, a triple point. It forms a tie-triangle when both potentials 
have been replaced (Fig. 9.2(d)). All the phase fields are then two-dimensional. One may 
also notice that each one-phase field from the potential diagram maintains its general 
shape. Their corners still have angles less than 180° (see the 180° rule formulated in 
Section 8.3). 

It should be emphasized that the phase fields never overlap in these diagrams. They 
may all be classified as true phase diagrams because each point represents one and only 
one phase equilibrium. Three requirements must be fulfilled in order for this to happen. 
Firstly, the two one-phase fields meeting at a two-phase line in a potential phase diagram 
must move away from each other and leave room for an extended two-phase field, when 
a molar axis is introduced. Secondly, the one-phase field extending from the two-phase 
field in the direction of increasing values of a potential must also extend to increasing 
values of the conjugate molar variable that is introduced. If it goes the other way, it 
would overlap the two-phase region. The other one-phase field must extend in the other 
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(a) (b) 



Figure 9.1 Introduction of molar axes instead of potential axes in a part of the unary phase 
diagram for Fe with two phases. 



Figure 9.2 Introduction of molar axes instead of potential axes in a part of the unary phase 
diagram for Fe with three phases. All phase fields here become two-dimensional. 
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Figure 9.3 S, //diagram for Fe. This is not a true phase diagram because S and //never appear in 
the same set of conjugate variables. 

direction, before as well as after replacing the potential with the conjugate molar variable. 
Thirdly, a one-phase field is nowhere allowed to fold over itself 

The last two requirements are fulfilled if the system is everywhere stable because of 
the stability condition from Eq. (6.28), 



(9.1) 


The potential Y'° and its conjugate variable X'° thus increase in the same direction. 
However, as already emphasized, this stability condition requires that all the variables to 
be kept constant, here represented by come from the same set of conjugate pairs 

as Y'° and X^. Nine such sets were presented in Table 3.1 but it is necessary to examine 
what happens to them when the size of the system is measured in different ways. This 
will be discussed in the next section. Figure 9.3 is an example of what can happen if 
one uses two molar variables which do not appear in the same set of conjugate variables, 
S and H. It is not a true phase diagram according to the definition given at the very 
beginning of this section. Other cases will be discussed in Section 10.7. 

The first requirement can be tested as follows, using the form of the Gibbs-Duhem 
relation with molar quantities introduced in Eq. (8.4), 


c+2 


c 


d/xi = -^'n.idT + V^idP - ^z,d/r, = - ^X^idFT (9.2) 


2 


2 


Consider two phases, a and (3, which are initially in equilibrium with each other. The 
system is then moved away from equilibrium by changing the value of one poten¬ 
tial, 7^ , keeping the other independent potentials in the summation constant. Apply¬ 
ing the Gibbs-Duhem relation to each of the two phases and taking the difference, we 
obtain 


d(/2f-0 = (X^-A^)dyG 


(9.3) 
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Figure 9.4 Four-phase equilibrium in a phase diagram with three molar axes. The four-phase 
field is tetrahedral and is covered by triangular prisms representing three-phase equilibria. The 
two- and one-phase fields are not outlined but they are also three-dimensional. 


Suppose a is the phase favoured by the increased Y-' value. Then /r,“ must be smaller 
than /xf as demonstrated by Fig. 8.3. We thus obtain 




■ja 


^ml — 


d(/r,f - /x“) 


dVj 


> 0 . 


(9.4) 


It is thus evident that the two one-phase fields will move apart by a positive distance 
when is introduced as an axis instead of YK The one-phase fields will 
separate and give room for the two-phase field in between, — x{^^ being the length 
of the tie-line. 

In a binary system there are three independent potential axes. If they are all replaced 
by molar axes, all the phase fields become three-dimensional and the invariant four- 
phase equilibrium expands into a tetrahedron. This is demonstrated by Fig. 9.4 which 
corresponds to the central region of Fig. 8.11. 

It was emphasized that the topology of potential phase diagrams is very simple and 
each geometrical element is a phase field. A phase diagram with only molar axes has 
a relatively simple topology. All the phase fields have the same dimensionality as the 
diagram itself. For the unary system in Fig. 9.2 all the phase fields have two dimensions 
and for the binary system in Fig. 9.4 they have three dimensions. 


Exercise 9.1 

Suppose one studies the total vapour pressure of a liquid mixture of two metals, A and 
B, at a constant temperature. One finds that the total vapour pressure increases if more 
B is added to the mixture. Show whether the vapour or the liquid is richer in B. 










9.2 Sets of conjugate pairs containing molar variables 


189 


9.2 




Figure 9.5 Solution to Exercise 9.1. 

Hint 

At constant T, the P, /t-b potential phase diagram will be two-dimensional. Sketch it 
using /xa as the dependent potential variable. Remember that the conjugate composition 
variable to /xb would then be zb = A^b/A^a- High pressure should favour the liquid, being 
much denser than the vapour. 

Solution 

The construction (Fig. 9.5) shows that the vapour would be richer in B than the liquid if 
measured relative to A. 


Sets of conjugate pairs containing molar variables 

A molar variable can easily be introduced in the stability condition, Eq. (6.28), by dividing 
with the quantity used to define the size of the system because that quantity is kept 
constant. Expressing the size by N, we get for instance. 

However, with this measure of size the Gibbs-Duhem relation gives 

Srr^dT - VmdP + = 0’ (9-6) 

where one of the x, is dependent on the others because ^ x, = 1. Choosing xi as the 

dependent one, we obtain xi = 1 — ^x,, 

2 

- d/zi = SmdT - VmdP -\-^Xid(fii - /xi). (9.7) 

2 

Then it is logical to regard /xi as the dependent potential but the consequence is that the 
conjugate variable to x, is no longer /x, but (/x, — /x/). 

If we instead measure the size with the amount of a certain component, Ni , then we 
obtain the form given by Eq. (9.2), 

- d/xi = SmidT - VmidP + '^Zidfii- 

2 


(9.8) 
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Table 9.1 Sets of conjugate pairs of independent state variabies using 
molar quantities defined by dividing with EA^,- 


T,Sm 

-P, Pm 

E(Mi - IM),Xi 

2 

T,(TS^-PVJ/T 

-P/T,TVm 

E(Mi - Fi),Xi 

2 

T/P, PS,^ 

P,(TSm- PVm)/P 

E(Mi - Ml)-Vi 

2 


-P/T, Fm 

E(Mi - iX\)IT,Xi 

2 


-P, Frrr/T 

E(Mi - lxi)/T,Xi 

2 

-PIT,HJP 

-l/P,PUm/r 

T,iFi - IM)/T,Xi 

2 

T/P, Sr. 

-i/p,iym 

E(Mi - tJ-i)/P,Xi 

2 

-\/T,TUrrrlP 

-T/P, Frrr/T 

T,(Pi - lXl)/P,Xi 

2 

T, SJP 

-l/PrPm 

E(Mi - IXi)/P,Xi 

2 


In this way one may keep /x, but its conjugate variable is z, = Ni/Nj and S^i and Vmi 
are also defined by dividing with Ni. 

Sometimes it is convenient to measure the size as the total content of more than one 
component, e.g. of those which do not easily evaporate. Suppose they are the first k 
components. Using u\ — \ — ^2 “r obtain 

~ ^m{l...yt)dP + ^ = 0 (9.9) 

2 

k c 

d/xi — UTi(i...^)df^ ^ ^ Ui(i j,(d(/Xi /xij-f 2^/(1...^)d/x/ — 0 . 

2 k+\ 

(9.10) 

where the S, V and u variables are defined in Section 4.3. 

These three methods of measuring the size of the system can be applied to all the 
rows in Table 3.1. We may thus construct Tables 9.1,9.2 and 9.3 for the sets of conjugate 
potentials and molar variables. Each row defines a set of conjugate variables and each 
pair can be used to construct a stability condition if the variables to be kept constant are 
taken from the same set. There is an important difference from Table 3.1 which gave 
sets of conjugate pairs related by the Gibbs-Duhem relation. A dependent potential has 
now been eliminated using the Gibbs-Duhem relation and the new tables contain one 
pair less and give sets of pairs of independent variables. 




9.2 Sets of conjugate pairs containing molar variables 


191 


Table 9.2 Sets of conjugate pairs of independent state variabies using 
moiar quantities defined by dividing with Ni 


T,Sml 

-P, Vml 

2 

T,(TS^i- PV,^i)/T 

-P/T,TV^i 

2 

T/P, PSml 

P,(TS,^i-PV^,)/P 

Em/.z; 

2 


-P/T, V^i 

YPi/T,Zi 

2 


-P, Vn,l/T 

YPilT,Zi 

2 

-P/T,H^,IP 

-\/P,PU^i/T 

YPilT,Zi 

2 

T/P, Srr.1 

-1/P.t/ml 

2 

-l/T,TUral/P 

-T/P,F^^/T 

YPi/P^^i 

2 

T,Sr,l/P 

-l/P,Fr.l 

YPilP^^i 

2 


Table 9.3 Sets of conjugate pairs of independent state variabies using moiar quantities defined by 
dividing with Ni + N2 


T, 

-P, Pml2 

(P2 — Ml)i “i(12) 

X] Mm ^i(12) 

3 

TATS^n-PV^u)/T 

-P/T,TV^i2 

(Pl — Pi), “i(12) 

X] Mi) ^^I(12) 

3 

T/P, PS^n 

P,(TSr,l2-PPml2)/P 

(p2 — Pi), “i(12) 

X] Mi) ^^i(12) 

3 

-l/T,Un,u 

-P/T, V^n 

(Pl — Pi)/T, M,(12) 

X^Mi/^) ^i(12) 

3 


-P, V^n/T 

(Pl — Pl)/ T, M;(12) 

X] Mi / ^) ^i(12) 

3 

-P/T,Hr.n/P 

-\/P,PU^x2/T 

(p2 — Pl)/T, M,(12) 

X] Mi/^) ^i(12) 

3 

T/P, Sr„i2 

-\/P,U^X2 

(p2 — Pl)/P, 

X] Mi/-^) ^^i{12) 
3 

-\/T,TU^n/P 

-T/P,F^n/T 

(p2 — Pl)/P, lli(l2) 

Xj Mi/^) ^i{12) 
3 

T, Sr^u/P 

-l/P,Fr.u 

(II 2 - IZl)/P, Uni2) 

EMiV-P. W,(12) 

3 
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(a) (b) 



Figure 9.6 See Exercise 9.3. 

Exercise 9.2 

At the end of Section 6.6 we found that the stability limit in a binary solution is g 22 = 0. 
Show how this condition can be obtained from the list of conjugate variables presented 
in Table 9.1. 

Hint 

The index 2 in g 22 indicates a derivative with respect to X 2 , with xi as a dependent 
variable. Thus, one should use a set of conjugate variables containing X 2 . 

Solution 

From the first row of Table 9.1 we can formulate the condition (9(/x2 — 8 x 2 ) 1 , p,n — 

0. However, xj is a dependent variable and /r 2 — /xi = dGm/ 8 x 2 and our stabil¬ 
ity condition can be expressed as d^G^jdx^ — 0 and g 22 is the notation for that 
derivative. 

Exercise 9.3 

Two diagrams of the Mo-N system are presented in Fig. 9.6. How would you interpret 
them? 

Hint 

In diagram (a) notice that the phase field for the gas is not included but isobars for the N 2 
gas are given. In order to interpret diagram (b) it is helpful first to construct a T, log Pnj 
diagram and then replace the T axis with a logxN axis. 

Solution 

Diagram (a) above is a T, xn diagram at 1 bar. The lines for various N 2 pressures should 
be understood as isoactivity lines for N expressed as of a gas which is not present. 
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(a) (b) 




(a) (b) 



Figure 9.8 (a) Elementary unit of a phase diagram with two molar axes, (b) Topological 
equivalence. 

Using these values of Pnj it is easy to construct a T, log diagram (see Fig. 9.7(a)). 
For convenience, we shall make T the abscissa. Next we shall introduce xn (with a 
logarithmic scale) instead of T, i.e. a molar quantity instead of a potential. The two- 
phase fields will open up but there may be overlapping because the new variable, xn, is 
not conjugate to the old one, T. As an example, the a -F L field falls inside the a + M 02 N 
field. 


Phase boundaries 

Since all the phase fields in a molar diagram have the same dimensionality as the diagram 
has axes, it is evident that all other geometrical elements, surfaces, line and points in 
a three-dimensional diagram, are not phase fields. They separate phase fields and may 
be called phase boundaries. When discussing the topology of a molar phase diagram 
in terms of the phase boundaries, it is possible and convenient to choose a smaller 
elementary unit than a phase field. A smaller unit is shown in Fig. 9.8(a) and it is 
composed of four linear phase boundaries meeting at a point. Topologically it may be 
represented by two intersecting lines as shown in Fig. 9.8(b). Any complicated two- 
dimensional phase diagram with molar axes is composed of such units. 
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Figure 9.9 Elementary unit of a phase diagram with three molar axes. 

It can be seen by inspection of the three-dimensional diagram in Fig. 9.4, that it 
is possible to divide it into four topologically identical, elementary units, each one 
composed of a point where eight phase fields meet, although only four of them are shown. 
Six linear phase boundaries radiate from these points. They are all shown for the (3 and 
6 points. Topologically, this elementary unit can be represented by three intersecting 
planes as shown in Fig. 9.9. Evidently, the topology of a complicated three-dimensional 
molar diagram can be represented by a system of intersecting surfaces. 

When studying two-dimensional molar diagrams, Masing [11] observed that the num¬ 
ber of phases in the phase fields changes by one unit when one crosses a linear phase 
boundary. This is easily verified by inspection of Fig. 9.2(d). Masing’s rule was later 
generalized by Palatnik and Landau [12] who gave it the following form 

D+ + D- = r -b, (9.11) 

where Z)+ and D~ are the number of phases that appear and disappear, respectively, as 
one crosses a phase boundary of dimensionality b, and r is the number of axes in the 
molar diagram. This rule may be referred to as the MPL boundary rule, after Masing, 
Palatnik and Landau. 

It may be added that phase boundaries sometimes have special names. The boundary 
between a liquid phase and a liquid -t- solid phase field is called the liquidus and the 
corresponding boundary for the coexisting solid phase is called the solidus. The boundary 
between a solid and the two-phase field with another solid is sometimes called the solvus. 

Exercise 9.4 

In the central region of Fig. 9.4 there is a tetrahedron, representing a four-phase field. 
Apply the MPL rule in order to find how many phases there are outside the a — (3 line 
and outside the (3 point. 

Hint 

There are only four phases in the system and must be zero when we move out from 
the four-phase field because there is no new phase that can be added. 
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Solution 

This is a three-dimensional diagram, r — 3, and the dimensionality of the a — (3 line 
is one, b — 1. We get D~ = r — h = 3 — 1=2. The number of phases has decreased 
from 4 to 2. We have moved into the a -t- |3 two-phase region by crossing the a — (3 line. 
The dimensionality of the (3 point is zero, b — 0, and we get = r — h = 3 — 0 = 3. 
The number of phases has decreased from 4 to 1. We have moved into the (3 one-phase 
region by crossing the (3 point. 

Sections of molar phase diagrams 

A diagram with a full set of molar axes may be called a complete molar phase diagram. 
For practical reasons one often likes to reduce the number of axes. A popular method is 
to section at a constant value of a potential, e.g. P or T. The resulting diagram looks just 
like a complete molar phase diagram for a system with one component less. Another 
method is to section at a constant value of a molar variable, a so-called isoplethal section 
or an isopleth. 

Since all phase fields in a molar phase diagram have the same dimensionality as 
the phase diagram has axes, all kinds of phase fields may show up in that kind of 
section whereas a phase field with the maximum number of phases (i.e. for an invariant 
equilibrium) will disappear in an equipotential section because the section cannot be 
expected to go exactly through a given point. The topology of a molar section is simplified 
if it is again accepted that it will not be possible to place a section exactly through a point. 
All two-dimensional sections with molar axes will be composed of the elementary unit 
shown in Fig. 9.8 and all three-dimensional sections will be composed of the elementary 
unit shown in Fig. 9.9, independent of how many potential or molar axes have been 
sectioned. Of course, if one adds a component, one must section once more in order 
to keep the number of dimensions. As an example, two sections through Fig. 9.4 are 
indicated in Fig. 9.10. In each case, the section gives the same arrangement of lines as in 
Fig. 9.8(a). Furthermore, the MPL boundary rule applies to the sections, since the value 
of r-b does not change by sectioning. 

Inspection of the two sections in Fig. 9.10 reveals that one shows an intersection 
between phase fields of 2, 3, 3 and 4 phases and the other 1, 2, 2 and 3 phases. We may 
thus give the general picture shown in Fig. 9.11. For the sections shown in Fig. 9.10 we 
have e = 3 and 4, respectively, where e is the highest number of phases in any of the two 
adjoining phase fields. In fact, the maximum value of e in a two-dimensional diagram, 
which is also the maximum number of phases in a phase field, depends upon the number 
of sectioned molar axes, Wms, 


^max 


— 3 4“ ^ms- 


(9.12) 


Exercise 9.5 

On the right-hand side of the tetrahedron in Fig. 9.10 there is a triangular prism. Make 
a section through that prism parallel to the side of the tetrahedron. Make a sketch of the 
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Figure 9.10 Two sections through the molar phase diagram of Fig. 9.4. The sections are shown 
with thin lines. 



Figure 9.11 Elementary unit of a molar phase diagram, sectioned a sufficient number of times to 
make it two-dimensional. The diagram may have units with different e values from 3 up to a 
maximum, determined by the number of sectionings. 


intersection obtained at the front edge of the prism. Indicate the number of phases in the 
four adjoining phase fields. 


Hint 

It may be useful to go back to the Exercise 9.4. 


Solution 

The solution is given in Fig. 9.12. 
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Figure 9.12 Solution to Exercise 9.5. 


(a) (b) 



Figure 9.13 Elementary unit of a phase diagram with two molar axes. Two of the phase 
boundaries of the one-phase field are shown. 

Schreinemakers’ rule 

When studying isobarothermal sections of ternary diagrams Schreinemakers [13] found 
that the extrapolations of the boundaries of the one-phase field in the elementary unit 
must either both fall inside the three-phase fields or one inside each of the two two- 
phase fields. This is illustrated in Fig. 9.13 and is called Schreinemakers’ rule. It can be 
generalized in the following way [14]. 

Let us examine if Schreinemakers’ rule applies to different e values and start by 
considering a complete phase diagram constructed with molar axes only. A discussion of 
thermodynamic properties should then be based upon the internal energy. For reversible 
changes we obtain 

C 

m ^TdS-PAV (9.13) 

1 

In Section 4.6 we saw that it is always possible to introduce a new set of components 
instead of the old one by combining the components in a new way as long as we get 
a complete set of independent components and do not change the value of the sum, 
E/x, dA, . We can do so by selecting c points in the compositional space and make sure 
that they can be used to define a new set of independent components by checking that 
three of them never fall on a line, four of them never fall on a plane, etc. We shall use this 
method of changing to a new set of components but we shall then consider entropy and 
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(a) (b) 




Figure 9.14 General proof of Schreinemakers’ rule. 


volume as components, whose amounts are expressed by S and V, and whose chemical 
potentials are T and —P, respectively. The introduction of c + 2 new components instead 
of the old ones will now be effected by selecting c + 2 points in the state diagram. They 
will each be identified by an index d. 

We can follow the procedure outlined in Section 4.6 and obtain 

c+2 c+2 

dt/ = ^ /2,dW = Y. (9.14) 

1 1 


where af/u, and W = a‘lNd- For these generalized chemical potentials, 

the following Maxwell relation is obtained 


dNtdNj 


(9.15) 


When considering the cases in Fig. 9.13 with a tie-triangle in the section, we shall include 
the |3 and y corners in the set of new components. In a more general case we shall denote 
them by k and j (see Fig. 9.14). 

At the point under consideration, one of the two boundaries, the extrapolations of 
which we discuss, represents equilibrium with k, and is thus an equipotential line for k 
in a. If it extrapolates outside the a — k — j triangle, the potential of A: must increase on 
moving closer to the point j, because this path intersects equipotential lines for km (x. 
situated closer to the point k, i.e. 


dNj 


> 0 


(9.16) 


(see thin line in Fig. 9.14(b)). Then, from the Maxwell relation. 


9/^7 

dNt 


(9.17) 


It follows that the second boundary must also extrapolate outside thea — k — J triangle. 
On the other hand, if the k boundary extrapolates into the triangle, a movement towards 
the point j will intersect equipotential lines for k further away from the point k (see thin 
line in Fig. 9.14(a)). Both derivatives must then be negative, and both boundaries must 
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Figure 9.15 Calculated phase diagram for system with seven components. The complete phase 
diagram has two potential axes and six molar axes and has been sectioned at one constant 
potential, P, and five constant molar quantities, x,-. Schreinemakers’ rule holds at all 
intersections. Numbers given are number of phases in each phase field. 


extrapolate into the triangle. It has thus been shown that the extrapolations of both phase 
boundaries under consideration must fall either outside the highest-order phase field or 
inside it, in agreement with Schreinemakers’ rule. It may be emphasized that the rule also 
holds for equipotential sections. In order to prove it in such a case, one must use a Maxwell 
relation based on a thermodynamic function which allows the corresponding potentials 
to be kept constant, for instance G in the case actually considered by Schreinemakers, 
constant T and P. 

In the derivation of Schreinemakers’ rule it is essential that the two boundaries of 
the highest-order phase field of those considered are straight lines. That this happens 
in the ternary case under isobarothermal conditions is self-evident because then the tie- 
triangle is situated in the plane of the diagram. In a quaternary system the sides of a 
four-phase equilibrium will be planar and the intersections shown in a two-dimensional 
section will be straight lines. The components k and j then represent two-phase mixtures 
situated in the section. On the other hand, a three-phase equilibrium will not be bounded 
by planar sides and its boundaries in the two-dimensional section will not be straight 
lines. Then the boundaries of the one-phase field will not be equipotential lines for any 
components k and j chosen in the section. It may be concluded that the proof, given above, 
is not rigorous except when an equilibrium of the highest order allowed in the section 
is involved. However, experience shows that Schreinemakers’ rule is obeyed in most 
cases, and it may be used as a convenient guide when other information is lacking. As 
an example, the result of a computer-operated calculation of a section through a seven- 
component system is presented in Fig. 9.15. The rule is satisfied at all the intersections 
in this diagram. 

Figure 9.16 shows an apparent violation of Schreinemakers’ rule at the corner of the 
bet phase field. However, this is not a true phase diagram because 5m and z, never appear 
in the same set of conjugate variables in Table 9.2. 
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Figure 9.16 zs^ diagram for Pb-Sn at 1 bar. It shows an apparent violation of 
Schreinemakers’ rule but is not a true phase diagram. 



Figure 9.17 Use of Schreinemakers’ rule to decide which phase fields have equal number of 
phases. 


Usually, Schreinemakers’ rule is used to predict the directions of phase boundaries. 
On the other hand, if the phase boundaries are given, for instance from calculation or 
experiment, then the rule can help to give the number of phases in the various phase 
fields. Suppose the arrangement in Fig. 9.17(a) is given, but the numbers of phases in 
the four adjoining phase fields are not known. One should then extrapolate all the lines, 
as shown in Fig. 9.17(b). Two of the phase fields will contain one extrapolation each, 
and these phase fields will be opposite to one another. According to Schreinemakers’ 
rule, these will be the phase fields with the same number of phases, e — 1 in Fig. 9.17(c). 
Of the two remaining phase fields, one will contain two extrapolations and the other 
none. These phase fields will contain one phase more and one phase less than the others, 
respectively. However, the rule does not allow us to tell which has more and which less. 
It would be possible to predict the number of phases in all the phase fields of Fig. 9.15 
by this method, if it were known that the phase field in the upper left comer has one 
phase. 
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Exercise 9.6 

A diagram for a multicomponent system is given in Fig. 9.18 but the numbers of phases 
have been left out except for one phase field. Try to decide the numbers of phases in all 
the other phase fields. 

Hint 

Discuss first what kind of phase diagram it is. 

Solution 

It looks like a molar diagram because at each point of intersection there are four lines. 
It may thus be reasonable to use Schreinemakers’ rule. The result is shown in Fig. 9.19. 


Topology of sectioned molar diagrams 

Before leaving the discussion of sections of molar phase diagrams we should further 
consider the topology of diagrams with several phases. Figure 9.8 showed the elementary 
unit of a two-dimensional molar diagram. The result of sectioning can vary depending 
upon the direction of sectioning and the regularity of the diagram before sectioning. 
However, topologically the whole section can be regarded as composed of intersecting 
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(a) (b) 




Figure 9.20 Two diagrams topologically equivalent to the sectioned molar phase diagram of 
Fig. 9.15. 
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Figure 9.21 Some possibilities for the topology of a sectioned molar phase diagram with several 
phases. Both axes are molar axes. 


(a) Cr (b) 



Figure 9.22 (a) The Fe-W-Cr phase diagram at 1 bar and 1673 K. oc and (3 are both bcc but do 
not mix completely, p. and cr are intermetallic phases, (b) Topologically equivalent diagram but 
drawn with lines without any sharp points. These lines represent the limit of existence for one 
phase each, as given by the letters outside the triangle. The circle is the limit for cr. 
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lines, and the elementary unit will be the same as in Fig. 9.8(b). By the same reasoning, 
a three-dimensional diagram will have elementary units like the one in Fig. 9.9 and will 
give units like the one in Fig. 9.8(b) after sectioning. A many-dimensional molar phase 
diagram, after being sectioned a sufficient number of times, may look something like the 
one illustrated in Fig. 9.20(a). It was constructed to be topologically equivalent to the 
phase diagram in Fig. 9.15. In Fig. 9.20(b) it has been further simplified but it still has 
the same topology. This is an unusually simple case. The lines may very well intersect 
in a more complicated maimer, as illustrated in Fig. 9.21. 

The observation by Masing can be generalized. For each one of the lines in a two- 
dimensional section of a molar phase diagram there is a phase which ceases to exist 
on the line. It is illustrated for a complicated case in Fig. 9.22(a), using the topo¬ 
logically equivalent diagram in Fig. 9.22(b). These lines running through a compli¬ 
cated phase diagram have been called ‘zero-phase-fraction’ lines by Gupta, Morral 
and Nowotny [15] and they can be used as a valuable tool for identifying the phase 
fields and even for constructing a phase diagram from experimental information. The 
same principle applies to the surfaces in three-dimensional sections of molar phase 
diagrams. 


Exercise 9.7 

In order to investigate the phase relations in a quinary system Gupta, Morral and Nowotny 
established equilibrium in 21 alloys by isothermal treatment at 1400 K and 1 bar. All 
alloys had the same molar content of two components. The phases found in the various 
alloys could thus be shown in a composition triangle (see Fig. 9.23, where the composi¬ 
tions are represented by the relative fractions of the three remaining components). Draw 
a reasonable phase diagram. 
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Figure 9.24 Solution to Exercise 9.7. 


Hint 

The diagram is a molar phase diagram. Start by drawing lines showing the limit of 
existence of each phase (zero-phase-ffaction lines). Improve the diagram by making the 
various phase boundaries reasonably straight. Phase boundaries for invariant equilibria 
must be quite straight. Improve the diagram further by applying Schreinemakers’ rule. 

Solution 

At constant T and P the maximum number of phases in a quinary system is five. None 
of the alloys falls in such a phase field. All the phase boundaries may thus be curved but 
we may find that it is possible to use straight lines which is preferable when we do not 
know in which direction a line should be curved. Figure 9.24 shows a possible solution. 





10 Projected and mixed phase diagrams 


10.1 Schreinemakers’ projection of potential phase diagrams 

Another method of reducing the number of axes is based on projection. By projecting all 
the features onto one side of the phase diagram, one will retain all the features, but the fea¬ 
tures of the highest dimensionality will no longer be visible because the dimensionality of 
a geometrical element will decrease by one unit by projection and they may thus overlap 
each other and also overlap features of the next-higher dimensionality. As an example. 
Fig. 10.1(b) shows aP, T diagram obtained by projection of Fig. 8.11 (shown again as 
Fig. 10.1 (a)) in the /xb direction. Such a/*, T diagram is called Schreinemakers’ projection 
[16]. In a system with c components it is obtained by projecting in the directions ofc — 1 
/X, axes. It will show invariant equilibria with c -F 2 phases as points, univariant equi¬ 
libria with c -F 1 phases as lines and in the angles between them there will be surfaces 
representing divariant equilibria with c phases. Using a short-hand notation developed 
by Schreinemakers, the coexistence lines for c — 1 phases are here identified also by 
giving in parentheses the phases from the invariant equilibrium which do not take part. 
For example, the (a) curve represents the a-absent equilibrium, i.e. (3 -F y -F 6. By com¬ 
parison with Fig. 10.1(a) it can be seen that the angle between (a) and (|3) is covered 
by the y -F 6 surface but also by the a -F 6 surface which extends to the (y) line and by 
the (3 -F y surface which extends to the (6) line. The a one-phase field covers the whole 
diagram and the other one-phase fields each cover part of it. 

Suppose we have a binary system with five phases, denoted 1,2,3,4 and 5. An invariant 
equilibrium would have four phases. Suppose the system shows two such equilibria and 
by giving the absent phase they may be denoted (1) and (5). The complete phase diagram 
would have three dimensions (same as for a one-phase field). Projection would give just 
one of the diagrams shown in Fig. 10.2 but by presenting two diagrams obtained by 
projection in slightly different directions as a stereographic pair one can preserve the 
three-dimensional information. It is thus evident that the apparent intersection between 
the lines (1,4) and (5, 3) is not an intersection in three dimensions. Therefore, it does 
not represent an invariant equilibrium. 

T, P diagrams obtained by projection are particularly useful for multinary systems and 
are obtained by projecting in the direction of all the independent chemical potentials. We 
shall return to such diagrams in Section 10.5 but first we shall consider simpler cases. 

In a projected diagram one sometimes includes a series of parallel sections drawn 
with thinner lines. Such lines may be called equipotentials (or isotherms or isobars when 
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(a) (b) 


-P p+Y+S (a) 

a+p+8 (Y) ^ a+Y+8 (p) 




Figure 10.1 (a) The binary potential phase diagram of Fig. 8.11 reproduced to illustrate the 
projection in the Pb direction, (b) The diagram obtained by projection. The positions of some of 
the two-phase surfaces are shown. 



Figure 10.2 Stereographic pair of Schreinemakers’ projection of a binary system, showing the 
three-dimensional shape. The phases not taking part in an equilibrium are given in parentheses. 
It can be seen that lines (1.4) and (5.3) do not intersect. 


appropriate). Such a section was presented in Fig. 8.12. Figure 10.3(b) shows a diagram 
with several parallel sections. In order to simplify this picture, only the equilibria with 
the 6 phase are shown here. Arrows within the figure show the direction of decreasing 
temperature. 

Sometimes one uses both projecting and equipotential sectioning in order to reduce 
the number of axes. One may be interested in the changes of various phase equilibria 
with T and the chemical potential of some volatile component, e.g. oxygen, and one 
is willing to limit the information by making an equipotential section at P — \ bar. 
Figure 10.4 gives an illustration from a quaternary system. According to Gibbs’ phase 
rule an invariant equilibrium is obtained with c + 2 = 6 phases for c = 4, and six uni¬ 
variant equilibria should radiate from it. Let us denote the phases by 1 to 6. A section 
at P = Pi will cut through the lines (1), (2) and (3). They will thus appear as points in 
the right-hand part where one of the projected axes, /xqj, is now shown. The surfaces 
extending between the lines in the T, P diagram (see Fig. 10.1(b)) will appear as lines in 
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(a) 





Figure 10.3 (a) Equipotential sections inserted in the potential phase diagram of Fig. 8.11. 

(b) The projection of the same potential phase diagram with inserted equipotential sections of 
the two-phase surfaces involving the 6 phase. 


(a) (b) 



Figure 10.4 (a) Schreinemakers’ projection of a quaternary system, (b) Section at P = Pi. The 
new axis, tio^, is one of those projected in the T, P diagram. 


the section. A major difference between the two diagrams is that in (a) all other potentials 
were projected but in (b) one of them, P, was sectioned. 

Exercise 10.1 

Find the section of the 2 + 4 + 5 + 6 equilibrium in the T, /uoj diagram of Fig. 10.4. 
Then, find its surface in the T, P diagram. 


Hint 

How would that equilibrium be denoted using the absent phases? 
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Solution 

It would be (1.3). In the T, diagram it is represented by a line between the points (1) 
and (3). In the T, P diagram its surface covers the angle between the (1) and (3) lines. 

Exercise 10.2 

A series of Fe-Cr alloys are heat treated together in a flowing gas of constant C and N 
potentials. After heat treatment for a long time at 1273 K, it is sometimes found that 
four phases are present but not all in the same specimen. The experiment is repeated 
several times with different C and N potentials and in some of those experiments the 
four phases are again found. It may be assumed that Cr is not transferred between the 
alloys. Is it possible that the four phases are found in more than one experiment, i.e. at 
different combinations of C and N potentials? 

Hint 

We may treat T and P as constant in addition to the potentials of C and N. With four 
components we thus have the same situation as in a binary system at variable P and T. 
We may use Fig. 10.1(b) and identify /ub with /r-cr, T with /r-c and — P with 

Solution 

It is thus useful to look at a /un, mc diagram obtained by projection in the /xcr direction. 
Each experiment should be represented by a point in that diagram but individual spec¬ 
imens would fall on different positions along the projected /xcr axis, which may also 
be regarded as a projection along the conjugate molar axis, zcr according to Table 9.2. 
Such a diagram is given in Fig. 10.1(b). We can see that all experiments falling between 
lines (a) and ((3) may cut through three two-phase surfaces, together involving all four 
phases. With all such combinations of /xc and /xn we will cut through all four one-phase 
fields in Fig. 10.1(a). Four phases can thus be found in several of the experiments with 
different values of /xc and /xn. 


10.2 The phase field rule and projected diagrams 

In Section 8.5 we derived the phase held rule for equipotential sections. Expressed in 
terms of the number of components, c, it was given by Eq. (8.23) and in terms of the 
number of axes in the diagram, r, by Eq. (8.24) by the use of r = c -t- 1 — «s. The rule 
will now be extended to include projections as well. The dimensionality of phase fields 
with a large number of phases will not change their dimensionality by projecting. For 
example, the phase field for an invariant equilibrium will still be a point, Eq. (8.23) would 
still hold. 


d — c + 2 — p — rifi. 


(10.1) 
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On the other hand, the dimensionality of the diagram would decrease by each projection, 
yielding the following relation. 


r = c + 1 - «s - Upr- (10.2) 

Inserting this in Eq. (8.23), here reproduced as Eq. (10.1), we obtain instead ofEq. (8.24), 

d — V — n^ — c + 2 — p — rifi— \+r — p + n-p^. (10.3) 

The dimensionality of the diagram after a number of projections may have decreased to 
the dimensionality of a phase field, i.e. tor — d, and that happens when «pr = — 1 as 

demonstrated by Eq. (10.3). Each further projection will decrease the dimensionalities 
of the diagram and the phase field by one unit because a feature in the diagram can never 
have a higher dimensionality than the diagram itself. We thus find that 

(i = r = c + 1 — Us — «pr for Wpr > /> — 1. (10.4) 

whereas Eq. (10.3) holds for np,<p-l. 

A practical example is given in Fig. 10.5, concerning the Fe-O-S system. Since there 
are four lines radiating from each point we may conclude that the invariant equilibria 
concern four phases. The phase field rule in Eq. (10.3) gives, for large p, 

0 — c + 2 — p — 

= 3 + 2 — 4 — Ws 
= r + \ - p + tip, 

= 2+1 — 4 + rip, 

Its =1; «pr = 1. 

It is evident that one has sectioned at a constant value of some potential, probably P at 
1 bar. Then one has projected once, in the direction of ps or However, it must be 
remembered that the complete phase diagram was first obtained from the fundamental 
property diagram by projecting in the direction of some Pi, the one which was consid¬ 
ered as the dependent variable. Figure 10.5 has thus been obtained from the fundamental 
property diagram by projecting twice, and sectioning once, and it does not matter which 
projection was made first, ps or p^e- It should be emphasized that rip, represents the num¬ 
ber of projections of the complete phase diagram. The first projection of the fundamental 
property diagram is not included in rip,. 

It is interesting to note that the two three-phase lines h (FeO + Fe 304 + L) and 
f (Fe + FeO + L) stop inside the diagram. They stop at invariant three-phase points 
in the binary Fe-0 system which overlaps the diagram. In principle, the whole surface 
of the diagram is covered by the binary Fe-0 diagram which may be regarded as the 
bottom plate of the three-dimensional phase diagram, where Ps — — oo, assuming that 
the fundamental property diagram was first projected in the p^e direction to give a phase 
diagram. On the bottom plate, there is no S and the number of components c is thus 2 
instead of 3. Three-phase equilibria would thus appear as points and two-phase equi¬ 
libria as lines. That bottom plate is shown in (b) but was not included in (a) because 
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(a) (b) 




Figure 10.5 (a) Projected and sectioned {P = Ibar) phase diagram for the Fe-O-S system. 

(a) Fe + Fe304 + FeS; (b) FeO + Fe304 + FeS; (c) Fe + FeO + FeS; (d) FeO + FeS + L; 

(e) Fe + FeS + L; (f) Fe + FeO + L; (g) Fe304 + FeS + L; (h) FeO + Fe304 + L. The invariant 
four-phase equilibria are (I) Fe + FeO + Fe3 04 + FeS; (II) Fe + FeO + FeS + L; (III) 

FeO -F Fe304 -F FeS -F L. (b) The Fe-O bottom plate. 

(a) (b) 



Figure 10.6 Potential phase diagram for (a) Cu—O—S and (b) Mn—O—S at 1 bar and 1000 K. 
These phase diagrams are two-dimensional and are not projections. 

it would have made the diagram difficult to interpret. Only the binary end-points for 
FeO -F Fe 304 -F L and Fe -F FeO -F L were marked. 

In many cases one should consider the top plate as well as the bottom plate. A 
logPso^-logF’o, diagram of the Cu-Mn-O-S system under P — \ bar and T — 1000 
K would be an example. The top and bottom would represent the Cu-O-S and Mn-O-S 
systems, respectively, if the projected axis is taken as (/r cu “ pMn)- These diagrams are 
given in Fig. 10.6. 

The solubilities of Cu in the Mn phases and of Mn in the Cu phases are all very 
low. The equilibria between the Cu-O-S phases will not be affected by the presence 
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Figure 10.7 Projected phase diagram for Cu-Mn-O-S at 1 bar and 1000 K. For clarity, all the 
lines from the Cu-O-S side are presented with dashed lines here. 

of Mn, nor the Mn-O-S phases by Cu. Both diagrams can thus be plotted in the same 
f?nnPso 2 > ^rinBoj coordinate frame to form the Cu—Mn—O—S diagram (Fig. 10.7). 
The lines in the ternary systems can be copied into the quaternary system and they 
become surfaces in the projected direction and still appear as lines in the Cu-Mn-O-S 
diagram. New two-phase surfaces form between the previous one-phase fields and they 
are identified in the diagram. 

An interesting question is the choice of projected axis in Fig. 10.7. In order to treat Cu 
and Mn in a symmetric way, it is convenient to consider (/rcu -t- MMn) as the projected axis 
to give a phase diagram from the fundamental property diagram and then (/xcu — MMn) 
as the axis used for projection of the phase diagram to reduce the number of axes to two. 

Exercise 10.3 

Only three lines intersect at the invariant equilibrium I in Fig. 10.5. What line is not 
shown and why not? 

Hint 

The fourth line should be the one without FeS. 

Soiution 

The Fe + FeO + Fe 304 line is not shown because one has projected the diagram exactly 
in its direction and the line thus appears as a point. The reason is that the projection has 








212 


Projected and mixed phase diagrams 


been made in the /xs direction and S does not dissolve in any one of these three phases. 
Thus, the equilibrium Fe + FeO + Fe 304 is not affected by S and its line goes exactly in 
the /Xs direction. It exists at a certain T, Pq^, only, and it is shown in the binary Fe—O 
diagram in Fig. 10.5(b). 

Exercise 10.4 

At 1000 K one measures the emf of an electrolytic cell where one electrode is a mixture 
of MnS, MnO, CuaS and Cu and the other is a mixture of CU 2 O and Cu. The electrolyte 
is solid zirconia stabilized with calcia. Use Fig. 10.7 to estimate the resulting emf 

Hint 

The electrical current can pass through this electrolyte mainly by the diffusion of 
0“^ ions. The emf will thus be an expression of the difference in oxygen potential 
between the two electrodes and it can be estimated from the difference in 7? T In P 02 for 
two points in the diagram representing the electrodes. 

Solution 

The point for CU 2 O + Cu can be taken anywhere on the corresponding line yield¬ 
ing log P 02 — —10.2 in Fig. 10.6(a) (also dashed line in Fig. 10.7). The other point 
is obtained as the intersection between two lines in the lower left part of Fig. 10.7 
and yields log P 02 — —21.2. We get A/xo = O.SA/xqj = 0.5RT (InPg^ — In/’Q^) = 
0.5RT In 10 ■ (—10.2 4- 21.2) = 12.7 RT. Remembering that the O ion is divalent we 
get E -27 — A/Xo where 7 is Faraday’s constant (96486 coulomb/mole) and thus E — 
0.547 V 

10.3 Relation between molar diagrams and Schreinemakers’ 

projected diagrams 

As demonstrated by Figs. 8.7 and 8.11, the elementary units ofpotential diagrams are very 
simple from the topological point of view. In this sense, the projections of such diagrams 
are more interesting. This is evident if one considers the dashed extrapolations shown in 
the projected diagram in Fig. 10.8(b). Between the lines there are two extrapolations in 
one case, one extrapolation in two cases, and no extrapolation in one case. In fact, this 
is the only way to draw four lines in different directions if the 180° rule is to be obeyed. 
It is evident that, in the projected direction, the four phases are related to each other in a 
special way. This phenomenon will now be examined. In order to simplify the discussion 
the method of identifying a univariant line by giving within parentheses the absent phase 
is used in Fig. 10.8(b). 

If potential axes are chosen for plotting the complete, three-dimensional phase diagram 
of a binary system, the four phases of an invariant equilibrium will fall on one point. If 
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(a) (b) 




Figure 10.8 (a) Binary phase diagram and (b) projection in the /xb direction, taken from 
Fig. 10.1. The extrapolations of the three-phase lines are marked with dashed lines. 



Figure 10.9 Introduction of a molar axis into the potential diagram of Fig. 10.8. Only the lower 
half of that diagram is used here. The surface marked with horizontal tie-lines represents the 
a -F |3 -F 7 equilibrium. 

one molar quantity is introduced, say, instead of , then the four phases will fall on a 
line, just as the three phases in the three-phase equilibrium in Fig. 9.2(a) fall on a line 
in Fig. 9.2(b). In that case, it is easy to see the order in which the phases are arranged 
along the line. The hep phase must be placed between bcc and fee. Otherwise, there 
would be some overlapping of the one-phase fields which is not allowed according to 
Section 9.1 . Using the same reasoning, it is easy to see the order in which the four phases 
of Fig. 10.8 will be arranged when a molar quantity is introduced. One simply looks at 
the direction of the two-phase surfaces. Each one will turn into a two-phase volume when 
Zb is introduced instead of the /xb axis. In Fig. 10.9 these volumes are demonstrated for 
the three surfaces between a, (3 and y. It is evident that y must fall between a and |3 
along the zb axis. 

When the phase diagram of Fig. 10.8(a) is projected in the /xb direction and 
Fig. 10.8(b) is formed, much information is lost. However, the information regarding the 
order of arrangement along the projected direction, obtained when the molar quantity is 
introduced, is not lost. This is because some conclusions can still be drawn regarding the 
directions of the two-phase surfaces. They are situated between the three-phase lines. 
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a 8 7 P 


Figure 10.10 One-dimensional molar phase diagram at constant T and P, showing the relative 
position of four phases along the zb axis, introduced instead of a /Tb axis, through the invariant 
equilibrium in Fig. 10.8(a). The composition is here expressed with the zb variable because it is 
the conjugate variable to /xb according to Table 9.2. The relative positions of all the four phases 
along a zb axis, going through the invariant phase equilibrium are demonstrated schematically in 
Fig. 10.3. 


This was demonstrated in Fig. 10.1(a). It is thus possible to get an impression of the 
relative positions of the six surfaces and thus of the relative positions of the phases along 
the molar axis of the projection. 

The simplest method to interpret an experimental diagram like Fig. 10.8(b) is to 
draw the four extrapolations and then turn the diagram in the same way as Fig. 10.8(b) 
with respect to the dashed extrapolations. The compositions of the phases will then be 
arranged in the order given by Fig. 10.10 or in the completely reverse order. A more 
logical method will be described in the following section. 


Exercise 10.5 

In Exercise 10.2 we considered a heat treatment of several Fe-Cr specimens under 
carburizing and nitriding conditions at constant T and P. It had been found that four 
phases could be present in some experiments but not in the same specimen. Now try to 
find what is the maximum number of phases in any one specimen. 


Hint 

As already explained, we can use Fig. 10.1(b) because our quaternary system at constant 
T and P behaves like a binary system at variable T and P. In our case the two axes should 
be /xc and /xn and the projection has been made in the direction of /xcr, which is the 
same as the direction of zcr- 


Solution 

In Exercise 10.2 we saw that four phases can be present if /xc and /xn fall between 
the lines (a) and ((3) in Fig. 10.1. The specimens fall on different positions along the 
projected axis. Most of them may fall between the surfaces representing two phases and 
they will thus have only one phase. What is the chance that some fall on the two-phase 
surface? Since the specimens are defined by their contents of Cr we should regard the 
projected molar axis rather than the potential axis. The two-phase surface in the potential 
diagram has a thickness when the molar axis has been introduced. There is thus definite 
chance that a specimen falls within the two-phase region. 
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(a) (b) 




Figure 10.11 Modification of Fig. 10.8 by rotation of the |3 + y surface until it is parallel to the 
/xb axis. In the /xb projection the |3 + y + 6(oc) and a + (3 + y + (6) lines will now coincide 
and their extrapolations will not be visible. 

On the other hand, if predetermined amounts of C and N are added to a set of specimens 
in a capsule, then one could not use Fig. 10.1(b) directly. For each specimen one should 
rather consider a molar diagram like Fig. 9.4 and it is evident that the four phases could 
occur in the same specimen and this could even happen in more than one specimen in 
the same experiment. 


10.4 Coincidence of projected surfaces 

The method to determine the relative compositions of phases, now to be described, can 
be used in higher-order systems as demonstrated in the next section, but a binary system 
will be considered first. 

Suppose one could gradually change the properties of the system in such a way that 
the P -h y surface in Fig. 10.8 would rotate around an axis roughly parallel to the T axis. 
One could thus make the two lines (a) and (6) in the projection approach each other 
without changing the topology of the projected diagram. At the moment of coincidence, 
one has a situation such as that illustrated in Fig. 10.11. 

The (3 + y surface is now parallel to the direction of projection, /xb, and a continued 
rotation would put the P + y surface on the other side of the (a) and (6) lines. Thus, 
P and y would be transposed in Fig. 10.10. It is possible to conclude that the P and y 
phases have the same value of zb if the /xb projections of the (6) and (a) lines coincide 
when they meet at the four-phase point. Evidently, before the gradual rotation the (3 and 
y phases must have been neighbours along the zb line in Fig. 10.10. When the lines 
coincide, the phases fall on the same point on the zb axis. This rule of coincidence is 
closely related to Konovalov’s rule which will be discussed in Section 10.8. The relative 
positions of the phases for the various cases of coincidence are shown in Fig. 10.12. 
Other cases of coincidence may occur but not until at least one of these has occurred. 
Before any rotation, the phases must have been arranged along the zb axis as shown in 
Fig. 10.10 or in the completely reverse order. 
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(a) (b) (c) 



Figure 10.12 Three cases of coincidence of three-phase lines in a projected potential phase 
diagram obtained by modifying Fig. 10.8. 


(a) 



(b) 





Figure 10.13 (a) Modification of Fig. 10.8 by rotation of the entire diagram until the 
|3 -F y -F 6(ix) is parallel to the /tb axis. All three surfaces, |3 -F y, y -F 6 and 6 -F |3, are then 
parallel to the axis. In the /tb projection (b), |3 -F y -F 6(a) degenerates to a point and will 
thus coincide with all the other lines without them coinciding with one another. 


It is interesting to note from Fig. 10.8 that it should be possible to rotate the a -F |3 
surface in such a way that the (y) and (6) lines approach each other and finally coincide. 
However, the 180° rule prevents this from happening before there is another coincidence. 

What happens if three of the four phases (3, y and 6, have the same zb value will 
now be investigated. The three surfaces representing |3 + y, (3 + 5,y + 6 must all be 
parallel to the /u-b axis and the |3 + y + 6(a) line must point in the /tb direction. It thus 
degenerates to a point. This case is illustrated in Fig. 10.13. 


Exercise 10.6 

Prove mathematically that the compositions of |3 and y must coincide when the /xb axis 
in a binary system is parallel to the |3 + y surface, as in Fig. 10.11. 
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Hint 

Apply Eq. (8.47) to the binary case. 

Solution 

For a binary system we get (z^ - z^)d/iB = - 5^i)dr +{^mi - When 

the (3 + y surface is parallel to /xb, then we can change /xb and stay on the surface 
without changing T or P, i.e. with dr = 0 and dP = 0. The coefficient of d/xs must 
thus be zero, i.e. Zg = Zg. 

Exercise 10.7 

Suppose one has measured /xc as function of P at 1 bar for a ternary A-B-C system. 
What conclusion could be drawn if the diagram looks like Fig. 10.11(b) with /xc inserted 
instead of PI 

Hint 

Compared to Fig. 10.11 we have one component more but the dimensionality has been 
reduced to the same by keeping P constant. In both cases /xa and /xb are the potentials 
that are not shown in the projection, i.e. those used to reduce the number of axes by 
projection from the four-dimensional fundamental property diagram. 

Solution 

One of /Xa and /xg is the dependent variable and the final projection has been made in the 
direction of the other one. From the coincidence of the (a) and (6) lines we may conclude 
that Zg = Zg if /Xa is the dependent variable and z^ = z\ if /xg is the dependent one. 
These two results are identical since zb = Ab/A^a = 1 /za- 


10.5 Projection of higher-order invariant equiiibria 

The topological examination may be extended to higher-order invariant equilibria and 
adjoining univariant equilibria, although the visibility is then lost. However, it has been 
shown by analytical methods [17-19] that the same principles, which have been derived 
here by inspection, apply. Three components will yield a four-dimensional phase diagram 
and it must be projected twice in order to yield a two-dimensional picture. It may show an 
invariant five-phase equilibrium and five adjoining four-phase lines. If no lines coincide, 
they can arrange themselves in three different ways, as illustrated in Fig. 10.14. 

For a closer discussion of the compositions of the phases taking part in the five- 
phase equilibrium, the two potentials on the axes will be kept constant at the values of 
the invariant equilibrium, while the two projected potentials will be replaced by their 
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Projected and mixed phase diagrams 


(a) (b) (c) 



Figure 10.14 Possible Schreinemakers’ projections for a ternary system obtained by projecting the 
F', Y*^, F", F" phase diagram in the F™ and F" directions. Points represent invariant five-phase 
equilibria. The five lines radiating from each point represent four-phase equilibria and are 
identified by giving the absent phase in parentheses. Dashed lines are metastable extrapolations. 


(a) (b) (c) 



Figure 10.15 Molar phase diagrams at constant F^ and F* showing the relative positions of the 
five phases in the invariant equilibria in Fig. 10.14. The change occurring when lines (e) and (|3) 
in case (a) are rotated to approach each other can be illustrated by moving point oc towards the 
straight line between 6 and y. Case (b) is obtained by letting the (e) and (|3) lines pass one 
another, thus making point oc cross the 6 — y tie-line. Case (c) is obtained by letting the (a) and 
(6) lines rotate and pass one another, whereupon £ will cross the |3 — y line. 


conjugate molar quantities. The five phases will fall on different points on the plane 
formed by the two molar quantities, and Fig. 10.15 illustrates the arrangement of the 
phases in the three different cases. Three phases may here be regarded as neighbours 
if their points can be connected to form a triangle with no other point inside and if the 
triangle can be changed into a line without any one of its points first moving inside any 
other such triangle. If two lines in the projected potential phase diagram coincide, then 
the three phases they have in common will fall on a straight line in the molar diagram. 

Four components yield a five-dimensional phase diagram and it must be projected 
three times in order to yield a two-dimensional picture. A six-phase equilibrium will 
be invariant and represented by a point from which six lines will radiate, representing 
univariant equilibria with one phase absent in each. The relative positions of the six lines 
will reveal how the six phases are arranged in the three-dimensional compositional space 
formed by three molar quantities. However, this is not easy to visualize. The rule relating 
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the coincidence of lines in a proj ected potential phase diagram to the positions of the com¬ 
mon phases in the space formed by the molar quantities has been called the ‘coincidence 
theorem’ [19]. The theorem can be generalized as demonstrated by the following exam¬ 
ple. Suppose that two of the points, a and 6, in the left-hand picture of Fig. 10.15 coincide. 
Then 6, a and y fall on a line, and lines ((3) and (e) in Fig. 10.14 should coincide. Flowever, 
(3, 5 and a would also fall on a line, and lines (y) and (e) in Fig. 10.14 should also coin¬ 
cide. As a consequence all three lines, ((3), (y) and (e), should coincide. It is thus possible 
to generalize the coincidence theorem as follows. Consider a two-dimensional projection 
of an r-dimensional potential diagram. It may have an invariant equilibrium involving 
r + 1 phases. From this point, r + 1 univariant equilibria, each with r phases, radiate. The 
theorem concerns the positions of the phases in the (r — 2)-dimensional space formed 
by the molar quantities conjugate to the projected potentials. If t of the phases fall in a 
(t — 2)-dimensional section through that space, then all the univariant equilibria, which 
contain the t phases, coincide in the two-dimensional projection. There would be 
r + I — t such equilibria. 

Exercise 10.8 

Figure 10.16 is part of the potential phase diagram for the Fe-Si-0 system, showing the 
five-phase equilibrium, metallic melt (met), liquid melt (L), wiistite (w), fayalite (fay) 
and gas (gas). Use the information in the diagram to decide how the composition of L 
falls relative to the other phases. 


Hint 

By extrapolating the lines we find that our case corresponds to case (b) in Fig. 10.14 with 
L identified as a. Our diagram can be regarded as obtained by projecting the fundamental 
potential diagram in the directions of P, /upe and /xgi, leaving T and /uq as axes in our 
diagram. The first projection produces a complete potential phase diagram and, since 
we are interested in comparing compositions, we shall regard P as subjected to the 
first projection. We should thus write the Gibbs-Duhem relation as dP — {S/ V)dT + 
'E(Ni/ F)d/u, . The conjugate variable to the next two potentials to be projected would 
thus be Ape/ V and Nsi/ V. They should appear in our diagram as in Fig. 10.15(b). 
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Solution 

Since L is identified as a, it will have to form within the quadrangle formed by the other 
four phases. Fayalite is 2FeO ■ Si02, wiistite is approximately FeO and the metallic melt 
is mainly Fe. The gas has a very large volume and will thus fall close to the origin in the 
diagram. Since the extension of the (L) line in our potential phase diagram falls between 
(gas) and (fay), corresponding to (y) and (6), its composition falls close to the gas + fay 
join, corresponding to y + 6 join, as illustrated in Fig. 10.17. 


10.6 The phase field rule and mixed diagrams 

The number of axes in a complete phase diagram, whether a potential one or a molar 
one, is r = c + 1. For a closed system one has fixed the composition and has actually 
sectioned at c — 1 molar axes. The number of remaining axes is r = c + 1 — (c — 1) = 2. 
For a closed system the equilibrium state is thus uniquely defined by choosing values 
for T and P or their conjugate variables independent of how many phases it has. This is 
called Duhem’s theorem. 

In the most common type of phase diagram there is a temperature axis and a com¬ 
position axis. It is thus an example of phase diagrams with a mixture of potential and 
molar axes. Such diagrams are more complicated and due to the large variety no general 
description will be given. However, it is worth discussing how the phase field rule can 
be generalized to such diagrams but first it should be emphasized that the discussion 
only concerns true phase diagrams, i.e. diagrams obtained from a single set of conjugate 
pairs of variables. The nine possibilities were discussed in Section 3.5 and they resulted 
in 27 sets when molar variables were introduced in Section 9.2. As a consequence, all 
the variables in a mixed diagram, including those that have been projected or sectioned, 
must come from one of the 27 sets in Tables 9.1, 9.2 and 9.3. 

Figures 8.1 and 8.2 give the impression that the degrees of freedom increase by 
one unit for each molar axis that is introduced instead of its conjugate potential axis. 
However, it should be remembered that Gibbs’ phase rule was derived by considering 
potentials and not molar quantities. The freedom to vary the amounts of the phases by 
moving along a tie-line without varying the compositions of the individual phases is 
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not regarded as a degree of freedom in Gibbs’ phase rule because the potentials do not 
vary. Instead of redefining Gibbs’ phase rule we have thus decided to also to work with 
a parallel concept, the dimensionality of a phase field. That was the main reason why the 
phase field rule was introduced in Section 8.5. The effect of molar axes on Eq. (8.23) 
yields 

d — V - ris + rim — c + 2 - p - (10.5) 

where is the total number of sectioned quantities, potentials as well as molar quantities, 
and Wm is the total number of molar quantities used, i.e. sectioned molar quantities, rims, 
as well as molar axes in the final diagram, «nia- Of course, rim — «ms + «ma- On the other 
hand, if we project a phase diagram in the direction of an axis, then it does not matter 
what kind ofvariable was chosen on that axis, a potential or its conjugate molar quantity. 
The projected phase diagram will look the same and all the projections will thus have 
the same effect on the phase field rule. The number of projected molar quantities should 
not be included in 

As before, the number of axes in the phase diagram will be given by Eq. (10.2), 
r — c+\ — Us — Wpr, and Eq. (10.5) can thus be written as 

d — c + 2-p-ns + nm— 1 + r - ;? + «pr + «„, for /> > 1 + Wpr + Wm- (10.6) 

This expression is valid only as long as /? > 1 + «pr + Wm because it yields d — r ior 
p — 1 -(- -(- yim. This is a critical value because when the number of projections or 

molar axes is increased further Eq. (10.6) would yield d > r which is impossible. For 
each one of further projections and molar axes both the phase field and the diagram will 
lose one dimension and retain the relation d — r. For less phases we obtain instead of 
Eq. (10.4), 

J = r = c + 1 — «pr — «s for < 1 + «p,- + nm- (10.7) 

A few more considerations of the properties of mixed diagrams should be added. The 

lowest possible dimensionality of a phase field will occur for the maximum number of 
phases. In a potential phase diagram that dimensionality will be zero but it is evident 
from the preceding discussion that it will increase by one unit for each molar axis and 
the lowest possible dimensionality will thus be equal to the number of molar axes in the 
final diagram, Umn, and this will occur at the maximum number of phases. By inserting 
^ms “F ^ma ~ tVC obtain 

Uma — dmm — C 2 Pmax Ug -j- Uma “F ^ms 

— ^ “F 1 Pmax “F Upi- nma “F Unis (10.8) 

Pmax — c “F 2 n^ UjYis — r \ Upj- “F (10.9) 

The MPL boundary rule can be applied to mixed diagrams but only with caution. It 
is important first to distinguish between phase fields and phase boundaries. The rule 
concerns two adjoining phase fields separated by a phase boundary. As an example, we 
may examine the case illustrated in Fig. 9.2(c). It is reproduced in Fig. 10.18 without 
tie-lines and with the three-phase field bcc -F fee -F hep marked with a thick line. All the 
other lines are phase boundaries. The MPL rule cannot be applied to the contact between 
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Figure 10.18 Mixed phase diagram from Fig. 9.2(c), reproduced without tie-lines. The thick line 
represents the three-phase field. All other lines are phase boundaries. 

fee and bee + hep phase fields beeause they are not eonneeted by a phase boundary but 
separated by the three-phase field bee + fee + hep. For the eontact between fee and bee -t- 
fee + hep the rule gives 

h = !)+-/)“ = 2- 2- 0 = 0, 

in agreement with the faet that these two phase fields meet at a point, only. For the eontact 
between bee + hep and bee + fee the rule gives 

h = r-Z)+-Z)-= 2-1-1= 0. 

This is also correct because these two phase fields do not make contact along the thick 
horizontal line, where they are separated by the bee + fee -t- hep phase field. They 
only make contact at the upper end-point of the thick line. Cases like this can be easily 
analyzed by imagining that the one-dimensional phase field is a very thin triangle [12], 
That method is also helpful if one wants to draw zero-phase-fraction lines. Each one¬ 
dimensional phase field will have one such line on each side. 

Exercise 10.9 

The T, %C phase diagram (Fig. 10.19) is for a quaternary A-B-C-D system at 20% B 
and 20% D and at 1 bar. Test it with the phase field rule. 

Solution 

There are four components, c = 4. The complete phase diagram has been sectioned 
three times, n^ —I, but two of the sections were for the molar quantities %B and %D, 
— 2. In the final diagram there is one molar axis, «n,a = 1- There is no projection, 
= 0. In the diagram we can see a horizontal line. Let us test if it is a phase field or 
just a boundary between two-dimensional phase fields. A line has the dimensionality 
1 and it thus gives 1 = d = c + 2 — p — n^ + — A + 2 — p — 2>+l+2 — 

6 — p, p — 5. li the horizontal line is a phase field, it should have five phases. From 
the neighbouring phase fields we find a-t-(3-|-7-|-6-|-L. We may conclude that this 
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Figure 10.20 T, Sm diagram for Fe. This is not a true phase diagram. 

line is a phase field. The diagram is two-dimensional, r — 2. Let us now check for 
what number of phases a field should be two-dimensional, p < 1 -L Wp, -t- «n,a + «ms = 
l-t-0-t-l-l-2 = 4. This is also confirmed by the diagram. 


10.7 Selection of axes in mixed diagrams 

For mixed diagrams it is particularly important to pay attention to how the axes are 
selected. As already emphasized, they must all come from a set of conjugate pairs 
of variables and one from each conjugate pair. The various possibilities are listed in 
Tables 9.1 , 9.2 and 9.3. A number of examples will now be given in order to demonstrate 
what could otherwise happen. 

Figure 10.20 shows part of the T, diagram for Fe. Two two-phase fields overlap 
which is made possible by the fact that T and Sm do not represent different conjugate 
pairs in any of the sets in the tables. This is not a true phase diagram. 
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Figure 10.21 5^, Mpb diagram for Pb-Sn. This is not a true phase diagram. 



Figure 10.22 xcr, ac diagram for Fe-Cr-C. This is not a true phase diagram. 

Figure 10.21 shows the Sm, MPb diagram for the Pb-Sn system at 1 bar. Two two-phase 
fields overlap because Sm and /upb do not come from the same set of conjugate pairs. 
This is not a true phase diagram. One should have combined Sm with /upb — /usn or S’mi 
with /xpb. 

Figure 10.22 shows the xct, ac diagram for Fe-Cr-C at 1 bar and 1200 K. The inter¬ 
secting phase boundaries in the upper left corner, forming two ‘swallow-tails’, indicate 
that this is not a true phase diagram. The activity ac can be regarded as an expression 
for fx-c/T and should have been combined with ucr or zqt but not xpr- 

Figure 10.23 shows the T, xpr diagram for Fe-Cr-C at 1 bar and ac — 0.3, relative to 
graphite. The two intersecting phase boundaries on the right-hand side indicate that this is 
not a true phase diagram. The two axes, T andxcr, do belong to the same set of conjugate 
variables but one must also consider the sectioned axes. In this case one has sectioned 
at constant P and ac, i.e. (Xc/T. However, ijlc/T andxcr do not belong to the same set. 

Figure 10.24(a) shows the Hmi, ac diagram for Fe-C at 1 bar. This is not a true phase 
diagram although Hm\ and ficIT, here represented by ac, come from the same set of 
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Figure 10.23 T, xq diagram for Fe-Cr-C at 1 bar and ac — 0.3. This is not a true phase diagram. 


(a) (b) 



Figure 10.24 /4ii, diagram for Fe-C at 1 bar. This is not a true phase diagram as revealed by 

the overlapping two-phase fields, shown when the tie-lines are included in (b). 

conjugate variables. That is revealed by the tie-lines which are included in Fig. 10.24(b). 
The reason is that the numerical values used for refer to reference states of Fe and 
C at 298 K but ac refers to graphite at the actual temperatures. It is evident that one 
should also be careful when representing the oxygen potential with Pqj • It is only under 
isothermal conditions that it should be combined with an axis for a molar quantity given 
relative to references at 298 K. It should be noted that the diagrams in Figs 8.13 and 
8.14 used /xc — °Gq or (/xc — °Gq)/T as an axis and was defined at the actual 
temperature which varied. That did not cause any problem because there was no molar 
axis in those diagrams. 

Exercise 10.10 

Figure 10.23 showed an incorrect selection of axes. If one really wanted to section at a 
constant value of ac, what composition axis should one have used? 
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Hint 

Consult the Tables 9.1, 9.2 and 9.3. 

Solution 

ac represents ijlc/T which may be combined with — \/T, —P, and za (according to 
fifth row in Table 9.2) or iia (according to fifth row in Table 9.3). Of course, —l/T could 
be replaced by T. 


10.8 Konovalov’s rule 

The rule that two one-phase fields are separated from each other by a positive distance, 
when the proper molar quantity is introduced instead of a potential, was described in 
Section 9.1 . That rule is not as trivial as it may appear. It was discovered experimentally 
by Konovalov [20] when measuring the vapour pressure of liquid solutions of water and 
various organic substances under isothermal conditions. He established that, compared 
with the solution, the vapour contains a higher relative content of that component which, 
when added to the solution, increases the total vapour pressure. In addition, he found 
two cases with a pressure maximum and realized that the liquid and vapour must have 
the same composition at such a point. A case of this type is shown in Fig. 10.25, and it 
is evident that it is simply due to the fact that the molar quantity which is used, here zb, 
replaces a potential whose axis happens to be parallel to a line tangential to the linear two- 
phase field in the potential diagram. Except for that, the system has no unique properties 
at this point. The point is sometimes called a singular point and the equilibrium under 
this special condition is called singular equilibrium. 

Figure 10.26(a) shows a three-dimensional diagram for the same kind of system but 
including both temperature and pressure axes. It was presented in Fig. 8.23 and it was 
then concluded that an extremum in P at constant T must lead to an extremum in T at 
constant P. The corresponding diagram, where zb has been introduced instead of /ub, is 
shown in Fig. 10.26(b) and it confirms that the two phases have the same composition at 
the point of extremum considered. In fact, there is a whole series of such points, marked 
as a dotted line. This is the locus of points of tangency for tangents parallel to the /xb 
or Zb axis. That line represents a singular equilibrium and could be included in the T, P 
diagram, obtained by projecting in the /xb (i.e.zs) direction, Schreinemakers’ projection. 
The line representing singular equilibrium is called a singular curve. Singular equilibria 
will be further discussed in Sections 12.6 and 13.7 to 13.9. 

A major difference between univariant lines and singular curves should be noted. A 
univariant line shows exactly where a particular univariant equilibrium occurs. A singular 
curve shows the maximum extension of a divariant equilibrium which is otherwise not 
shown in the diagram. It would thus be wise to indicate on what side of a singular curve 
the particular equilibrium exists. This is done in Fig. 10.27, which is a projection of 
Fig. 10.26. 


10.8 Konovalov’s rule 


227 


(a) (b) 




Figure 10.25 An isothermal section of a binary diagram with a singular point for two phases 
illustrating Konovalov’s rule. 


(a) 




Figure 10.26 (a) A two-phase equilibrium in a binary system illustrated with the complete 
three-dimensional potential phase diagram. Points of tangency for lines parallel to the /Tb axis 
are marked with a dotted line, (b) After /Tb has been replaced by its conjugate molar quantity, 
Zb, the phases still coincide along the dotted line where the two phases have the same 
composition, expressed through zb. 


Points of extremum in P and T were discussed in Section 8.9 and Konovalov’s rule was 
actually derived there in an analytical way, using the ordinary molar quantities, 5n,, Vm 
andx, . In Chapter 8 and the present one we have mainly used molar quantities defined by 
dividing the integral quantities with the content of a certain component, A^a for instance. 
We denote these quantities with ^mi, and z,. However, if all the molar quantities we 
are interested in are molar contents, then the results look the same in both notations. As 
an example, the insertion of x, = xiz, in the result forp — c in Section 8.9 yields 
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Figure 10.27 Singular curve showing the maximum extension of the a + |3 equilibrium in 
Fig. 10.25. Projected in the zg direction. The « + p surface is folded and to the left of the curve 
one would intersect that surface twice by moving in the projected direction, i.e., perpendicular 
to the picture. 



We shall continue to use z, but it should be remembered that the results hold for x, as 
well. 

The importance of Konovalov’s rule stems from the fact that composition is often 
used as an experimental variable. A system with a composition at a point of maximum 
or minimum undergoes an azeotropic or congruent transformation on passing through 
it and such a point is often given a special name, azeotropic (actually meaning ‘boiling 
unchanged’) or congruent. 

Exercise 10.11 

The phase diagram (Fig. 10.28) is an isobarothermal section at 1273 K and 1 bar of the 
Fe-Cr-N phase diagram under conditions where N 2 gas does not form. An isoactivity 
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(a) (b) 



Figure 10.29 Solution to Exercise 10.11. 



line for N has been drawn in the y phase field. Show a reasonable continuation of it after 
first sketching the corresponding /r-cr, on phase diagram. 

Hint 

Notice that there is a tie-line for which the a and y phases have the same Cr content. It 
should be a point of extremum for the N potential (or N activity). 


Solution 

The solution is given in Fig. 10.29. 


10.9 General rule for singular equilibria 

It is evident that Konovalov’s rule does not only apply to composition. It may thus be 
generalized. Suppose that a linear two-phase field in a diagram, determined at 

constant values of all the other potentials except Y\ which is chosen as the dependent 
potential, shows a Y^ maximum or minimum. At the point of extremum the two phases 
must have the same value of Furthermore, if Y^ is kept constant and another 

potential is allowed to vary, it will also have an extremum at the same value of . 

Let us now consider a two-phase equilibrium in an isobaric potential diagram for a 
ternary system, which is three-dimensional. Thus, p — c — 1. Suppose there is a point 
of tangency for a plane parallel to the /tb, Me plane (i.e. an isothermal plane) as shown 
in Fig. 10.30(a) which is a reproduction of Fig. 8.24. As demonstrated in Fig. 10.30(b), 
the two phases thus have the same composition and the point of extremum is a congruent 
transformation point. This was already proved in Section 8.9 using an analytical method. 
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Figure 10.30 (a) Isobaric potential phase diagram of a ternary system with a doubly singular 
point on a divariant phase field. Thin lines represent points of tangency for lines parallel to the 
/Xb or /Xc axis. Their intersection is a point of tangency on a /Xb, /Xc plane. It gives an extremum 
of T. (b) By replacing /xb and /xc with their conjugate molar quantities, zb and zc, it is shown 
that the two phases in the point of T extremum must have the same zb and the same zq value. 
The point of extremum thus defines the composition of an alloy which can transform 
congruently between the two phases. 


The point of extremum in Fig. 10.30 may be characterized as a doubly singular point. 
It would also appear in a diagram with a P axis under a constant value of T equal to the 
extreme value. In order to show in one diagram that this point is an extremum for P as 
well as T, one would need a fourth dimension. It is evident that the doubly singular point 
in Fig. 10.30 would fall at a different T value if the constant P value was different and in 
a P, T projection all such points would form a line, a doubly singular curve. 

From Section 8.9 it is evident that Konovalov’s rule is just a special case of a more 
generalrule. In fact, for the ternary case,/? — c — 3, it was formulated by von Alkemade 
[21]. His rule was originally formulated for a liquid which solidifies to two solid phases 
and P is regarded as constant. It may be stated as follows, ‘The direction of falling 
temperature of the liquid in equilibrium with two solid phases is always away from the 
tie-line between the solid phases. If the liquid falls on the tie-line, then the three-phase 
equilibrium is at a temperature maximum.’ Figure 10.31 illustrates von Alkemade’s rule. 
It is evident that Alkemade neglected the possibility of having a temperature minimum. 

The reasoning applied to Konovalov’s rule can also be applied to von Alkemade’s rule. 
If T is kept constant at the extreme value and P is varied with the three phases present, 
then one will find that P also has an extremum. At a different constant value of P, the 
T extremum would occur at a different value. The locus of these three-phase equilibria 
would also give a line in Schreinemakers’ projection, a singular curve. 

From the mathematical study of conditions of extrema given in Section 8.9 it is evident 
that Konovalov’s rule can be applied to two-phase equilibria and von Alkemade’s rule to 
three-phase equilibria in systems with c >P, although they were originally formulated 
for c = p. Konovalov’s rule: T at constant P and P at constant Thave extreme values for a 
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Figure 10.31 Ternary phase diagram at constant P and with two molar axes showing a 
three-phase equilibrium with an extremum of T (here represented by Y"'), illustrating von 
Alkemade’s rule. The triangles are parallel to the A* j, plane. 

two-phase equilibrium if the two phases have the same composition, i.e. fall on the same 
point; von Alkemade’s rule: T at constant P and P at constant Thave extreme values for 
a three-phase equilibrium if the compositions of the three phases fall on a straight line. 
We can combine these cases into a general rule for singular equilibria: T at constant 
P and P at constant T have extreme values for an equilibrium between p phases if their 
compositions fall on a point for /? = 2 (Konovalov’s rule), on a line iox p — 3 (von 
Alkemade’s rule), on a plane for p — A, etc. In all these cases a curve representing the 
locus of these equilibria can be plotted in the T, P diagram obtained by Schreinemakers’ 
projection. For/) = c such a line is called a singular line, for /> = c — la doubly singular 
line, etc. The connection between such lines will be demonstrated in Fig. 12.15. 

Finally, it maybe instructive to apply the phase field rule to the diagram in Fig. 10.25(b). 
For the two-phase field liquid -t- vapour we get 

d — c — +2 — /) — «s-t-«n, = 2-l-2 — 2—l-t-l = 2, 

because we have sectioned once, — 1, by keeping temperature, which is a potential, 
constant. There is one molar variable, used as axis in the P, zb diagram, The 

result agrees with the diagram because it shows a two-dimensional phase field for the 
two phases. However, if we section once more, at a constant value of zb, then = 2 
and weget(i = 2-t-2 — 2 — 2-|-l = l. The phase diagram is now just a vertical line 
and in general it will show that the two-phase field extends over a range of P values in 
agreement with the calculated d — 1. However, the special section, going through the 
point of extremum (the singular point), will show the two phases coexisting at a point, 
and one should thus have expected to obtain d — 0. It is evident that one should exercise 
special care when applying the phase field rule to systems with singular points. This 
problem will be discussed further in Chapter 13. 


Exercise 10.12 

Try to construct a diagram similar to Fig. 10.31 for a case where a falls between L and 
|3 at the maximum. 
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Figure 10.32 Solution to Exercise 10.12. 


Solution 

The solution is given in Fig. 10.32. 




11 Direction of phase boundaries 


11.1 Use of distribution coefficient 


In this chapter we shall examine in more detail the direction of phase boundaries in molar 
and mixed phase diagrams. As an introduction we shall first discuss some approximate 
calculations based upon the use of the distribution coefficient of a component between 
two phases but later we shall use a more general method. 

In multinary systems one is often interested in the distribution of a particular com¬ 
ponent between two phases. One may for instance define a distribution coefficient (also 
called partition coefficient) which can be used to represent experimental data and to 
carry out calculations of phase boundaries and changes in chemical potentials. 

Let us consider the equilibrium between two solution phases, oc and (3, which exist 
already without an element B. On adding B one finds that it partitions between the two 
phases in a characteristic manner, which can be derived from the equilibrium condition 
Gg = Gg. By applying a general model for a solution phase we obtain 

“Gg-b i?rinx“-H'^Gg = °G^ -b jRr Inx^ -b'^G^, (11.1) 


in which ®Gg and ®Gg represent the deviation from ideal solution behaviour. We may 


define a distribution coefficient K, 


«/|3 


as 




a/p /^P/« 


-(°G^ -"G" 

RT^ ^ E 


^gP-Eg«) 


( 11 . 2 ) 


In many cases the distribution coefficient is relatively independent of composition. This 
occurs when the composition dependence of the partial Gibbs energy of each phase is 
mainly given by the RThvc term. In such cases the distribution coefficient may be a useful 
tool. As an example we may consider the case where both phases are dilute solutions in 
a major component A. The excess Gibbs energy terms may then be approximated by a 
regular solution parameter L and we find, for low B contents, 

= exp(AGB/i?7’) where AGb = °G^ - “Gg-b (11.3) 

It should be emphasized that AGb, being a Gibbs energy, may be represented as A//g — 
T A^b and we thus obtain 


^ KoexpiAHe/RT), 


( 11 . 4 ) 
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in which Kg and AH^ are often approximated as constant. When there are several minor 
components, we can define a distribution coefficient for each one 

xf/x^ = Kf^^. (11.5) 

For the major component we obtain, from = g\, 

°Gl + RTXnxl + '^Gl = Inxf +(11.6) 

but it is not useful to define a distribution coefficient for this component. Instead we can 
apply another approximation if the total content of alloying elements is small, 


InxA = ln(l — Exy) = —'Exj. (11-7) 

For dilute solutions we may neglect the excess Gibbs energy for this component, obtaining 

( 11 . 8 ) 

For a binary system we thus have two equations derived from the equilibrium conditions 
for the two components. For any temperature and pressure we can calculate two unknown 
quantities, i.e. the compositions of the two phases. The temperature dependence of the 
various parameters will give the directions of the two phase boundaries in a F, x diagram. 
In an isobarothermal section of a ternary system there will be three equations and each 
of the two phase boundaries will be represented by a line. With the approximations used 
here we have been able to simplify all the equilibrium equations to linear equations 
and the phase boundaries will thus be approximately straight lines as far as the dilute 
solution approximation is valid. It is thus possible to construct the A-rich corner of a 
ternary diagram from the binary diagrams by simply using a ruler. Two examples are 
given in Fig. 11.1 and it should be noticed that the construction of the second one is based 
upon an extrapolation of the phase boundaries in one of the binary systems to negative 
compositions. This is non-physical but in accordance with the form of the mathematical 
equations. 


Exercise 11.1 

Fe has two allotropic modifications, Y(fcc) and a(bcc). At 1423 K y is more stable by 
71 J/mol but a can be stabilized by alloying with 5 atom % Si. Estimate how much Si 
is required if the alloy also contains 0.5 atom % Ni, which has a distribution coefficient 
between y and a of 1.3. 


Hint 


First evaluate the distribution coefficient for Si from the information. 


11.2 Calculation of allotropic phase boundaries 
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Figure 11.1 Isobarothermal section of ternary phase diagram showing equilibrium between two 
phases, both with the same major component. 


Solution 

ExJ - Ex“ = (°G^^ - = -71/8.3145 ■ 1423 = -0.006; For the binary 

Fe-Si system: -0.006 = - xg = - 1) = 0.05(.^:g''“ - 1); = 1 - 

0.12 = 0 . 88 . 

For Fe-Si-Ni alloy: -0.006 = - 1) + x“ - 1) = xg • (0.88 - 1) + 

0.005 • (1.3 - 1) = -0.12xg + 0.0015; xg = 0.0075/0.12 = 0.0625. 


11.2 Calculation of allotropic phase boundaries 


On an allotropic phase boundary the two phases have the same composition (see 
Section 7.5). When comparing two phases we get the following expression by definition 
if we apply the regular solution model to both phases (^Gm = x^x^L, see Section 7.1) 
because the ideal entropy term will be the same for two solution phases of the same 
compositions and will thus drop out. 

GP - Gg = xa(°gP - °Gg) + xb(°gP - °Gg) + xaxb(EP - E“). (11.9) 


For low B contents it may be convenient to rearrange the equation as 

Gg - Gg = ”G^ - °Gg + xb(°G^ - °Gg - °G|^ + "Gg + - E“) - x^iL^ - E“). 

( 11 . 10 ) 


At sufficiently low B contents we can neglect the last square term. Close to the temperature 
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(a) (b) (c) 



Figure 11.2 The effects of two types of alloying elements on the allotropic phase boundary. 

The equilibrium phase boundaries (solid lines) fall one on each side of the allotropic phase 
boundary (dashed lines). The diagrams are calculated with = RT \n2 and 

of the allotropic phase transformation for pure A we can neglect the term — “G® in 
the bracket, which is there close to zero, and we thus get 

GP - G“ = °G^ - °G“ + XB ■ A°Gb^P^, (11.11) 

where we have introduced the following notation 

A°GB^P^ = ‘’G^-°Gg + zP-I®. (11-12) 

We have already seen that the distribution coefficient of B between a and (3 can be 
approximated by an expression for low B contents 

= exp(A°GB^^^/f?r) = exp[(°G^-°G^ + zP-Z“)/i?r]. (11.13) 

We thus find the following relation between the parameters used in the calculation of 
allotropic boundaries as well as ordinary phase boundaries 

Aog«^PA ^ ^y,ln^a/P_ (11.14) 

Within a narrow range of temperature and composition, it is reasonable to assume that 
A°Gb^^^ is constant and we can then describe the effect of the alloying element as 
a parallel displacement of the curve for °gJ^ — °G^ by the amount xa ■ A°Gb^^^. 
We shall thus get two types of alloying effect, which are demonstrated by B and C in 
Fig. 11.2. There it is assumed that °Ga — °Ga varies linearly with temperature. 
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(a) (b) (c) 



Figure 11.3 The effects of two types of alloying elements on the allotropic phase boundary (thick 
lines) when the low-temperature phase comes back at high temperatures. The phase boundaries 
are here given with thin lines. 


We can obtain an equation for the allotropic phase boundary by inserting Gj^ — G“ = 
Oin Eq. (11.11). 

^allot^ _(o^P _o^a)/AO(5«^|3A^ _0(3:a)/^y.ln^«/P_ (11.15) 

Close to the transition point 7), for pure A we obtain 

^aiiot ^ ( 11 . 16 ) 

This type of construction is especially interesting for iron because its high-temperature 
phase 6 is identical to its low-temperature phase a. As a consequence, the allotropic 
phase boundary must be strongly curved as demonstrated in Fig. 11.3. It should be 
noticed that one can extrapolate all phase boundaries mathematically, even to negative 
alloy contents if one avoids the use of mathematical expressions containing InxB. The 
two types of alloying effects on iron, the stabilization of austenite (y) by element B and 
ferrite (a) by element C, thus look like each other’s mirror images. It should finally be 
emphasized that the approximate equations derived in this section are valid only up to a 
few atomic per cent of the alloying element. 

Exercise 11.2 

Suppose pure A has an a/|3 transition at 1000 K. An alloying element B, which itself 
has the a structure at all temperatures, has been found first to expand the range of the 
(3 phase to lower temperatures but at higher B contents the a phase will win. Find 
the congruent point for the a/(3 equilibrium from the following kind of expression for 
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both phases: + x^Gb + i?r(xAlnxA + xelnxe) + LxaXb, where °G^ — 

°G^ = - 1000); '’Gg - °gP =-J?r; = 200i? and =-IOOOjR. 


Hint 

At a point of extremum, where the ordinary phase boundaries are horizontal, the allotropic 
phase boundary coincides with them and is also horizontal. It is much easier to calculate 
this point from the allotropic phase boundary than from the ordinary ones. It is given by 

- GP = 0. 


Solution 

G“ - GP =xa(°G“ - °Gi) + XB(°Gg - °gP) + (L“ - LP)xaxb; xaR{T - 1000) + 
xb{—RT) + (200 + 1000)i?XAXB = 0; RT{xa — xb) — IOOOT^xa + 1200i?XAXB = 
0; T — (IOOOxa — 1200xaxb)/(xa — xb) = 1000(1 — 2.2xb + 1.2x|)/(l — 2 xb); 
dr/dxB = 1000[(1 - 2 xb)(-2.2 + 2.4xb) - (1 - 2.2xb + 1.2x|)(-2)]/(l - Ix^f = 
0; Xb = 0.092; T = 990K. 


11.3 Variation of a chemical potential in a two-phase field 


We shall now consider the effect of a ternary alloying addition on a two-phase equilibrium 
which exists already in a binary system. The effect of the minor binary component on the 
chemical potential can be estimated rather accurately from the distribution coefficient 
of the alloying element between the two phases without using any information on the 
direction of the phase boundaries in the ternary system. In Section 8.8 we considered the 
effect of any small change in composition of phases in a ternary system by combining 
two Gibbs-Duhem relations at constant T and P. We can easily introduce a distribution 
coefficient in Eq. (8.46). 


d/xc = 


' B ^ ^ B 

X\X, 


dflB = X, 


l-K, 


p/a 

BA 


B-^A 


A-^C 


a-a-^C 




■d/XB. (11.17) 


By dividing through with (xa + Xg) ■ (xa -t- Xg), which is equal to 1, we can change 
from the x composition to u (see Section 4.3). The distribution coefficient for B and A 
between the two phases can be defined with both types of variable 


P/a 

BA 


= XrX 


P^a/„P„a 

/ XaXr 


B^A/^A^B 


P a / P a 

= “b«a/«a«b- 


(11.18) 


At low contents of B in both phases we can approximate u‘^ and Ha with unity and we 
can apply Henry’s law to B in the a phase in the following form if the C content in a is 
also low, 


/XB = Gg = °G“ + RT\nf^+ RT Inwg 
d/XB = (TJT/ug) ■ dug. 


(11.19) 

( 11 . 20 ) 
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(a) (b) 




Figure 11.4 The effect of the slope of tie-lines on the activity of a component in a two-phase field. 


The equation is thus simplified to 


|3/a 


dun Uq — Uq 


( 11 . 21 ) 


By approximating the right-hand side with its value close to the binary A-C side of the 
system, we can easily integrate and obtain 


ternary binary 

Me ~ Me 


= RT ■ 




P/a 

BA 


( 11 . 22 ) 


where Wg is the B content of a in the ternary alloy. By introducing the activity for C we 
instead obtain 


In 


ternary 

Oq __ 

binary 

«e 


1 - K 


P/a 

BA 


Ur — Ur 


(11.23) 


This is a useful equation for rough calculations. It demonstrates that an alloying element 
which concentrates to the phase which is richest in C, i.e. which has > 1 if (3 is 
the C-rich phase, will decrease the C activity for the two-phase equilibrium a + (3. An 
alloying element that concentrates to the C-poor phase will increase the C activity. From 
the derivation it is evident that this effect is additive for several alloying elements if 
evaluated for (xq or Inac- 

The value of ATg^* is directly related to the slope of the tie-lines in the uq, mm 
phase diagram. We can thus illustrate the two cases with the phase diagrams in 
Fig. 11.4 where the u parameters are used. The alloying element will have no effect on 
the C activity of the two-phase equilibrium if the tie-lines are horizontal, i.e. if they are 
directed towards the C corner which is situated infinitely far away in a diagram with the u 
variable. 

The equation shows that /xc does not change in a two-phase field where K — \, i.e. 
where the two phases have the same content of B relative to A. This is thus a point 
of extremum and the present result is in complete agreement with Konovalov’s rule. 
Compare with Exercise 10.11 where N plays the role of C and Cr the role of B. 
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The chemical potential of a two-phase equilibrium can also be strongly affected by 
a difference in pressure, caused by the surface energy in a curved phase interface. The 
complete form of the Gibbs-Duhem equation is the following: 

XAd/UA -h Xfid/XB 4- xcd/xc = V^dP - S^AT. (11.24) 


Now we shall let the pressure vary in the (3 phase but keep the temperature constant. 
Equation (11.17) will thus have one more term, which can be written as 

j/P 




U'ZU'r — U'lU 

For low B contents we can thus write 

d/.tc = ^ ■ d/xg-h / ■ dPP, 

where k — RT{\ — ifgA°')/(“c “ “c) ^ ~ ^m/(l ~ x^){u^ — m“). 


^A'^C 


or 




-•a^c 


a“c 


1 — X, 


P' 


(11.25) 


(11.26) 


Exercise 11.3 

Low-carbon steels are sometimes carburized in order to increase the surface hardness. 
This is done at a temperature where Y(fcc) is the stable phase. A hard and brittle carbide 
called cementite, FeaC, may form if one uses a high carbon activity in the gas. In the 
binary system it has a carbon activity of 1.04 when in equilibrium with y at 1173 K. 
What would be the highest carbon activity to be used if one wants to avoid cementite for 
a steel with 1.5 atom % Cr and 3 atom % Ni. They can both replace Fe in cementite and 
the distribution coefficient is 6 for Cr and 0.1 for Ni. 


Hint 

The effects of two alloying elements on /xp or Inuc are additive. The alloy contents given 
are for the initial low-carbon steel and we should evaluate the u variable because it does 
not change when C is added due to its definition. We obtain = 0.015 and — 0.03. 
For cementite uc =1/3 and for y in equilibrium with cementite at 1173 K we have 1.23 
mass % C which gives uq — 0.059. 


Solution 

ln(ac'“Vflc“'^) = [(1 - 6)-0.015 -t- (1 - 0.1) ■ 0.03]/[(l/3) - 0.059] =-0.17; 

. exp(—0.17) = 1.04 ■ 0.84 = 0.88. This is the highest value one should 

use. 


11.4 Direction of phase boundaries 

So far, we have discussed the direction of phase boundaries in some simple cases. For 
the general case we need a more powerful method and we should then turn to the Gibbs- 
Duhem relation. In fact, we have already calculated the directions of phase fields in 
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potential phase diagrams by the application of the Gibbs-Duhem relation. However, in 
order to calculate the directions of the phase boundaries in molar phase diagrams we 
must introduce the molar quantities instead of the potentials as variables in the Gibbs- 
Duhem relation. No general treatment can be given here in view of the large variety that 
can occur in mixed phase diagrams. Only the special case will be treated where T and P 
are retained but all the chemical potentials are replaced by molar contents. 

The fact that the molar quantities of two phases in equilibrium are generally different, 
although the potentials are equal, makes it necessary to choose one of the phases, for 
instance a, and express the potentials through its molar quantities. If T and P are retained, 
then it is convenient to express the changes of the chemical potentials /u, through the 
composition dependence of the partial Gibbs energies in the a phase, Gf. In order to 
make the enthalpy appear in the final expression instead of the entropy we shall use 
the potentials occurring in the special form of the Gibbs-Duhem relation containing 
enthalpy. It is obtained from the fifth line in Table 3.1. 

C 

Htd.{\/T)+{Vl/T) AP - ^xfd(M,/T) = 0. (11.27) 

i=l 

We shall now introduce the properties of the chosen phase a by using /x, = Gf and 
with \/T,P and xf for j > 1 as the independent variables, treating xf as the dependent 
composition variable. We can then eliminate d(/x,/7) using 

d(/x,/r)=-^d(l/T)+— ‘-AP/T + Y" —(11.28) 

We can insert 

9 (G“/r)/a(i/r) =//“ (11.29) 

dGfjdP^VY (11.30) 

Applying Eq. (4.7) to the Gibbs energy we obtain by selecting component 1 as the 
dependent one, 

Gf = G“ + dGf/dxf - ^xfdGl/dxf. (11.31) 

1=2 

Using the notation of second derivatives of G® when component 1 is the dependent one, 
which was introduced in Section 6.6, we obtain, 

dGf/dxf^gfj-^xfgf,. (11.32) 

1=2 

It should be noted that gfj does not exist since component 1 is the dependent one. When 
inserting these expressions in Eq. (1 1.27) we shall also replace //^ by Sxf uf and 
by llxfvY 

^ xf//f d( 1 / T) + ^ xf dP/T 




HfUljT) + V’-iPIT^ £ (a? - 


7=2 


1=2 


= 0. (11.33) 
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However, 


E 4 * E = E E = E (*? - ■ 


i=l 


1=2 


i=2 


1=2 


i=2 


(11.34) 


since gij for i = 1 does not exist and the terms in the summation over index / are 
independent of index i. We obtain, because d{ \ / T) = —dT/ 

^ ^ (xf - x“)g“dx“ + ^xf - Hr)dT/T-^xf{V,^ - Vr)dP = 0. 

i=2 i=2 /=1 i=\ 

(11.35) 

This is the desired relation. Contrary to the Gibbs-Duhem relation this equation always 
concerns two phases, and all the terms become zero when applied to the phase which was 
chosen for expressing the chemical potentials. When applied to more than two phases it 
yields a system of equations and some variables can then be eliminated with the method 
used for calculating the direction of phase fields from the Gibbs-Duhem relation. The 
elements of the determinants will then be E(xf — x“)g“ instead of xf. However, we 
shall apply the equation to equilibria concerning two coexisting phases and the equation 
can then be applied directly. 

For a binary system under isobaric conditions we get for the phase boundaries 


dxr 

^ _xf(//,“-//f) + xf(// 2 «-//f) 

A//Pina 

(11.36) 

dT , 

coex (^2 ~ 


dx^'' 

\ x“(//f-//“)+x“(//f-//f) 

A//«inP 

(11.37) 

dr ^ 

'coex {^2-4)g22T 

{xf - xf)gf2r 


The numerator is equal to the heat of solution of the other phase (a or (3) in the phase 
being considered ((3 or a). The phase boundary will be vertical if the heat of solution is 
zero. Figure 11.3(c) shows a case where both boundaries turn vertical at almost the same 
temperature and then lean the other way. Both phases were rich in one component,!, and 
the heat of solution mainly depended on the terms with (//“ — //f), a quantity that went 
through zero in that temperature range. 

Either of these two equations can be used to evaluate the slope of a phase boundary 
but also to calculate the width of a two-phase field if the slope is known. 


A//P“ 


A//“”P 


XA — Xo = 


{dx-/dT)^ 


gf2T(dxf/dr) 


(11.38) 


Exercise 11.4 

Derive an equation for the solubility of pure component 2 in a phase a which is almost 
pure component 1. 
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Hint 

Section 7.1 gives ^“2 — ^ RT /x“ if x“ is small. Also use Xj — x“ = 1. 


Solution 

cix2“/dr = AHJiRT^ /x^);d{lnx^)/d{l/ T) = AHJR; x^ ^ K ■ exp(AHJRT). 
Usually, AHm is replaced by —L, where L is the heat given off by the dissolution 
of |3. 


Exercise 11.5 

Apply Eq. (11.35) to a binary case at constant P. Then consider the a/a + (3 phase 
boundary in the T, x phase diagram in a system where a is almost pure A and (3 is a bcc 
phase close to the 50-50 composition. Suppose |3 has a sharp transformation at 7), from 
a perfectly ordered to a perfectly disordered state (which would never happen). Calculate 
the angle of the a/(a + (3) phase boundary at (or, more precisely, the difference in 
direction, dxIdT, of this phase boundary just below and just above Tq). 


Hint 

At constant P\ [xf (77“ — + x^ {Hf — 7/2^)]d7’ = (xj — ^Notice that 

xf T/f + Xj H2 — and that the entropy of disordering is — 7?(xi Inxj + X2 lnx 2 ) = 
7? In 2 for xi = X 2 = 0.5. For the dilute solution of component 2 in a we may use g “2 = 
RT/xfx^. 


Solution 

xf = xf = 0.5 gives dx2“/d7’ = 0.5(77“ - 77f + - 772^)/(0.5 - Ojgj"?’- By tak¬ 

ing the difference between just below and just above the transition, we eliminate 77“ 
and 772 “ and thus get A(dx 2 “/dr) = (77^ - 77^')/0-5g^2 7;-But77| - 77|' = 
and at the transition point the two states have the same Gibbs energy and thus 
A77"‘i - 7;A5”‘' = 0; A(dx 2 “/dr) = 7;A5”V0.5g2“2 7; = R \n2/(d.5RTJx^) = 
2 x 2 “ In 2/To. 


Exercise 11.6 

When adding a third component C to a certain binary system A-B under constant P, 
one found that the depression of the freezing point of a stoichiometric phase A^Bi only 
depended upon the molar content xq and was independent of whether one kept xa, xq or 
xa/xb constant. Examine if this result can be expected in general. Suppose the pressure 
is constant. 
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Hint 

Apply the general equation for the direction of phase boundaries, Eq. (11.35), to the 
ternary case, making C the dependent component 1. Remember that gi is the deriva¬ 
tive of Gm with respect to X 2 , keeping constant, i.e. with dxj = —cbc 2 . Writing Gm 
as + RTXnxi) + ®Gm(x 2 , X 3 ) we get: gi — °G 2 — °G\ + RT(\nx 2 — Inxi) -t- 

9 ^Gm/ 9 x 2 andg 22 = RT{\/x 2 + 1/xi) -|- 9^®Gm/9xf, etc. Look for the predominating 
term whenxj is small. Furthermore, the liquid composition is close to that of AaB*. 

Solution 

For xc = XI ^ 0 we get [(xf - x^)g ^2 + (^ 3 ^ “ A)g 2 ^\^l + [(-^2 “ + (^ 3 ^ “ 

4)g«]d^3 = -[4(^2^ - + - Hl)]dT/T under constant P. The pre¬ 

dominating term in g 22 is RT/xi and all the other second derivatives of g have the same 
predominating term. By neglecting other terms we get [(xf — xf -t- xf — xf) ■ RT /xf] 
dxf -|- [(xf — xf -t- xf — xf) ■ RT /xfjdxf = [(xf — xf -t- xf — xf) ■ RT /xf](dxf -|- 
dxf) = —\x\{H 2 — H 2 ) + x\{H 2 — //f")]dr/r. The depression of the freezing point 
thus depends on dxf -t- dxf which is equal to —dxf whether one keeps xa, xb or xa/xb 
constant. 


11.5 Congruent melting points 


It is immediately clear from our equations for dx/dT that for a congruent transformation 
point in a binary system, e.g. for xf = xf, the phase boundaries must be horizontal and 
such a point must be a point of temperature extremum. This is also in agreement with 
Konovalov’s rule (see also [22]). However, at the side of the system where xf approaches 
zero, g 22 approaches infinity as RT /xf and the whole denominator in Eq. (11.37), with L 
instead of |3, approaches R ^^(xf^/xf — 1) which is not zero. Thus, the phase boundaries 
do not turn horizontal on the sides of the system. The two cases are demonstrated in 
Fig. 11.5. 

The slopes of the phase boundaries at the left-hand side of the binary system in 
Fig. 11.5 can be evaluated from the limiting value of §“2 which is RT/x“ when x“ ^ 0 
(see Section 7.1). 


/9x2“\ _ 1 

V^/coex ^ xf-X 2 “ ■ (RT/x-)T 

/3xf\ _ 1 

\^/coex ~ ^2-4 ' (J^r/xi)T 


1 - 

1 - °//f 

RT2 


(11.39) 

(11.40) 


The width of the two-phase field at some temperature T below the transformation point 
To for pure component 1 is obtained from the difference, 

°//f - 9(xf - x^) _ xf - x^ 

RT~^ “ ~ 


dT 


To-T 


(11.41) 
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Figure 11.5 Binary T, x phase diagram at 1 bar. The point of congruent melting of |3 must have 
horizontal phase boundaries. At the melting points of the two components the phase boundaries 
are not horizontal. 

If one of the phases is liquid, one can often neglect the solubility in the solid phase 
and one thus obtains a simple expression for the freezing-point depression, 



(11.42) 


It should be emphasized that it would be difficult to see the horizontal part of a phase 
boundary at a congruent transformation point if the properties of the phase change so 
rapidly that g 22 is very large. An obvious case is the (3/(|3 -|- L) boundary when (3 is 
almost stoichiometric, i.e. the composition of (3 does not vary noticeably. The phase 
boundary of the surrounding phase, in our case L/(L -|- |3) can also be very sharp if the 
properties of the liquid change rapidly with composition at the particular composition 
of the congruent transformation. For such cases it may be interesting to evaluate the 
curvatures of the two phase boundaries. At the congruent point we have = xf and 
the heat of solution of each phase in the other one is simply the heat of transformation 
of the other phase into the phase under consideration. 


dx| _ dxf/dr _ (//P - H-){ 




(11.44) 


(11.45) 


For an almost stoichiometric phase, would be very large and for the liquid at a 
congruent melting point we then get 


d [x^f - //L ■ 




It should be noted that is negative and so is d^7’/d(x2 )^. 


(11.46) 
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It should be emphasized that another possibility of finding a horizontal phase boundary 
is by having ^“2 approach zero, i.e. a limit of stability. 


Exercise 11.7 

The T, X phase diagram of Al-Zn shows an unusual feature (Fig. 11.6). The solidus line 
turns almost horizontal in the centre of the system but the liquidus does not. It thus seems 
to be due to some property of the solid phase rather than the interaction between the two 
phases. Examine the possible explanation by inspecting the equation for the slope of a 
phase boundary. If a conclusion is reached, try to test it by examining other features of 
the diagram. 


Hint 

If the explanation is to be found in the function of the solid, then the same factor 
may have consequences for other phase equilibria with the solid. 


Solution 

The equation suggests that gfj is very small at the centre of the system. We may thus be 
close to a limit of stability of the a phase where ^“2 goes through zero to turn negative. 
Indeed, at lower temperatures one can see the top of a miscibility gap in the a phase where 
a homogeneous fee alloy starts to decompose in regions of two different compositions. 


Exercise 11.8 

In elementary textbooks one can sometimes see a series of sketched phase diagrams as 
shown in Fig. 11.7. Criticize it. 
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(a) (b) 




(c) 




Figure 11.8 Solution to Exercise 11.8. 


Hint 

The author may not have remembered that there are two different effects which can make 
a phase boundary horizontal. 

Solution 

In diagram (a) the two phase boundaries at the minimum are horizontal because it is 
a congruent transformation point. It is an effect of the combined properties of the two 
phases. The top of the miscibility gap, ai + a 2 , is horizontal because ^*2 = ^ that 
is a property of the a phase alone. It would be highly unlikely that these two phenomena 
should occur at the same composition, as indicated in diagram (b). Figure 11.8 gives an 
idea of how the two phase boundaries may meet. Compare with the phase diagram to 
Exercise 11.7. 

Exercise 11.9 

Calculate what value of g 22 would give the melting point of a stoichiometric phase such 
a strong curvature that it looks sharp. Compare with the value for an ideal solution. 

Hint 

Suppose Richard’s rule can be applied, A//n, = = —RT. The maximum may 

look sharp if the radius of curvature — l/Cd^T/dx^) is less than 0.005/r. 
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Figure 11.9 The T, x phase diagram for Ag-Pb. The solidus of the Ag phase is retrograde. 

Solution 

Equation (11.46) yields -d^T/dx^ = -giiT/i-RT) > T/0.005; g 22 > 200RT. If 

the solution is ideal we have g 22 — RTfxiX 2 , which is generally very much lower. 


11.6 Vertical phase boundaries 

It is also interesting to discuss the possibility of finding a vertical phase boundary. This 
requires that the numerator is zero, i.e. that the heat of reaction, when (3 is dissolved in 
oc, is zero. An example is given in Fig. 11.9 showing a so-called retrograde solidus line. 

As another example we may take the well-known case of the so-called y loop in 
binary iron diagrams with a-stabilizing alloying elements (see Fig. 11.3(c)). Here both 
phases are rich in iron and we can approximate the numerator in Eq. (1 1.36) for a with 
and for y with F/j) — since the alloy contents are low. The characteristic 
y loop thus depends upon the fact that the enthalpy difference between a-Fe and y-Fe 
changes sign and goes through zero in this range of temperature. 

Exercise 11.10 

From the detail of the Fe-0 phase diagram (Fig. 11.10), what can be said about the heat 
of solution of y-Fe in the wiistite phase? 

Hint 

Examine the boundary representing the solubility of y-Fe in wiistite (W). 

Solution 

Since the y phase is almost pure Fe, the numerator in the expression for dx* /dT, 
obtained from Eq. (11.37), is ^ ^o) = “ ^Fe’ i-®- 

heat of solution of y-Fe in wiistite. This quantity is thus close to zero over a wide range 
of temperature because the boundary is almost vertical. 
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11.7 



Figure11.10 See Exercise 11.10. 


Slope of phase boundaries in isothermal sections 


For a ternary system under isobarothermal conditions we get 

[(■*2 - + (4 - + [(^2 - ^2“)&“ + (^3^ - ] d ^3“ = 0. 



(11.47) 

We can here introduce the slope of the oc + (3 tie-line, 


n = (X 3 P - X 3 “)/(X 2 ^ - Xj") 

(11.48) 

d*3“ gii + ’^gn 

^2 g23 + ngfi' 

(11.49) 


As an application we shall examine when the a/(a + (3) phase boundary is parallel to 
the X 2 axis, i.e. when dx“/dx“ = 0. We find the condition 


gii /gii — ”• 


(11.50) 


When the a phase is a dilute solution of components 2 and 3 in 1, the leading term 
in g 22 lRT is l/x“ and it may be more convenient to recast the result into one of the 
following forms by inserting RR ~ 1 1 A“ instead oig 22 /RT■ 

^ (11.51) 


gii/RT - 1 Az* + ng^2/RT 




{x^2 - ^^{gii/RT - lA") + (A - ^Mi/RT - 1 


(11.52) 


The latter equation can be rearranged into a form which is even more convenient because 
the ideal entropy of mixing gives a contribution of RT/xf to both ^“2 ^nd ^“ 3 , 

P 

_ ^^2 _ 

' (x^ -x«)(i/x“ + + (A -^ 3 “)(iAi“-A 2 /^A+AAr' 

(11.53) 
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We have thus made the first term in the denominator so small that it can often be neglected. 
One could then write 


X 


a 

2 


(4 - ^3“) (1 Ar - S32 /A + Ar 


(11.54) 


It is common to introduce Wagner’s interaction parameter e\ which will be discussed in 
Section 20.7. It yields 


^2 ~ 


4 (A - x^)- A /^x 4 (x‘ - x^) 


(11.55) 


Exercise 11.11 

According to Schreinemakers’ rule the phase boundary a/(a + y) in an isobarothermal 
section of a ternary phase diagram must be directed towards the P point if a/(a + |3) is 
directed towards the 7 point. Prove this using Eq. (11.49). 

Hint 

Denote the slope of the a + 7 tie-line by ^nd the slope of the a -t- (3 tie-line by . 

Solution 

= (dx 3 /dx 2 )“/P = -(gf 2 + «“^^ft“ 2 )/te 2“3 + Thus, = 

By rearranging the terms we get —g 22 — ”“'^^.?23 = ”“'^^^“2 + 
and we can form — —(^“3 + + ”“'^^^“ 3 ) which is equal 

to (dx 3 /dx 2 )“^^ since g -|‘3 = § 3 * 2 . 

Exercise 11.12 

Figure 11.11 shows the solubilities of the three oxides in liquid Fe at 1823 K according to 
an experimental study. All curves show minima. Use this information in order to estimate 
the Cr content of the two spinels. 

Hint 

Start by evaluating from the minimum for the phase with a known composition, Cr 3 O 4 . 
Knowing one can then calculate the Cr content for another oxide from its minimum. 
Both spinels can be represented by the general formula (Fe,Cr) 304 . Considering the 
limited accuracy of the data it is justified to approximate mass fraction Cr in liquid Fe 
as molar content Cr. 

Solution 

Let |3 = oxide; oc = liquid; 2 = Cr; 3 = 0. Then = x““*® = 4/7 for all these 
oxides and x“ = Xq = 0 . 

From the known composition of Cr 304 : 0.1 = x^^. = x“ = —x^/e(x 3 — x“) = 
-(3/7)/e(4/7); e =-3/4 ■ 0.1 =-7.5. 
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Figure11.11 See Exercise 11.12. 

Using this value we find: For an undistorted spinel: 0.02 = —x gide/(_7,5)(4/7); 
^oxide _ Q 5/7 -pjjg formula is Fe 2.4 Cro.e O 4 . 

For distorted spinel: 0.06 = -xg‘‘^7(-7.5)(4/7);xg‘‘*'= = 1.8/7. The formula is Fei.a 
Cri .8 O 4 . 

11.8 The effect of a pressure difference between two phases 

In Section 11.4 we derived an expression for the change in composition of an a phase in 
equilibrium with a (3 phase caused by changes in T and P. It was then assumed that T and 
P had always the same values in both phases. The derivation of Eq. (11.35) can be carried 
out even if P changes in different ways in the two phases. This will occur when they are 
separated by a curved interface. In Section 16.2 we will find the equilibrium condition 
pP _ pa _j_ 2^ jr. Now we shall simply assume that oc and (3 can be in equilibrium even 
at a difference in pressure. The result will then be 


C C 


c 


c 


EE(-f 



(11.56) 


Let us now apply this equation to a binary case in which dP" = 0 and dT = 0. Using 


= xf Uf + xf Vf we get 



(11.57) 


An expression for the simultaneous change in the (3 phase can be obtained by first 
exchanging a and (3 in Eq. (11.56) and then applying it to the case dP® = 0 and dT = 0, 


(xf - X2“)gf2d^f = (xi“Kf +x2“F/)dPP 

^ (xrFf+x|Uf)^ 



(11.58) 


(11.59) 


It is interesting to see that a and |3 change their composition in the same direction. 
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It should be noted that these equations were actually derived graphically by means of 
molar Gibbs energy diagrams in Figs 7.15 and 7.16. 

Exercise 11.13 

For the a/(3 equilibrium in a ternary system at constant T and one obtains 
{Vl/RT)&P^ = /!«dx 2 ^ + Show that= ^ 2 ^X 2 “ - xf/xf and/c“ = x^/xf - 

xf /x“ if a and (3 are ideal solutions. 

Hint 

The right-hand sideofEq.(11.56) again yields Fjj dP . For an ideal solution gnjRT — 
I/X1-I-I/X2; gl-i ^ g7,2 ^ RT!Xu g-33/^7’ = 1 /Xl -t- I/X3. 


Solution 


The dx“ coefficient for {V^/RT)&P'^, obtained from the left-hand side of Eq. (11.56) 
for j = 1, is (X 2 ^ - x^)gyRT -t- (xj^ - x^)gy RT = (xf - X 2 “)(xi“ -t- x^)lxfx^ + 

( -.-P -i- -i- -I- a. ^a. a. 1 

^ A 2 -J- -^2 \ )/ ' *^2 *''2 ^2-^1 -^2"^2 -^2"'^2 AjA2 T 


yOi a. a a\/ a a _ (yf’yOi P a\/ a.^a . 

A 2 2 ~r “'"I ■^2 //"^l "^2 — 2*^1 ■^l"^2x/"^l‘^2 

ficient is obtained in the same way. 


: X 2 /x“ — x} /x“ = h‘^. The dx“ coef- 


12 Sharp and gradual phase 
transformations 


12.1 Experimental conditions 

There will be a driving force for a phase transformation if the conditions of a system are 
changed in such a way that the system moves from one phase field into another in the 
phase diagram. In this chapter we shall examine the character of such phase transforma¬ 
tions and we shall find that they depend upon the experimental method of controlling 
and changing the conditions. It is important first to realize that the possibility of effi¬ 
ciently controlling the various state variables is very different. For gaseous and liquid 
phases it is comparatively easy to control the pressure. It can be kept constant or it can 
be changed gradually according to an experimental programme. At any moment it is 
very uniform in the system apart from effects due to the surface energy of curved phase 
interfaces. For solid systems it is more difficult to control the pressure, in particular 
during a phase transformation resulting in a volume change. This may give rise to local 
deformation and internal stresses. On the other hand, solid phases are usually so dense 
and rigid that the thermodynamic effect of pressure differences and stresses can often be 
ignored. From a practical point of view we may often regard the pressure as an experi¬ 
mental variable which can be reasonably well maintained at a low enough level to have 
a negligible effect. 

The temperature can often be kept relatively constant but in a large piece of material 
it may be difficult to change the temperature according to an experimental programme. 
This is due to the limited rate of heat conduction. As a consequence, in a well-controlled 
experiment the required change of temperature must be slow enough. Another way to 
change the temperature is to control the flow of heat to the system. If the pressure is kept 
constant we have 

AH ^ &U + A{PV) ^ AU + PAV + VAP ^AQ+ VAP ^AQ. (I2.I) 

and this is therefore a way of controlling the enthalpy rather than the temperature. Again, 
the rate of heat conduction may be a limiting factor and in order for an experiment to be 
well controlled it can only involve slow internal changes or small specimens. Further¬ 
more, the heat content will change locally if there is a spontaneous phase transformation. 
Only slow phase transformations or small specimens can thus be studied if one wants to 
have at least approximately isothermal conditions. 

If the chemical potential of an element is changed gradually by changing its value 
in the surroundings, considerable potential differences within the system will normally 
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prevail for a long time unless the change is extremely slow. This is because equilibration 
of the chemical potential requires a change of the local composition, which can only be 
accomplished by diffusion or convection. Diffusion is usually many orders of magnitude 
slower than heat conduction. 

There are cases where a particular component is much more mobile than the other 
components. This may occur for elements with small atoms when dissolved interstitially 
in solid phases. An example of some practical importance is carbon in steel. An even 
better example is hydrogen in most metals and alloys. In such cases one may have some 
success in controlling the chemical potential of that particular component. 

A phase transformation may itself give rise to severe difficulties in the control of 
the experimental conditions. Under the given values of the potential variables the new 
phase will most probably have different values for all the molar quantities and there 
will be a tendency for their conjugate potential variables to change locally during a 
phase transformation, independent of what potential is being changed experimentally. In 
practice, the difficulties in carrying out a well-controlled experiment may be the same 
whatever potential one has decided to change. As an example, if the changed conditions 
give rise to a phase transformation, then the transformation may in turn give rise to 
a redistribution of the components by diffusion, heat flow by conduction and material 
transport by plastic and elastic deformation. 

Due to the complications caused by a phase transformation in a solid material it may 
be somewhat easier to carry out a well-controlled experiment under constant values of 
some extensive variables rather than potentials. However, that will affect the character 
of the phase transformation. This will be evident from the discussion in this chapter. 

Exercise 12.1 

A solid substance is kept at its melting point T\ under a certain high pressure Pi. Discuss 
what happens if the pressure is suddenly released. Suppose that the liquid form of the 
substance is less dense. 

Hint 

The solid phase with its higher density was favoured by the high pressure. Ti being the 
melting point at Pi is thus above the melting point at P = 0. 

Solution 

Melting will most probably start somewhere. The melt will instantaneously be at the new 
melting point which is lower than Pi. Heat will thus start to flow into the melted region 
from the remaining solid which may thus cool down to the new melting point. Thus, 
a mixture of the two phases may be established and its temperature will be at the new 
melting point. However, this may cause heat flow into the system from the surroundings 
if they are kept at Pi. The whole system will thus melt eventually. On the other hand, if 
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Figure 12.1 Illustration of the conditions for a sharp phase transformation in a simple case where 
all external variables to be kept constant are potentials. 

the new melting point is very low compared to Ti, then the whole system may melt even 
before any heat has flown into the system. See Exercise 14.2. 


12.2 Characterization of phase transformations 


In this section we shall neglect the difficulties mentioned in Section 12.1 regarding the 
control of the variables. We shall limit the discussion to cases where we have selected 
one variable to be varied in a controlled fashion, keeping all the others constant. Thus, 
we shall not consider any projections here. The present question is not how we look at 
the system but how we control it. From the phase diagram point of view this means that 
c of the c + 1 independent variables in a set of external state variables will be sectioned, 
n^ — c, and the selected variable can be represented on the resulting one-dimensional 
phase diagram, r — \. 

When the selected variable is changed gradually, the system may move from one phase 
fleld into another and a phase transformation may thus occur. It can be represented by a 
reaction formula obtained by combining the names of the phase fields. For instance, when 
moving from an a phase field into a y phase field we expect the transformation oc ^ y. In 
doing so we must pass an a -F y phase field and one may characterize the transformation 
as a sharp one if the a -F y phase field has no extension in the one-dimensional phase 
diagram we are using. The phase field rule, Eq. (10.6), must yield d = 0. Otherwise, it 
may be characterized as a gradual transformation and has d > 1 . These cases may be 
illustrated by starting with two-dimensional phase diagrams. The main part of Fig. 12.1 
is a two-dimensional diagram obtained by starting with only potential variables, c — 1 
of which have then been sectioned, ng — c — 1, (here an isobaric section of a binary 
system). A further sectioning (making n^ — c) could be made at T = T\, giving the one¬ 
dimensional phase diagram in the lower part of the figure. The phase field rule yields for 
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a a+Y Y y+P P 


Figure 12.2 Illustration of the conditions for a gradual phase transformation in the simple case 
where one molar variable is used. 

(x + y.d = c + 2 — /) — Ws + «m = c + 2 — 2 — c + 0 = 0 and confirms that the phase 
transformation (x^ y should be a sharp one if /tb is increased gradually. A similar result 
would be obtained if one could keep /xb constant at /Xg and gradually increase T (see the 
right-hand part of Fig. 12.1). 

Figure 12.2 shows the diagram for the same system when the chemical potential has 
been replaced by the conjugate variable, zb. By sectioning ?A T — Ti one obtains the 
one-dimensional diagram in the lower part. Compared to the lower part of Fig. 12.1, 
the two-phase fields have opened up and the a ^ y transformation will be gradual 
if Zb is increased gradually. It is evident that a transformation can never be sharp if 
it occurs under a gradual increase of a molar quantity because all phase fields have 
some extension in the direction of a molar quantity. The result would be the same if one 
instead worked with the ordinary molar content, xb, which is the conjugate variable to 
Mb — Ma- 

A section at zb = Zg is shown to the right of Fig. 12.2. It also shows a grad¬ 
ual transformation when T is changed gradually but that result cannot be predicted 
without inspecting the phase diagram or applying the phase field rule. In this case 
c — 2, p — 2, Us — 2 (P andzB)and«ni = 1(zb), yieldingd — c + 2 — p — n^ + nm — 
c + 2 — 2 — c+l — 1. 

Let us now return to the case of a sharp transformation in Fig. 12.1. If the gradual 
change of /xb at T = Ti is continued, then the sharp transformation a—^y will be 
followed by another sharp transformation y (3 at a higher value of /xb • It is then inter¬ 
esting to discuss what would happen if the section were made exactly at the temperature 
of the three-phase equilibrium. The lower part of the figure would show a point for the 
a -F |3 -F y equilibrium instead of two points for a -F y andy -F (3. However, with p — 3 
the phase field rule would yield d — c + 2 — p — n^ + nm — c + 2 — 3 — 0 + 0——1. 
Since d — 0 represents a point, one may conclude that d — — I represents a phase field 
which should not show up at all in the one-dimensional diagram and the reason is that it 
is practically impossible to place the section exactly through the three-phase equilibrium. 
Let us for a while neglect that practical difficulty and suppose that the section actually 
goes right through the three-phase equilibrium. What phase transformation would one 
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then observe on gradually increasing /t-b? One could expect to observe the sharp trans¬ 
formation a y, followed by y ^ (3 but also a direct transformation oc—s^ (3. We may 
regard this as a case of overlapping sharp transformations. 

Let us next replace fis by zb and still assume that T can be chosen and controlled in such 
a way that the section goes right through the three-phase equilibrium, in this case right 
through the three-phase horizontal in Fig. 12.2. The lower part of that figure would then 
show an a -I- |3 -t- y region instead of the three regions, a -f- y, y and y -t-13. For three 
phases the phase field rule would now give d — c + 2 — p — n^ + nm — c + 2 — 'i — 
c -F 1 = 0 yielding the incorrect prediction of a three-phase point instead of an extended 
region. 

In order to understand this puzzling result one should remember that a transformation 
can never be sharp when taking place under a gradual change of a molar quantity. If the 
phase field rule gives d = 0 for a molar axis, the interpretation must be that it is practically 
impossible to carry out such an experiment. It thus corresponds to the improbable case 
of d — — \ for a potential axis. We may conclude that, if a molar quantity is varied, 
d — Q predicts overlapping gradual transformations (in the present case a ^ (3 or 
(x^ y followed by y —P). However, it is as unlikely as the case of overlapping sharp 
transformations for li = — 1. 

It is evident that the only way to get a sharp transformation is to vary a potential. 
Usually this is T and one keeps P and the composition constant, n^ — c and = c — 1. 
Using Eq. (10.6) we find that the sharp transformation will then occur when Q — d — 
c + 2 — p — — c + 2 — p — c + {c— l) = c-t- 1 — p, i.e. p — c + 

lip — c + 2 under the same conditions, one would obtain d — i.e. overlapping 
sharp transformations. The present discussion thus results in two schemes for the char¬ 
acter of phase transformations. When a potential is varied gradually we obtain 

for fif = 4-1: gradual transformation 

for fif = 0: sharp transformation 

for fif = — 1: overlapping sharp transformations. 

When a molar quantity is varied gradually, we obtain 

for fif = 4-1: gradual transformation 

for = 0: overlapping gradual transformations. 

In a sharp transformation (i.e., d — Q and a potential is varied) the fractions of the phases 
(i.e. the extent of the transformation) are not fixed by the value of the changing variable. 
This is why the corresponding state of phase equilibrium is sometimes called ‘indifferent’ 
[23]. On the other hand, the compositions of all the phases are fixed. This is why any 
sharp transformation is sometimes called ‘azeotropic’ although that term is usually 
reserved for the case with an extremum discussed in connection with Konovalov’s rule in 
Section 10.8. Cases with an extremum have been neglected in the present discussion but 
will be further discussed in Sections 13.7 to 13.9. 

In addition, overlapping sharp transformations (i.e., d — — I and a potential is varied) 
are sometimes called ‘indifferent’, because the extent of transformation is not fixed. In 
that case, however, there is more than one transformation and their relative progress is 
also not fixed. 


258 


Sharp and gradual phase transformations 


Before leaving this topic, it should be emphasized that the present discussion is based 
on considerations of equilibrium. In practice, there are many kinetic obstacles and it 
is not impossible to observe overlapping transformations (often regarded as competing 
reactions) if the experimental conditions come close to the improbable ones, for which 
the phase field rule predicts overlapping transformations. 

Exercise 12.2 

Consider an A-B system with two solid phases, A-rich and B-rich, and liquid and gas. 
What type of transformation should one expect between these phases if T is changed 
gradually for a system with constant composition and pressure? 

Hint 

If needed, assume that A has a higher vapour pressure than B. 

Soiution 

c — 2, p — A and Gibbs’ phase rule yields v — c + 2 — p — 2 + 2 — A — Q. This equi¬ 
librium would thus show up as a point in the complete potential phase diagram. 
Under the present experimental conditions, = c — 1 (constant overall composi¬ 
tion), and «s = c (constant overall composition and pressure), the phase field rule 
in Eq. (10.6) predicts d — c + 2 — p — + — 2 + 2 — A — c + {c— 1) = —1. The 

chance of observing the corresponding phase transformation would be negligible since 
it would require that a particular value of P could be chosen and kept constant. If 
we were to succeed in doing this, the system could transform with all four phases 
present but it would be a case of overlapping sharp transformations. They could be 
A -I- B ^ liq., A -h B —vapour, A -|- liq. —vapour, liq. ^ B -t- vapour. 

Exercise 12.3 

Consider the same system as in Exercise 12.2 but suppose that the system is heated 
gradually. 

Hint 

As before, — c, but instead of a gradually changing temperature, we should now 
consider a gradually changing enthalpy. Thus n^ — c—\ + \— c. 

Solution 

Under the new experimental conditions <f = c-|-2 — /) — = 2-1-2 — 4 — c-t- 

c = 0. We would observe the same overlapping transformations but they would now be 
gradual. 
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Figure 12.3 Phase transformation oc ^ |3 is a unary system under pressure Pi and heating 
through the surface, d is the distance from the surface. 


12.3 Microstructural character 

We shall now discuss how the phases will be distributed within a system as a result of a 
phase transformation. With most materials one needs a microscope in order to study the 
distribution of the phases, thus the term microstructure. 

During a gradual transformation the new product will only occupy some fraction of the 
volume. It there are many nuclei, the result may be an intimate mixture of the old and new 
phases, with a gradual change of the fractions and of the compositions of the phases. 
Such a transformation may be regarded as microstructurally gradual. On the other 
hand, in a sharp phase transformation the new phase or phases will completely replace 
the old ones but it may still be interesting to discuss the microstructural appearance 
during the transformation because it is never instantaneous, due to kinetic restrictions. 
Thus, let us first consider the effect of the limited rate of heat conduction when heating 
a pure element with two solid phases, a and (3. 

Whether one regards T or (enthalpy per mole of the system) as the controlling 
variable, heat supplied from the surroundings must normally fiow into the system through 
the surface layer. If there is no other kinetic restriction, then the phase transformation 
should start at the surface where the temperature must be at least slightly higher than in 
the interior. After some time there will be a massive surface layer of the new (3 phase. 
It will form with a sharp interface to the old oc phase in the interior. Thus, the phase 
transformation will be microstructurally sharp in both cases. Figure 12.3 illustrates the 
variation of the local value of the molar enthalpy as a function of the distance from the 
surface, assuming that the whole system was initially in a state of a at the temperature of 
equilibrium with |3. The F axis has been added to Fig. 12.3(a) in order to illustrate that 
P is kept constant. The difference between the two cases is that with T as the controlling 
variable the process will not stop until the microstructurally sharp transformation has 
proceeded through the entire system. With as the controlling variable, the process 
will stop when the average value of has reached the prescribed value. 

On the other hand, suppose that the phase transformation is so slow due to kinetic 
reasons that it would be possible to increase of the initial a phase to a value falling 
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inside the a + (3 phase field and, thus, to increase T to a value falling inside the (3 phase 
field before the phase transformation starts. Wherever there are |3 nuclei, they could 
then grow and an a + |3 mixture would develop, the final fractions of a and (3 being 
controlled by the lever rule applied to the prescribed value. The kinetics may be so 
slow that a and (3 are not in equilibrium, not even at the od (3 interfaces, until the fraction 
of |3 has approached its final value. In that case the progressing phase transformation 
may look similar to the microstructurally gradual transformation. 

We have here considered a phase transformation which is sharp when a potential is 
varied. We have found that in order to predict its microscopic appearance one must first 
examine if the transformation is slow due to other kinetic restrictions. If that is the case, 
the transformation may be microstructurally gradual. If the transformation is fast enough 
to follow the changes of the controlling variable, then it may be microstructurally sharp. 
In both cases the result will be the same whether one varies the potential or its conjugate 
molar quantity. However, in the remainder of the present chapter we shall always use a 
potential as the variable. 

Exercise 12.4 

Is it possible to solidify a pure liquid substance by increasing P to a new value if the 
solid form is denser? If so, will the solidification be complete or only partial? Will it be 
microscopically sharp or not? 

Hint 

It all depends upon what other variable is controlled. One will probably try to keep some 
variable constant. Consider two conditions, isothermal (very slow) and adiabatic (very 
rapid). It may be helpful to sketch the appropriate phase diagrams. 

Solution 

We get complete solidification if T is kept constant. Adiabatic conditions are more 
difficult to discuss, because they give, according to the first law,: dQ — dU + PdV — 0 
and dQ = dH — VdP — 0 . Neither U nor P[ is thus constant when P is changed. In 
order to find a state function which is constant, we must assume reversible conditions, 
and, using the second law, we then get dg = TdS — Dd^ — TdS — Q. For this case we 
should thus use an Sm, P diagram. We could then see that the solidification may be partial 
or complete depending upon how large the P change is. This conclusion may not change 
if there is some internal entropy production due to the transformation. 

When considering the microstructural character we may first examine the adiabatic 
case and accept that the change of P is more rapid than the transformation. Then many 
nuclei distributed over the whole system may form and give the transformation a gradual 
appearance. In the slow isothermal case we may assume that the transformation starts at 
the surface or very close to it. The transformation will then be microstructurally sharp 
if the phase field rule predicts that the dimensionality of the a + L phase field should 
be zero. For a unary system Eq. (10.6) yields d — c + 2 — p — ns + n^n— 1+2 — 2 — 
1 + 0 = 0 . 
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(a) (b) 




Figure 12.4 Illustration of difficulty for a phase transformation in a binary system to occur under 
constant /tb when T is increased under constant P. 

12.4 Phase transformations in alloys 

Diffusion is usually much slower than heat conduction and may thus give a very severe 
kinetic restriction on the phase transformations in alloys. This is true even if we would 
decide to control the experimental conditions by keeping all the potentials constant except 
for T, which is varied gradually. The complications are not immediately evident from the 
T, fj.B phase diagram but are clearly demonstrated by the T, xb phase diagram at constant 
P in Fig. 12.4. 

If we could keep fiB constant during an increase of T, we would move through 
the T, Xb phase diagram according to the broken arrow in Fig. 12.4(b). This corre¬ 
sponds to the straight arrow in the T, /xb phase diagram of Fig. 12.4(a) and represents 
a sharp transformation a ^ y. However, this would require an exchange of atoms with 
the surroundings and, due to the low rate of diffusion compared to heat conduction, 
the system would rather move along the straight arrow in the T, xb phase diagram of 
Fig. 12.4(b), when T is increased, and the composition rather than the chemical potential 
would stay constant if the time of the experiment is not very long. One would not manage 
to keep fiB constant except in very special cases. The composition would not have time 
to change much and the system would move into the a -|- y two-phase field. A grad¬ 
ual phase transformation would result. The transformation would be microstructurally 
gradual and the system would show a mixture of a and y and the fraction of y would 
gradually increase on increasing T. 

The effect of slow diffusion discussed here is the reason why most experimental 
conditions can be approximated by assuming that the composition is constant during a 
change of T (or P). 

Exercise 12.5 

Suppose the temperature is increased gradually under constant pressure. Consider a 
phase transformation which would be sharp if a particular chemical potential were kept 
constant. However, due to slow diffusion it is difficult to study a phase transformation 
under a constant chemical potential. Instead, one keeps the molar content of the same 
component eonstant. Is it thus possible to minimize the role played by diffusion? 
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Hint 

If J = 0 when the particular chemical potential is kept constant, then d — \ \f instead 
the corresponding molar content is kept constant because in Eq. (10.6) increases by 
one unit. The transformation may thus be classified as gradual. 

Solution 

Since this transformation is now gradual, there will be a gradual change of the fractions 
of various phases. One will thus get a mixture of phases. If they have different composi¬ 
tions, diffusion is required over distances related to the coarseness of the microstructure. 
However, such diffusion distances will normally be much shorter than those which are 
necessary under conditions of constant potential. 


12.5 Classification of sharp phase transformations 


Sharp phase transformations in alloys at constant P involving few phases have been 
classified into various groups. For unary systems there is only one type, a —>• |3, and 
it is called an allotropic transformation; melting may be regarded as a special case. In 
binary systems there are two main types, 

Y ^ a -F (3 eutectoid transformation 

y + (X —y i!> peritectoid transformation. 

The a -t- (3 mixture resulting from the first transformation is often called a eutectoid 
structure or simply a eutectoid. In order to identify a particular eutectoid it is sometimes 
denoted by the name of the parent phase. In the present case it would thus be called 
y-eutectoid. In addition there are special names depending upon the role played by the 
liquid phase. The following names refer to transformations occurring on cooling but, in 
addition, the same names are often applied to the corresponding features in the phase 
diagram and even to the phase diagrams with such features. 


L —> oc “F (3 
Li —>• cx -F L 2 
oc —E “F (3 
E “F oc —(3 
El “F oc —L2 
El “F L2 —^ oc 
oc “F (3 —L. 


eutectic 

monotectic 

metatectic 

peritectic 

syntectic 


The first transformation to be given a name was the eutectic transformation L —>• a -F (3. 
The word ‘eutectic’ is taken from Aristotle who used it as meaning ‘beautifully or easily 
melted’ and that was the definition when first used by Guthrie [24]. He was not yet aware 
of the regular microstructure usually formed in such alloys on solidification, a lamellar 
example of which is sketched in Fig. 12.5. Today, when we speak of a ‘eutectic’ we tend 
to imply this type of microstructure. The eutectoid transformation has come to mean 
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Figure 12.5 Cooperative growth of two phases in a eutectic transformation. The arrows indicate 
possible diffusion paths. 


(a) 


(b) 


(c) 



Figure 12.6 Conditions of a eutectic transformation, L —>• ot + (3, in a binary system at constant 
P and a constant overall composition. The temperature was decreased from Ti to 72. 


Y —)• a + (3 independent of whether it occurs on heating or cooling or under isothermal 
conditions and independent of how the phase diagram looks. It is interesting to note that 
the eutectic type of microstructure can form on partial melting of an intermetallic phase 
from a peritectic phase diagram. 

The growth conditions for a eutectic transformation are illustrated by Fig. 12.6, where 
two two-phase regions have been extrapolated to a transformation temperature below the 
equilibrium temperature for L -|- a -F P. Figures 12.6(b) and (c) show the variation of 
composition within the parent phase, L, in front of (3 and a, respectively. Diffusion of B 
may thus occur inside the L phase from the a interface to the (3 interface and growth is 
thus made possible. As illustrated by the arrows in Fig. 12.5, diffusion may also occur 
inside the two growing phases, a and (3, when they grow side by side, but that diffusion 
is generally much slower than diffusion in the liquid. 

It is interesting to note that eutectoid transformations often result in a rather regular 
arrangement of the two new phases. The reason is that such arrangements give short 
diffusion paths. It is called cooperative growth. 

The peritectoid transformations derive their name from the peritectic transformation, 
L + a —>• |3, which occurs on solidification. The name ‘peritectic’ means that a phase 
formed by such a reaction grows along the interface, i.e. along the periphery of the 
primary solid phase as illustrated in the sketched micro structure of Fig. 12.7. 
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Figure 12.7 Geometric arrangement of the growing (3 phase during a peritectic transformation, 
obtained by growth along the previous phase interface, L/oc, and by subsequent thickening. 


(a) (b) 



Figure 12.8 Conditions for an L + ot —> (3 transformation in a binary system at constant P and a 
constant overall composition. The temperature was changed from Jj to 72. The arrows above 
diagram (b) indicate the migration of the new phase interfaces during thickening. 

Normally, all peritectoid transformations give the same type of geometric arrangement. 
The growth conditions during a transformation can be illustrated by Fig. 12.8. 

The diffusion distance is shortest close to the |3 tip advancing along the L/a interface 
in Fig. 12.7. That growth process is thus rapid. The subsequent thickening of (3, can occur 
only by diffusion through (3 itself. It grows slower the thicker it gets and a peritectoid 
reaction seldom goes to completion. On continued cooling, |3 can also grow into the 
matrix phase as an ordinary primary precipitation but it is common that some of the 
primary solid phase, a, remains. 

In ternary systems there are three kinds of sharp phase transformations. 

a ^ (3 + Y + 6 Four-phase eutectoid transformation or class I 
four-phase transformation 

a -F (3 ^ Y + 5 Four-phase peritectoid transformation or class II 
four-phase transformation 

a -F |3 -F Y ^ 6 Class III four-phase transformation. 

The four-phase transformations are illustrated in Fig. 12.9. 

Exercise 12.6 

Vertical sections through two different ternary T,xb,xc diagrams at constant P are 
reproduced in Fig. 12.10. Discuss what type of sharp four-phase transformations the 
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Figure 12.9 Different types of four-phase reactions in a ternary system, represented in a 
compositional coordinate system. 


(a) (b) 



if 2f sf 4f 


Figure 12.10 See Exercise 12.6. 

four alloys, indicated by arrows, go through on cooling. Show projections of the four- 
phase planes and draw lines representing the two sections. 


Hint 

In both diagrams all four three-phase fields connected to the invariant four-phase field are 
shown in the section. It is thus possible to know the type of transformation. In diagram 
(a), three of the four fall above the invariant one and these three all contain liquid. It is 
evident that this is a four-phase eutectic transformation. Both the alloys, 1 and 2, give 
L a -I- (3 -b y and the parts of these alloys, already solidified, remain unchanged. In 
diagram (b) there are two three-phase fields on each side of the four-phase horizontal. 
This must be a class II transformation and both alloys, 3 and 4, give L -|- a ^ P + y. 


Solution 

The solution is shown in Fig. 12.11. 
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Figure 12.11 Solution to Exercise 12.6. 


12.6 Applications of Schreinemakers’ projection 

Schreinemakers’ T, P diagram, introduced in Section 10.1, can be very useful in a dis¬ 
cussion of phase transformations, in particular for higher-order systems where all other 
methods of reducing the number of axes to two would yield much more complicated 
pictures. As an introduction, consider the diagram in Fig. 10.1(b). It shows that there are 
three two-phase surfaces covering the angle between the (a) and (|3) lines. By keeping 
P and T constant at values within that angle and varying /tb we could expect the trans¬ 
formations a 6, Y 6 and (3 y. Of course, they should occur one after the other 
and only two reaction sequences are possible, (3 ^ y ^ 6 —>• a or the reverse. By this 
consideration we can immediately conclude that the phases are arranged in this order 
along the composition axis, zb. This is confirmed by Fig. 10.10. Similar considerations 
based on the other angles will give less complete answers. Unfortunately, this very sim¬ 
ple way of deciding the relative compositions of the phases taking part in an invariant 
equilibrium gets much more complicated in higher-order systems. The method based on 
coincidence, described in Section 10.4, may be more powerful. 

Next, let us consider a transformation occurring by changing T or P and keeping 
the other constant. If the composition is also constant, then the phase field rule from 
Eq. (10.6) would yield 

d — c + l- p-iis + n^ — c + 2- p- c + c- l — c+\-p 

because Ws = 1 -F c — 1 = candum = c — 1. A sharp transformation should be obtained 
for d — 0, i.e. p — c + 1, and should thus occur if the system would cross a uni¬ 
variant line (for which p — c + \, see Section 10.1). This can be accomplished by 
a suitable choice of composition. For illustration, see the arrow in Fig. 10.9. Then 
the question is, what type of sharp transformation will it be. From the projection 
in Fig. 10.1(b) we would only know that the (6) line should give a transformation 
between a, |3 and y. Flowever, the following method can be used to give more detailed 
information. 

Since 6 does not exist along the (6) line, it can only exist on the other side of the 
invariant point. It will thus exist on the upper sides of the other univariant lines but 
not on their lower sides (see Fig. 12.12(a)). Using the same kind of information from 
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(a) (b) 



Figure 12.12 Method to decide the type of transformation. For instance, the 6 phase only exists 
on the other side of the invariant point, counted from the 6-absent line, here denoted (6). The 
arrow in Fig. 10.9, which is an expansion of the lower part of the present figure in the zb 
direction, illustrates the y —^ <x + p transformation. 



Figure 12.13 Detail of binary T, x phase diagram with a point of minimum for the P + L 
equilibrium. There the transformation p —> L will be congruent. Three sets of lines 
representing equilibrium with a at different P are given. 


the other lines we get the results shown in Fig. 12.12(b). By crossing the (6) line from 
left to right, i.e. by decreasing P, under a suitable constant value of zb, we thus get the 
transformation a + (3 —>• y. It should be emphasized that the transformations described 
by the positions of the Greek letters in Fig. 12.12 only occur when a line is crossed in 
the plane of the projected diagram. It gives no information on the transformations in any 
other direction. 

In Section 10.8 it was concluded that one can include in Schreinemakers’ projection 
a curve showing where an equilibrium with p — c phases degenerates by the phases 
falling on the same point for a binary system, on the same line for a ternary system, 
etc. An example was shown in Fig. 10.27. Such a singular curve may originate from 
a univariant line, as demonstrated in Figs 12.13 and 12.14, using a binary system for 
illustration. 
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Figure 12.14 Schreinemakers’ P, T diagram corresponding to Fig. 12.13. The univariant line 
changes character at the black point. That is where the singular curve originates and there is a 
compositional degeneracy in that point. The a phase does not take part in the reaction there. 

In order to simplify the construction, it was here assumed that the |3 + L equilibrium is 
not affected by P but an increased P will increase the stability of a. Lines for equilibrium 
with a are presented for three P values. With the lowest P value, Pi, the a + |3 + L 
equilibrium is of the peritectic type. With the highest P value, P 3 , it is of the eutectic 
type and the intermediate P value, P 2 , shows the transition where a does not take part 
in the transformation of L to P. That will give a singular point on the univariant line for 
a + (3 + L in Fig. 12.14 and that is where the singular curve for (3 + L starts. 

At low P (to the left of the transition point in Fig. 12.1 4) an alloy of suitable composition 
would transform by L + a ^ (3 on the univariant line if its composition is such that it 
reaches the three-phase horizontal in Fig. 12.13 on cooling. Otherwise, it would transform 
by L —)• (3 at lower T. That would happen if the composition is to the right of the L point 
for Pi in Fig. 12.13. In any case, the transformation L —(3 would be completed at or 
before the point of minimum in Fig. 12.13, i.e. the singular curve in Fig. 12.14. At high 
P (to the right of the transition point) an alloy of suitable composition would transform 
by L —> a + |3 on the univariant line. That would happen for compositions on both sides 
of the L point for P 3 in Fig. 12.13, but usually after a proeutectic precipitation of a or 
|3. If the liquid alloy can be undercooled by a not nucleating, it may solidify by L ^ (3 
according to the part of the L + |3 phase field below the eutectic temperature. The lowest 
temperature of solidification by L —(3 according to the phase diagram is again the 
minimum. However, this part of the L + (3 phase field is only metastable at P 3 . That is 
why the singular curve in Fig. 12.14 has been drawn with a dashed line to the right of 
the transition point. 

Figure 10.3 illustrated a congruent point in a ternary system and it was concluded 
that the position of such points could also be illustrated by a line in Schreinemakers’ 
projection. The name ‘doubly singular’ was proposed. Such a curve can originate from a 
transition point on a singular curve, much in the same way as the singular curve originates 
from a univariant line. This is illustrated in Fig. 12.15 where an invariant equilibrium 
is also included. The L + |3 + y surface covers the area between the (a) and ( 6 ) lines. 
However, to the left of the singular point L/((3 + y) that surface, when coming from the 
(a) line, will overshoot the ( 6 ) line, reach the singular curve and then bend back and 
end up on the ( 6 ) line. If the composition is suitable, then the alloy will not transform by 
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Figure 12.15 Schematic Schreinemakers’ projection of a ternary system, illustrating a possible 
arrangement of a univariant line, a singular curve and a doubly singular curve. 

L+a^ (3 + yon the univariant line because there will be no a present. Such an alloy 
will solidify by L ^ P + y below the univariant line but in any case not later than on 
the singular curve. However, if there is a transition point on the singular curve, to the left 
of which the solidification reaction is L + y —P, then the solidification can only occur 
by L —P if there is no y present. The alloy may then pass the singular curve on cooling 
but in any case it should have solidified before passing the doubly singular curve. 

Exercise 12.7 

What transformation would occur on crossing the (a) line in Fig. 10.14(b) by increasing 
the value of at constant values of and X'^{! 

Hint 

Use the method illustrated by Fig. 12.12. 

Solution 

P + y ^ 6 + e. 

Exercise 12.8 

Use the three-phase reactions indicated by Fig. 12.12(b) to decide on the relative com¬ 
positions of the four phases. 

Hint 

The reactions on decreasing Fare 6 —a-|-p,P-t-6 —>-y, 6 —a-l-yandy ^ a-t- p. 

Solution 

6 must fall between a and P, y between P and 6, b between a and y and finally y between 
a and p. They must be arranged in the order P, y, 6, a or in the opposite direction. 
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Figure 12.16 See Exercise 12.9. 


Exercise 12.9 

Figure 12.16 gives a detail of Schreinemakers’ projection of a quinary system. It shows a 
univariant line for the a + (3 + y + 6 + e + cf) equilibrium and a singular curve for the 
a+P+y +6 + e singular equilibrium. What transformation can be expected when 
the univariant line is crossed? 

Hint 

Use the fact that the singular curve is stable only on the indicated side of the singular 
point. 

Solution 

To the left of the transition point one can avoid the univariant reaction and reach the 
singular curve if cj) is not present before the univariant line is reached. Thus, cj) does not 
form by the univariant reaction but would be consumed if it were present. The reaction 
must be a+(3+y+4)—^ 6 + e. To the right of the transition point, the univariant 
reaction cannot be suppressed, not even if cf) is absent, and the reaction must be a + |3 + 

y ^ 6 + e + 4>- 

12.7 Scheil’s reaction diagram 

In many types of systems, P has a negligible effect and without any loss of information 
one can section at P = 1 bar. For a binary system one will thus get the usual T, x diagram. 
For a ternary system there is one dimension more but one could project in the T direction 
and use xb and xq as axes. Such diagrams are useful but tend to be overloaded with 
phase boundaries if many phases are solutions because there will be lines showing the 
compositional changes of all those phases. A simpler diagram would be obtained by 
using /r-B and /xc (or ab and Ac) as axes. However, much information would be missing. 
Using the method illustrated in Fig. 12.12 one could easily find what transformation 
would occur on crossing a univariant line but that would be of limited use. In order to 
hit the line one must now work with a constant heat content because the projected axis 
is T. Furthermore, one would have to vary /xb or /xc which is rarely very practical. 

A rather useful method was proposed by Scheil [25] for ternary systems. His reaction 
diagram shows how the lines representing three-phase equilibria are connected to form 
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B-C 

B-A 

B-A-C 

A-C 





l->p+y 

L^a+Y 

-r- 





L->a+p 

-1- 

-1 




L->a+p + Y 

1 


Figure 12.17 Scheil’s reaction scheme for a simple ternary system with eutectic reactions. 



Figure 12.18 See Exercise 12.10. 


four-phase equilibria as a function of Tbut with no regard for composition. His diagram 
also shows what three-phase equilibria originate from the binary sides. In addition, the 
reactions occurring on cooling through the four-phase equilibria are given explicitly in 
boxes. The diagram for a simple eutectic system is presented in Fig. 12.17. Of course, 
similar diagrams can be constructed for quaternary systems, showing four- and five- 
phase equilibria. 

Exercise 12.10 

Part of ScheiTs diagram for the Al-Fe-Ni system is shown in Fig. 12.18, reproduced 
from a publication. A mistake was made by joining the binary (L -f A —>• k) with (L ^ 
K -f Ti -t- (Al)). Try to correct it. 

Hint 

What phases are common for the four-phase equilibria? What one-dimensional equilibria 
should connect them? 

Solution 

The solution is shown in Fig. 12.19. 
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Figure 12.19 Solution to Exercise 12.10. 


(a) (b) 



Figure 12.20 A section at constant P and xc through a ternary phase diagram in (b), compared 
with a binary diagram in (a). 


12.8 Gradual phase transformations at fixed composition 

If a new component is added to a system where a sharp transformation with p — c + \ 
has been found at constant P (see Fig. 12.20(a)), then the value of c increases by one 
unit and for the same transformation one will now have p — c. The dimensionality of 
the corresponding phase field will thus increase by one unit. This case may be illustrated 
by an xq section at a low value of xq (see Fig. 12.20(b)). 

It is evident that the phase transformation between y and a + (3, occurring when T is 
changed, can no longer be sharp but is somewhat gradual. However, if the addition of 
the new component is small, its effect on the actual phase transformation should also be 
small and one may still recognize its characteristic features, for instance in the resulting 
eutectic microstructure illustrated in Fig. 12.5, in particular if the temperature has been 
changed enough to move the system from the y phase field to the a + (3 phase field 
before the transformation has started. The transformation may thus appear as sharp even 
though it is classified as a gradual transformation on thermodynamic grounds. As an 
example, we shall now examine a case involving three phases and three components. 
Figure 12.21 shows the T projection of such a phase diagram under constant P. 
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Figure 12.21 Temperature projection of the isobaric A-B-C phase diagram. 


(a) (b) 



Figure 12.22 Conditions for (a) a eutectic transformation and (b) a peritectic transformation in a 
ternary system under constant pressure and a gradual decrease of the temperature. 

In this particular case the same three-phase equilibrium occurs in two of the binary 
systems but it has different character, being eutectic on one side and peritectic on the 
other. Evidently, there must be a transition between the two types somewhere inside the 
ternary system. In order to decide where the transition is situated we must first examine 
how we can recognize the two types when the compositions of the phases change during 
the transformation. This is fairly easy if we consider a system which consists of an L 
phase only and if it has the correct composition for equilibrium with the a and (3 phases. 
As the temperature is lowered slightly, the three-phase triangle moves and covers the 
composition of the system (see the cross in Fig. 12.22(a)). Evidently, we should expect 
the reaction L ^ L -b a -I- (3. Here we have included the L phase on both sides because 
it has different compositions and it would be impossible to satisfy the mass balance 
condition if that is not taken into account. 

The dashed line in Fig. 12.22(a) is the extrapolation of the direction in which the L 
phase is moving. It goes through the L corner of the triangle and the average composition 
of the system, and it intersects the opposite side, a and b being the intercepts. From 
Fig. 4.5 it is easy to see that the a and (3 phases must form in the proportion b'.a and this 
will be the ratio between them in the microstructure. As far as a and (3 are concerned they 
have formed from material corresponding to the circle. It may not be very important that 
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Figure 12.23 See Exercise 12.1 1. 


this material has been drawn from a phase with a different composition. From this point 
of view, the reaction is clearly of the eutectic type. The result will be quite different if the 
extrapolation does not intersect the opposite side. An example is given in Fig. 12.22(b). 
The composition of the system will then fall outside the new three-phase triangle and 
inside a two-phase field, L -t- p. The reaction will simply be L ^ L -|- (3 and L will not 
move in the direction of the L line in the phase diagram (solid arrow) but straight away 
from the (3 phase (dashed arrow). L will no longer be in equilibrium with a. 

The limiting case is found when the extrapolation, i.e. the solid arrow, is directed 
away from the |3 corner. Using that criterion one could find the point of transition in the 
phase diagram in Fig. 12.21 if it were equipped with a series of three-phase triangles for 
slightly different temperatures. Even though the criterion was derived by considering an 
alloy composed of an L phase only, it is more general because, in practice, it may often 
be justified to neglect the diffusion inside the solidified material in comparison with the 
rapid diffusion in the liquid phase. The progress of the reaction at each stage is thus 
mainly determined by the momentary composition of the L phase and in which direction 
it is moving. For a reaction, where three solid phases are involved, it may be necessary 
to make a detailed analysis of the diffusion of all the elements in all the phases. In the 
next section we shall consider a special case where one component diffuses much faster 
than the others. 


Exercise 12.11 

The sketched detail of an isobarothermal section of a ternary phase diagram (Fig. 12.23) 
shows how all the phases in a three-phase equilibrium change on cooling. 

(a) Test how a melted specimen with the composition of the L comer will react on 
cooling. Give a reaction formula. 

(b) Test how a P phase specimen with the composition of the (3 comer will react on 
cooling. Give a reaction formula. 

(c) Compare the two results. Discuss anything that may seem surprising. 
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(a) (b) 



Figure 12.24 Conditions of a transformation under changing the content or chemical potential of 
C in a ternary system. T and P are kept constant. The arrow in (a) points towards the C corner. 
In (b) it would be horizontal. 


Solution 

(a) L —a + P(+L); (b) (3 —L + (x(+ (3); (c) The first reaction looks like a eutec¬ 

tic reaction and the second one like a metatectic one although the phase diagram is the 
same. The reason is that this is not a sharp transformation and the concepts developed 
for sharp transformations cannot be strictly applied. 


12.9 Phase transformations controlled by a chemical potential 

It is sometimes possible to contain a system inside a wall, which allows some components 
to penetrate but not others. In alloy systems it sometimes happens that one component 
diffuses much faster than the others. In other cases, one or a few components are volatile 
and can easily be exchanged with the surroundings. In these cases it is possible to 
produce a phase transformation by gradually changing the chemical potential of the 
mobile component but keeping constant the content of all the other components and 
also T and P. The conditions may be illustrated by the pair of xq, xb and fxc, ub phase 
diagrams in Fig. 12.24(a) and (b), respectively, for a case where p — c and the mobile 
component is denoted by C. The arrow in Fig. 12.24(a) represents a discontinuous change 
of the C content and is pointing towards the C corner. The mb variable in Fig. 12.24(b) 
is explained in Section 4.3. 

It is evident that the binary A-B alloy represented by a cross will eventually undergo 
a phase transformation y a -F (3 if the C content is gradually increased. This may be 
indicated in the following way using a reaction formula, y + C(source) a -F (3. 

The /xc, Mb diagram demonstrates that the transformation will be sharp if the /xc 
potential can be controlled experimentally and there are no kinetic restrictions. In fact, 
the result of such a transformation would be very similar to the result of the well-known 
pearlite transformation taking place on a gradual change of temperature in an iron- 
carbon alloy. As a consequence, one should expect y to transform to an intimate mixture 
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of the two new phases, a and (3, a so-called eutectoid micro structure. This has actually 
been observed in many carbon-containing alloyed steels when carburized. 

As demonstrated by Fig. 12.24(a), the same transformation is predicted to be gradual if 
the C content is increased. However, when the supply of C comes from the surroundings, 
there must be a chemical potential difference driving the diffusion of C. A growing surface 
layer of a -t- (3 will thus form and the transformation will behave as a microscopically 
sharp one. A region has either transformed completely to a -t- (3 or is still pure y. 

Exercise 12.12 

Figure 12.25 shows a very rough sketch of the Ni-O-Be phase diagram at 1623 K and 
1 bar. The hyperbolic solubility curve for BeO in the Ni-rich phase approaches the Ni 
corner very closely. It is known that pure Ni oxidizes to NiO in air at 1623 K. Construct 
a reasonable profile for the O content from the surface and into the interior of the Ni-Be 
alloy denoted by the filled circle on the iiBe axis, after some time in air at 1623 K. 

Hint 

The composition of all layers must lie on the horizontal line through the initial alloy 
composition because the ust axis has been used and the diffusion of Be is slow compared 
to that of O. Remember that the inward diffusion of O requires a continuous decrease of 
the O potential or, more conveniently in the present case, a continuous decrease of the 
O content of the Ni phase close to the corner of the diagram (because its Be content is 
too low to affect the O potential). 

Solution 

Suppose an oxide scale of NiO -t- BeO will form on the surface and also an inner layer 
of Ni -I- BeO. Between them there will be a sharp interface because a three-phase layer 
of Ni -I- NiO -I- BeO could not exist in a potential gradient. It can exist at a particular O 
potential, only, that of the three-phase equilibrium. Furthermore, the average O content 
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(a) (b) 



Figure 12.27 See Exercise 12.13. 


in the layer of Ni + BeO varies quickly close to its inner side where the O solubility 
in the Ni phase is low and the solubility line is almost vertical in the phase diagram 
(Fig. 12.26). Otherwise, practically no O could diffuse through that part. 

Exercise 12.13 

The micrograph (Fig. 12.27) shows the structure of an Fe-20 mass% Mo-1 mass% C 
alloy at a magnification of 500x, which has been carburized further at 1273 K and then 
quenched. The lower part shows the original structure of MeC particles (black) in a 
matrix of y (now martensite after quenching) and the upper part the new structure. The 
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surface is above this picture. Explain the microstructure using the phase diagram which 
is for the same temperature. 

Hint 

From the composition given we calculate mmo = 0.13 and uq — 0.05. The value of mmo 
does not change when we add more carbon. The alloy will thus move along a horizontal 
line to the right in the phase diagram. 

Solution 

The alloy is initially in the y + MeC phase field. Moving to the right in the phase 
diagram the alloy may enter the three-phase triangle y + MeC + M 2 C and approach the 
y + M 2 C phase field. We can thus understand that MeC must transform. A horizontal 
line from the MeC corner to the y + M 2 C side of the triangle would illustrate the reaction 
MeC + carbon —M 2 C -t- y. This may be regarded as a eutectoid transformation where 
carbon plays the role usually played by heat. The conclusion is confirmed by the upper part 
of the picture showing regions of a eutectic-like two-phase mixture, evidently M 2 C -t- y 
formed from previous MeC particles by the above reaction formula. 


13 Transformations in closed systems 


13.1 The phase field rule at constant composition 

Most of the discussion in the preceding chapter concerned transformations in systems 
of constant composition, so-called closed systems. We shall now examine that case in 
more detail. 

To keep a variable constant means that the phase diagram is sectioned at that value 
of the variable. Constant composition means that c — 1 molar axes have been sectioned 
and thus nm — c—l—n^. This can be inserted in the phase field rule which is given 
by Eqs (10.6) and (10.7). They hold one on each side of a critical p value. Without any 
projection the critical value will be 

/) = 1 -b Upr -b Um = 1 + 0 -f- (C - 1) = C. (13.1) 

Equation (10.7) will then apply to all p < c, yielding 

d — r — c+l — rig — ripr — c+1 — {c — 1) — 0 — 2. (13.2) 

The two variables are T and P. Equation (10.6) will apply to all p >c, yielding 

d — c + 2 — p — + rim — c + 2 — p. (13.3) 

This expression resembles Gibbs’ phase rule but it should be emphasized that it applies 
to systems with constant composition only for p > c, and in all such cases we obtain 
d <2. 

In Sections 13.8 and 13.9 it will be shown that one must take special account of the 
presence of congruent transformations. They were neglected when the phase field rule 
was derived. 

Exercise 13.1 

Consider the equilibrium CH 4 C(gr) -b 2 H 2 at a constant pressure of 1 bar. Can it 
exist at one temperature only or in a range of temperatures? 

Hint 

Graphite is solid C, CH 4 and H 2 are both gaseous but there can be only one gas phase 
which is thus a mixture of them. 
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Solution 

We have two components, C and H, c = 2. We have two phases, graphite and gas, p — 2, 
and thus p — c and J = c + 2 — /) = 2 + 2 — 2 = 2. We may vary P and T, i.e. under 
any value chosen for P we can still vary T. 

Exercise 13.2 

Consider the equilibrium CaC 03 CaO + CO 2 in an atmosphere, initially composed 
of pure N 2 . Can the equilibrium exist in a range of temperature if the pressure is kept 
constant at 1 bar? 

Hint 

CaCOa and CaO are two different solid phases. If CO 2 forms, it will go into the gas and 
may form several species, CO 2 , CO and O 2 , mixed with N 2 , but there will still be only 
one gas phase. 

Solution 

We have four components, Ca, C, O and N, c = 4. We have three phases, CaCOa, CaO 
and gas, p — 3. Thus p < c and the phase field rule gives d — 2. For any chosen value 
of P we can still vary T. It should be emphasized that without N 2 we could not vary T at 
a chosen P. 


13.2 Reaction coefficients in sharp transformations for p = c + 1 

Keeping P constant in a closed system, i.e. in a system with constant composition, we 
have «„ = c — 1 but — c. Instead of Eq. (13.3) we obtain 

d — c + 2 — p — n^ + nya — c + 2 — p — c + {c+l) — c+l—p. (13.4) 

With p — c + 3 phases, we will thus get a sharp transformation {d — 0) by changing T. 
The result would be the same by keeping T constant and varying P. This is why we shall 
now discuss the case /> = c + 1 in more detail. 

Figure 13.1 shows conditions for a sharp transformation in (a) a binary and (b) a 
ternary system. For the binary case {c — 2, p — h) we can write the reaction formula for 
the sharp transformation as follows if we omit any part of an initial phase that remains 
when the reaction is completed. 

a+ (3 —>• Y (13.5) 

This is independent of whether one passes from a + |3 to a + y or from a + (3 to y + (3, 
i.e. independent of whether some a or |3 will remain. 
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Figure 13.1 Conditions for (a) a three-phase transformation in a binary system and (b) a 
four-phase transformation in a ternary system at a low constant value of Xq. P is constant in both 
cases. 


It is common to write chemical reaction formulas with reaction coefficients, v. Accepting 
this procedure we can modify the reaction formula for the phase transformation and make 
it more quantitative, 


= yT'y. (13.6) 

It expresses the fact that v“ moles of the oc phase react with moles of the (3 phase to 
form y”'' moles of the y phase. As an example we may consider the oxidation of solid Ag 
by gaseous O 2 


4Ag + IO 2 = 2Ag20. (13.7) 

In this simple case the reaction coefficients can be given as small integers. In the general 
case this is not possible since the phases are not always stoichiometric. 

By making the reaction coefficients negative for all the reactants and positive for all 
the products we can simply write the formula as E v-'J = 0. The w' values will represent 
the relative amounts of the phases taking part in the reaction, for instance expressed as 
formula units. Naturally, the values must be such that mass balance is fulfilled for 
each component /, 


w'a/ = 0 foreach component i, (13.8) 

J 


where a/ is the number of i atoms per formula unit of phase j. We are considering a 
sharp phase transformation with p — c + I and we thus have a system of c equations 
with p — c + \ coefficients each and in the form of a (c -f- 1) x c matrix. By excluding 
the yth column of coefficients one obtains a c x c determinant and the value of each 
is given by such a determinant. 


y^ = (-1)^-' 


a. 


(13.9) 
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It is easy to see that the above condition is fulfilled by this expression because we find 


E 


a/ = a° 


P I 0 
■ a] ai 


+ ... 


= 0 . 


(13.10) 


The reason is that two columns in Eq. (13.10) have identical elements because i is one 
of the numbers 1 to c. It should be noticed that in the calculation of one makes no 
distinction between reactants and products. Some of the v values will turn out positive 
and others negative and one may thus identify the members of each group. If the value 
for a selected phase turns out with the wrong sign, according to the direction chosen for 
the reaction, then one should simply change all the signs. 

When non-stoichiometric phases are involved it may be convenient to identify the Oi 
coefficients with the molar contents x,. We get, for instance. 


P Y 

£ 


P y 

£ 

X[ X2 

■ 

— 

X[ Xj 



(13.11) 


The reaction coefficients of a sharp phase transformation can be used for evaluating the 
change of any molar quantity, X^, during the transformation. We obtain 




y<X 

m 



(13.12) 


This value refers to 1 mole of the reaction formula, as defined by the reaction coefficients. 

It must be emphasized that the present discussion only applies to phase equilibria with 
/> = c + 1, i.e. phase equilibria which are univariant in the complete phase diagram. That 
is exactly the case considered in Section 8.8. There Eq. (8.39) was derived which can be 
written as 


HZ 


dT/T = 


dP. (13.13) 


It can now be transformed into the simpler form 


dT AV^ 


(13.14) 


Consequently, this simple expression holds for any univariant equilibrium and not only 
for the two-phase equilibrium considered initially in Section 8.3. 


Exercise 13.3 

Prove Kirchhoffs law for a reaction between well-defined substances, (dAH/dT)p — 
ACp. 


Hint 

For well defined substances all are fixed. Express AH in terms of H^ for the various 
substances and the reaction coefficients. 
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Solution 

A// = {d^H/dT)p = {dT^vj Hi,/dT)p = (dHi/dT)p = = 

ACp but only because {dv^/6iT)p — 0 for well-defined substances. 

Exercise 13.4 

From dilatometric measurements on the pearlite transformation in the Fe-C system at 
1 bar we know T — 1000 K and A Fm = 0.047 cm^/mol and from calorimetric measure¬ 
ments we know that A//m = —4540 J/mol. Calculate the pressure dependence of the 
transformation temperature. 

Hint 

The pearlite transformation is y —>• (x+ FesC. First check how many degrees of freedom 
this equilibrium has in a binary system. Then use an equation derived for that particular 
case. 

Solution 

We have p — 3 and c — 2 and, thus, p — c + I, i.e. a sharp transformation at con¬ 
stant P. For that case we get the slope dT/dP = TAV^/APl^ = 1000 x 0.047 x 
10-V(-4540) = -1.04 X 10-*^K/Pa = -10-^K/bar. 


13.3 Graphical evaluation of reaction coefficients 

The reaction coefficients for a sharp transformation in a closed system can also be 
evaluated graphically using the lever rule. For c — 2, p — 3 one of the phases transforms 
into a mixture of the other two. The composition of the first phase is thus equal to the 
average composition of the other two and the lever rule can be applied directly. For 
c = 3, /> = 4 there are three different cases as illustrated by Fig. 12.9. In class I and 
class III reactions one of the phases may transform into a mixture of the other three 
and, again, the composition of the first phase is equal to the average composition of the 
others. If the reaction coefficient of the first phase is taken as — 1, the coefficients of the 
other phases are obtained as the fractions of the subsystems using one of the methods 
described in Fig. 4.5. 

Class II can be handled by considering that a mixture of two phases will transform into 
a mixture of the remaining two phases. Evidently, the compositions of the two mixtures 
must be equal and should thus fall on the point of intersection between the two diagonals, 
point ‘i’ in Fig. 13.2. 

If the average composition of the system does not coincide with the first phase dis¬ 
cussed for classes I and III, then it falls inside one of the three smaller triangles (see 
the diagram for 6 ^ a 4- |3 -F y in Fig. 13.3(a)). The composition of 6 will be adjusted 
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Figure 13.2 Compositions of phases in a class II reaction in a ternary system. The weighted 
average of the two reacting phases, say « and y, must fall on the intersection between the 
diagonals and so must the weighted average of the two product phases, say |3 and 6. 


(a) (b) 




Figure 13.3 Relations between phase compositions in (a) a class I or III transformation and in (b) 
a class II transformation. 

by precipitation of first one and later two of the other phases in the small triangle as 
the temperature of the four-phase plane is approached. There the rest of it will fall on 
the 6 point in the diagram and will transform to a mixture of the other three phases. 
The microstructure will show a matrix with a characteristic pattern of the three-phase 
mixture in which one can see imbedded one-phase regions of the first phase to precipitate 
and eutectoid regions of the two co-precipitated phases. If the average composition falls 
outside the triangular four-phase plane, then the 6 phase will never reach the four-phase 
plane. 

For class 11 there are four alternatives and it is interesting to note that the range 
of existence of each one of the four phases extends to both sides of the four-phase 
plane. In Fig. 13.3(b) the three-phase fields a -|- |3 -|- 6 and |3 -|- 6 -|- y extend to one side 
and a -I- (3 -b y and a -|- y -|- 6 extend to the other side. If a specimen with an average 
composition falling inside the a — (3 — i triangle is approaching the four-phase plane 
from the first side, then it will contain a mixture of a -|- (3 -|- 6 when reaching the four- 
phase plane. From a mass balance point of view it may be regarded as a mixture of |3 -b 6 
falling on point i and some extra amounts of a and (3. The mixture of (3 -b 6 will 
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transform to a + y when the system crosses the four-phase plane. However, since the 
extra amount of P is present in the (3-1-6 mixture over the whole specimen, there are no 
particular (3 regions predestined not to take part in the (3 -t- 6 —>• a -t- y transformation. 
The progress of the transformation will determine which parts of (3 will not transform 
and, afterwards, they will be found scattered all over the specimen. The a, present before 
the four-phase reaction, may indirectly take part in the reaction by providing favourable 
sites for the precipitation of a. 

Exercise 13.5 

Suppose the 6 phase in Fig. 13.3(b) is a liquid and that the average composition of the 
system is such that the liquid will be just about consumed by the four-phase reaction. 
What phases will the system contain at a temperature just below the four-phase plane. 

Hint 

Suppose there is full equilibrium at each temperature. Remember that the amount of a 
phase in a three-phase assemblage is given by the position in the three-phase triangle. 

Solution 

At an earlier stage the composition may fall inside the a -F (3 -t- 6(L) or (3 -F y -t- 6(L) 
triangle. If a very slight amount of liquid should remain below the four-phase temperature 
then the system would be in the a -F (3 -F 6(L) triangle. If the liquid would be just about 
consumed then the system, should fall on the a -F y line. 


13.4 Reaction coefficients in gradual transformations for p = c 

Let us now consider a gradual transformation in a closed system with p — cby keeping 
pressure constant and changing the temperature. In order to write a reaction formula with 
the mass balance conserved it is now necessary also to include the change in composition 
of regions not taking part directly in the phase transformation. As a simple example of 
p — c — 2, consider the precipitation of AI 2 CU from a phase, a solution of Cu in fcc-Al. 
The solubility decreases with decreasing temperature at constant pressure and there will 
thus be a gradual precipitation of AI 2 CU. One way of writing this reaction would be 

a(transformed) -F Cu(from remaining a) —AI 2 CU. (13.15) 

The reaction coefficients can then be evaluated with the same method used for sharp 
transformations with p — c + 1 but with the extra supply of Cu introduced instead of 
the missing phase c -F 1. However, it should be emphasized that this way of writing the 
transformation is not unique. Another possibility would be 

a(to be transformed) —>• AI 2 CU -F Al(to the remaining a). (13.16) 
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Figure 13.4 Gradual three-phase transformation in a ternary system. The arrow shows the 
direction of change in composition of the L phase. 

In order to define a unique way one would have to specify some special criterion. If one 
is interested in the mechanism of the transformation, then one should consider exchange 
of both Cu and A1 but in proportions balanced according to their rates of diffusion in the 
a phase. 

A three-phase transformation in a ternary system is another case of gradual transfor¬ 
mation, now with p — c — 3. An example was given in Fig. 12.22 but in Fig. 13.4 it 
is reproduced with the composition triangle included. Two of the ways of writing this 
transformation are 


L-h (BC) ^ a-f (3 (13.17) 

L ^ a-f P-h (AC), (13.18) 

where (BC) and (AC) represent the compositions one can read on the two sides of the 
composition triangle. In each case one can calculate the reaction coefficients by including 
(BC) or (AC) instead of the missing phase c + 1. The ratio between a and (3 will indeed 
be independent of whether one includes (BC) or (AC). It will be b/a according to the 
lever rule. 

Exercise 13.6 

In an Al-Cu-Si specimen at 1 bar and 803 K one finds that the phases have the follow¬ 
ing compositions at equilibrium: a(0.025Cu; O.OObSi)-t-L(0.16Cu; O.OSSi)-|-AI 2 CU. 
When the temperature is decreased, L changes in the direction away from the point 
0.83Al;0.17Cu. Calculate the relative amounts of a and AI 2 CU in the eutectic structure 
formed by L ^ oc -I- AI 2 CU on further cooling. (The numbers given above are molar 
contents.) 

Hint 

We have c = 3 and p = 3 but we should write the transformation in a way resembling 
a sharp transformation fox p — c + \ . The relative amounts of the two phases are then 
obtained as the ratio of their reaction coefficients. 
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Solution 


Write the reaction as L + (0.83A1; 0.17Cu) ^ a + AI 2 CU. Eq. (13.11) yields 


A1 

Cu 

Si 


-0.79 

-0.16 

-0.05 


-0.83 

-0.17 

0 

= +0.0245 

2 

1 

0 


A1 

Cu 

Si 


-0.79 

-0.16 

-0.05 


-0.83 

-0.17 

0 

= +0.00719 

0.969 

0.025 

0.006 



^ 0.00719/0.0245 = 0.2935 = 0.23 : 0.77. 


13.5 Driving force for sharp phase transformations 

The driving force for the precipitation of a new phase under a gradual transformation in 
a closed system was discussed in Section 7.7. As an introduction to a discussion of the 
driving force for a sharp transformation we shall now consider a eutectoid transformation 
in a binary alloy. We have seen that it usually gives rise to an intimate mixture of the two 
new phases, illustrated by Fig. 12.5. It may give the material advantageous properties. 
The most famous example is pearlite, the eutectoid formed from the austenite phase in 
steel. 

Because the rate of transformation is controlled by slow diffusion and evolution of the 
heat of transformation will thus be slow, it is often possible to control the temperature and 
it makes sense to discuss the transformation under isothermal conditions, for instance 
at Z) in Fig. 12.6. The character of the transformation as sharp is evident from its 
progress. A region has either been completely transformed or is not at all affected. The 
transformation occurs by the growth of colonies composed of an intimate mixture of the 
two new phases and, under isothermal conditions, the growth continues until the whole 
system has transformed. 

It is well known that the mixture will be the finer, the lower the temperature of formation 
is. The reason is that the interfaces in the mixture have surface energy and cannot 
form without the supply of a corresponding amount of driving force. According to an 
approximate treatment, one-half of the available driving force goes into surface energy 
and the other half is used for driving the diffusion. 

The conditions for cooperative growth of the two new phases can be illustrated by 
extrapolating the phase boundaries in the T, xb phase diagram as shown in Fig. 12.6. This 
kind of construction is given again in Fig. 13.5(a) but a solid phase, y, has been substituted 
for the liquid phase and the diagram has been rotated. The transformation temperature is 
now denoted by Zi. The diagram shows how one can evaluate the composition difference 
driving the diffusion in each one of the phases if there is local equilibrium with the y 
phase (see the arrows in Fig. 12.5). 
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(a) (b) 




Figure 13.5 Evaluation of the differences in composition (a) and chemical potential (b) driving 
the diffusion in a three-phase transformation in a binary system. 



Figure 13.6 Gibbs energy diagram illustrating the eutectoid transformation y ^ oc -|- |3 at Ti in 
Fig. 13.5. 

A similar construction in the T, /tb phase diagram in Fig. 13.5(b) yields a difference in 
chemical potential of B, A/Xg, which may be used in a treatment of the rate of diffusion 
of B in y, although the composition difference is usually used for that purpose. The 
conditions for the eutectoid reaction y —>• a + (3 may also be illustrated with a molar 
Gibbs energy diagram at T\ (see Fig. 13.6). 

As explained in Section 7.7, the driving force for the precipitation of a new phase in 
a gradual transformation decreases during its growth but for the whole reaction one can 
define and evaluate an integrated driving force along the reaction path. This problem is 
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absent if the phase transformation is a sharp one because the parent phase which has not 
yet transformed has not changed at all. Under constant T and P the driving force is thus 
constant and the integrated driving force is equal to the momentary driving force if they 
are both expressed per mole of the transformed structure. Under constant T and P we 
obtain, by identifying the extent of the transformation, f, with the number of moles of 
the products which is also equal to the number of moles of transformed reactants, 

fdG\ 

D — — \ — ) = — Gm(products) + Gm(reactants). (13.19) 

V 9^ /r.Pw, 


This quantity is illustrated in Fig. 13.6 for a eutectoid transformation y ^ a + (3 in a 
binary system. 

The value of the driving force may be calculated using the reaction coefficients for a 
sharp phase transformation at fixed composition. Per mole of the reactant, y, we obtain 
from Eq. (13.12), 


D — — AGm 


^ Giy/(-vy) = - 


G“ 



(13.20) 


Even though this expression looks quite simple, it may sometimes be difficult to evaluate 
all the molar contents to be inserted. A useful approximation would be to assume that 
all the phases have the same compositions they have at the equilibrium temperature. If 
it is further assumed that the resulting value of AGn, varies linearly with temperature, 
we could use the method introduced in Section 3.9 for a transformation that we now 
recognize as a sharp one. Since D stays constant for a sharp transformation, we get 


A5(ri - To) = A//(Ti - To)/To = - AG = J Dd^ = J df = D^. 


(13.21) 


Let A^ be the number of moles transformed. The driving force for the transformation 
of one mole is thus 


D = AA^Ti - To) = A7T„(ri - To)/To- (13.22) 

Here, 7), is the equilibrium temperature and T\ is the actual temperature of the transfor¬ 
mation. For small A T the heat of transformation may be taken as the value at To ■ It may be 
available from direct measurements. For larger undercoolings one may have to consider 
variations of A//m with temperature, for instance due to changes of the compositions of 
various phases. 

Let us now examine the situation below the equilibrium temperature in more detail. 
Figure 13.6 demonstrates the complexity found in a eutectoid transformation in a binary 
system. Each one of the phases is in contact with the other two phases and two dif¬ 
ferent compositions are thus defined for each phase. Figure 13.5 shows how they are 
obtained from the phase diagram by extrapolating the phase boundaries to the tempera¬ 
ture of transformation Ti under the assumption of local equilibrium at all the two-phase 
interfaces. 

The situation gets even more complicated if one tries to analyze how the driving force 
is consumed during the transformation. This is illustrated in Fig. 13.7. This diagram 
demonstrates several complications. Firstly, a and |3 grow under an increased pressure 
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Figure 13.7 Molar Gibbs energy diagram for a binary system with a eutectoid transformation, 
showing three dissipations of the driving force, AGi, AG 2 and AG3. 


because the interfaces to the parent y are curved (as illustrated in Fig. 12.5). The corre¬ 
sponding — AGi is consumed by the creation of all the a/|3 interfaces in the eutectoid 
structure. Secondly, the two new phases are not formed with their final compositions, 
which are governed by the a/(3 equilibrium, because they grow from the y phase. The 
corresponding — A G 2 is consumed by diffusion from the interior of a to the interior of (3 
behind the reaction front. The remaining part of the driving force, — AG 3 , is consumed 
by diffusion at the reaction front. 

As already mentioned, according to an approximate treatment of the rate of transfor¬ 
mation, the highest growth rate is obtained when one-half of the total driving force goes 
into the surface energy of all the a/(3 interfaces. 


Exercise 13.7 

The difference in chemical potential of B driving the diffusion in the y phase during 
the eutectoid transformation, shown in Fig. 12.5, was identified in Fig. 13.5(b). Find the 
corresponding differences for oc and for (3. How are the three related? 


Solution 

A/Xg is found between the lines for y/a and (3/a and A/Xg is found between the lines 
for (3/a and (3/y. Evidently, A/Xg = A/xg -|- A/Xg. 
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Exercise 13.8 

The heat of formation of pearlite from austenite is A/4, = —4.5kJ/mol and the equi¬ 
librium temperature is To — 1000 K. Estimate the coarseness of pearlite formed at 
T\ — 950 K, assuming that all the driving force goes into interfacial energy between the 
two phases of pearlite. Suppose that the interfacial energy is approximately a — 1 J/m^ 
and the molar volumes of all the phases are approximately Fn, = 7 x 10“®m^/mol. 
Compare with an experimental value of the coarseness, w = 0.14 qm. 

Hint 

w is the total thickness of one lamella of each phase in pearlite. One mole of pearlite 
then contains an area of 2 Fm/w of interfaces. 

Solution 

The total interfacial energy is 2CTFm/vrJ/mol. The driving force is (A//n,/7’o)(7’i — 
To). Thus, 2a Vm/w = (A//,,/To)(4 - 4); w = 2a Fn,7;/(-A//„)(7; - T) = 2 x 
1 X 7 X 10“'’ X 1000/4500 x 50 = 6 x 10"* m = 0.06 qm. 

The observed value is about twice as large, which is expected if only one-half of the 
driving force should go into interfacial energy. 


13.6 Driving force under constant chemical potential 

In the preceding section it was shown how the driving force for a sharp transformation 
can be estimated from the undercooling AT at which the transformation occurs. In the 
same way, the driving force for ay-eutectoid transformation in a ternary A-B-C system, 
controlled by the chemical potential of a mobile component C under constant T and P, 
should depend upon the difference in chemical potential of C during the transforma¬ 
tion and at equilibrium, A/uc. We can illustrate the conditions by extrapolations in the 
/xc, Kb phase diagram in Fig. 12.24 or in the corresponding/xc, /xb phase diagram (see 
Fig. 13.8 where the diagram has been rotated in order to emphasize the similarity with 
the binary case in Fig. 13.5). 

Since /xc is assumed to be constant instead of Nq, we must evaluate the driving force 
from a new alternative of the combined first and second law, 

= VdP -SdT + Y^ ixjdNj + /xcdAc - dG -F A^cd/xc - A^cd/xc 

J¥=C 

= VdP -SdT + Y, FydA^; - Ncd/xc - d(G - AcFc) (13.23) 

vAC 

where G — AcFc is a new characteristic state function. At constant T, P, Nj and /xc 
we get 


Ddl = -d(G - Ncfic)- 


(13.24) 
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(a) 


(b) 




Figure 13.8 Evaluation of the driving force, A/xc, for an isobarothermal transformation under 
changing C content in a ternary system. 



Figure 13.9 Sharp transformation y — >• a + |3 in a ternary system with a mobile component, C. 
The increase of the C content can be read directly. 

However, by identifying the extent of the transformation, f, with the increased content 
of C, Nc, we return to more well known quantities, 

D — —{dG/dNc)T.p,Nj + Me = —°Mc + Me = ^Me- (13.25) 

By definition, the first term is the chemical potential of C at equilibrium. Therefore, 

Z) = Me - °Mc = A/xc- (13.26) 

This is the driving force per mole of C added to the system. It should be multiplied by 
the amount of C required by the transformation. That quantity is conveniently expressed 
in terms of the uc fraction, the amount of C per mole of A + B. Figure 13.9 demon¬ 
strates how the increase Auq can be evaluated graphically and the driving force for the 
transformation y —a + (3 expressed per mole of A + B is given by 


D — Auc X A/xc. 













13.6 Driving force under constant chemical potential 


293 



Figure 13.9 resembles Fig. 12.24 but the choice of u axis makes the arrow horizontal. 
The analytical evaluation of Amc is described in the next section. 

Exercise 13.9 

In the Fe-C system the j phase exists above 1000 K and at lower temperatures it trans¬ 
forms to a lamellar aggregate of a and cementite (FesC) that is called pearlite. The phase 
diagram (Fig. 13.10) for 923 K shows that it is possible to stabilize y by the addition 
of Mn. Consider an alloy composed of y with a composition falling exactly on the y 
corner of the a + y + cementite triangle at 923 K. That alloy must have a C activity of 
0.7. By carburizing such an alloy one can form a surface layer of pearlite. Estimate its 
coarseness if one carburizes with an atmosphere having a carbon activity of 0.9. Use the 
values Vui — lx 10“® m^/mol and surface energy a — I J/m^. 

Hint 

It should first be realized that we do not know how much of the difference in carbon 
activity is lost by driving the diffusion of carbon through the carburized layer. In order to 
get a numerical result, let us assume that all the driving force acts at the reaction front. 

The increase of the C content is obtained from a horizontal construction in the three- 
phase triangle. The increase in C potential is obtained from the activity through /xc = 
° fic + RT Inac- Assume that half of the driving force goes into surface energy. Express 
the coarseness with w, the total width of one lamella of a and one of cementite. The area 
of odcementite interfaces is then 2 Fm/w per mole of the material and we thus get the 
relation 2Fna/vc = 0.5 x AmcA/xc- 

Solution 

By measuring the horizontal distance of the y point from the a + cementite side 
of the triangle we get A/xc = 0.08. By comparing the C activities we get A/xc = 
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RT\n{{).9/0.1) — 1 93 OJ/mol and using half of this we find w = 2Kmcr/0.5AHcA/u.c = 
2 X 7 X 10“® X 1/0.5 X 0.08 x 1930 = 2 x 10"^ m = 0.2 ^m. 


13.7 Reaction coefficients at constant chemical potential 


In Section 13.2 we were able to calculate the fractions of the various phases taking 
part in a sharp transformation in a system of constant composition because p was equal 
to c + 1. Now we shall consider the case p — c where one of the components is very 
mobile and is controlled through its potential. The total contents of all the other com¬ 
ponents in the system will be kept constant, i.e. n^ — c — 2. Together with the constant 
potential and pressure we have n^ — c — 2+\ + l — c and instead of Eq. (13.3) we 
now obtain (i = c-l-2 — /i — «s + «m = c-t-2 — c — c-|-(c — 2) = 0. This will also be 
a sharp transformation. The mobile component will be denoted C and will be given the 
number c. By not considering that component we get the same condition as before but 
must now express the molar contents without regard for the mobile component. Thus 
we must use the u variable instead of the ordinary molar content x, and we obtain for 
instance 


(13.27) 


The mobile component is not included in the determinant. The amount of the y phase 
taking part in the reaction, v'*', is here expressed without regard for the mobile component. 
The change in content of the mobile component can be evaluated just like the change of 
any other molar quantity using Eq. (13.12). 


Amc = 


u 


£ 

C-\ 


(13.28) 


This is the increase of C per mole of units of the reaction formula as given by the v-' 
values. If y is the only reactant and all the other phases are products, it is interesting 
to evaluate Amc per mole of all the other components in y. It is obtained by dividing 
with- 


Az/r — 


oc (3 Y 

£ 

/la (3 6 

e 

Uq U\ ^2 

■ »c-l 

/ Wj U 2 W 3 

■ “c-l 


(13.29) 


If a mixture of a and |3 in the ternary A-B-C system is treated under conditions of a 
lower chemical potential for C, the system will move from right to left in Fig. 13.9 and 
one should expect the reverse transformation 


a + (3 —Y + C(sink). 


This is a peritectoid transformation and one should primarily expect the new y to form 
at the a/(3 interfaces. If the transformation is not inhibited due to slow diffusion of the 
two sluggish elements, it will look almost as a sharp phase transformation. 


Exercise 13.10 

The equation for Amc, the addition of a mobile component C consumed by a sharp 
transformation, can be applied to the reaction y + C(source) a + (3 in a ternary 
system at constant T and P and the result will be Awc/vt' = l/l“f“ 2 1- Show 
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that the same result is obtained if C(source) is regarded as a phase taking part in the 
transformation. 

Hint 

According to the text we really have p — c — 3 but now we shall insert p — c + \ — A 
which is the condition for a sharp transformation. We can then use the ordinary equations 
expressed in terms ofx fractions. We can calculate the amount of the ‘phase’ C, taking 
part in the reaction, as y*". The amount per mole of metal in y is /v^{\ — Xq). 

Solution 

Let C(source) be the fourth phase and let C be the third component. 

Then, ——\x^ xf x^l = —Ix^ xf xj| and ——\xf xf Xg| = 

— |xj“ Xj I since x^ = x^ = 1 and xf = 0 = xf. Thus, v‘'/u'*'(l — xf) = 

— |xf xf xJ|/|X[“ xf|(l—xf) = —luf uf wfl/luf wfl. The minus sign is 
due to the fact that C(source) must lose C in order for the mixture of the other phases to 
gain C. 


13.8 Compositional degeneracies \ox p = c 


Let us now return to transformations in closed systems, i.e. systems of constant com¬ 
position. In Chapter 11 we saw that a transformation involving c -t- 1 phases will be 
sharp if P and the composition are kept constant and T is varied gradually (or T is kept 
constant and P is changed gradually). In Section 13.2 we then saw how one can calculate 
the reaction coefficients for each phase in a sharp transformation from the determinant 
obtained by omitting the corresponding column from the composition matrix. A phase 
transformation involving less than c -t- 1 phases will normally be gradual. It will extend 
over a range of T at constant P and the compositions of non-stoichiomtric phases will 
normally change gradually. However, it sometimes happens that such a transformation 
is sharp even for p < c + \. This possibility will now be examined. 

Let us start with the case p — c, which normally yields a gradual transformation. We 
saw in Section 13.4 that the reaction coefficients in such a case can be calculated by 
treating the exchange of components with the remaining parts of the system as a reaction 
with a hypothetical phase c -t- 1. The amount of that exchange is thus obtained as 


,c+l 


= (-lr 


a (3 


(13.30) 


If this coefficient happens to be zero, then there is no exchange with the real parts of the 
system and the transformation between them is sharp in spite of the fact that p — c and 
not c -I- 1. The condition for having a sharp transformation with /> = c is thus that the 
composition determinant involving the real phases is zero: 


X 


a 

1 


£ 

C 


= 0 . 




(13.31) 
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Figure 13.11 Projection of a ternary phase diagram at P = 1 bar, showing a temperature 
maximum for a three-phase equilibrium. 

This means that the real phases fall on a point, line, plane, etc., when /> = c = 2, 3, 4, 
etc. This was shown in Chapter 9 in connection with Konovalov’s and von Alkemade’s 
rules. As an illustration, Fig. 13.11 presents a three-phase equilibrium in a ternary system 
with a temperature maximum. A liquid with the composition represented by the point 
will thus solidify by a sharp transformation. A three-dimensional illustration of the same 
situation was given in Fig. 10.31. 

In many cases of p — c, where the composition determinant is zero, all the phases are 
stoichiometric. The reason may be that their compositions are governed by the valency of 
the elements. This puts a constraint on the compositions of the phases which is manifested 
mathematically by the composition determinant being equal to zero. This phenomenon 
may thus be called stoichiometric constraint. However, Fig. 13.11 demonstrates that it 
may happen even if the phases are not stoichiometric and we shall thus use the more 
general term compositional degeneracy. We can formulate the following rule: ‘A trans¬ 
formation involving p — c phases will be sharp when T or P is varied if there is one 
compositional degeneracy’ and that may be tested with Eq. (13.31). In Section 10.8 we 
called the corresponding phase equilibrium singular. 

In order to evaluate the reaction coefficients in sharp transformations where /> = c, we 
can make any convenient assumption regarding the composition of the additional phase 
because it does not take part in the reaction anyway. If we assume that the additional 
phase is pure component 1 we obtain 



V 





(13.32) 


Xj X2 Xj . . x^ 

1 0 0000 



(13.33) 


etc. 
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Figure 13.12 The composition space for a quaternary, reciprocal system reduced to a plane due to 
a stoichiometric constraint, common to all the phases. 


The mass balance is satisfied because for each component i from 2 to c we find. 





+ ... 


(13.34) 


This is zero because there are two identical columns, since i has a value from 2 to c. 

In this example, the first column of elements in the composition matrix dropped out 
because the additional phase was taken as pure component 1. For a different choice, 
another column would have dropped out. We may summarize the result of this section 
as follows: If the composition determinant for a phase transformation with p — c is 
equal to zero, then it is a sharp transformation and there is a compositional degener¬ 
acy. The reaction coefficients can be calculated from the determinants obtained by first 
omitting any column from the composition matrix and then, in turn, the row correspond¬ 
ing to each phase. In addition, a minus sign must be added for the second, fourth, etc., 
phase. 

Figure 13.11 illustrates a case where a compositional degeneracy occurs only in a 
particular place in the phase diagram where the phases happen to fall on a line. There 
is another very important case where the compositions of several phases are subject to 
a stoichiometric constraint that results in a compositional degeneracy for equilibrium 
between those phases in an extended portion of the phase diagram. An example is an 
ionic system where each element has a fixed valency (see Fig. 13.12 which gives the 
composition space for the Na-K-Cl-Br system). It is evident that all possible mixtures 
of the ionic phases will fall on a plane inside the three-dimensional space. The phase 
relations can thus be plotted in a diagram with one dimension less. Such a diagram is 
called a quasi-ternary diagram. In the same way, a ternary system can sometimes be rep¬ 
resented with a quasi-binary diagram. In practice, one often uses the word quasi-binary 
to describe an isopleth section of a ternary diagram when many or the most important 
tie-lines fall in or close to the section even without full stoichiometric constraints. In the 
present case a composition square can be used and, except for the different outer shape, 
the diagram would have the same properties as a triangular diagram for a ternary system. 
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This is often called a reciprocal system because the amounts of the four components 
are not independent but are related by a reciprocal reaction 

NaCl + KBr ^ NaBr + KCl. 

All ionic phases in a reciprocal system will fall in the composition square and the 
composition of each phase can only move inside the square. As an example, the liquid 
phase may cover the whole square at high temperatures and each solid covers a small area 
close to its corner at low temperatures. However, it should be realized that the chemical 
system under consideration may contain other phases which are not subject to the same 
constraint. In the present case there may be metallic phases of Na and K and a gas phase 
composed mainly of CI 2 and Br 2 . They fall outside the plane and they can be shown only 
by the use of the three-dimensional quaternary diagram in Fig. 13.12(a). 

The results of this section may be summarized as follows. When there is a composi¬ 
tional degeneracy for the phases taking part in a certain transformation, it is possible to 
define the compositions of the phases with a new set of components having one member 
less but at least one of the components in the new set cannot be a member of the initial 
set. If c still represents the initial number of components, one should modify Gibbs’ 
phase rule to 


V — c - nad + 2- p, (13.35) 

where «cd is the number of compositional degeneracies. In the section through the phases, 
taking part in the transformation, the phase diagram has the properties of a system with 
c — Ucd components. Normally, it is interesting to calculate such a section only if the 
degeneracies are caused by stoichiometric constraints. If there are other phases in the sys¬ 
tem, not subjected to the same stoichiometric constraints, it may be inconvenient to apply 
a new set of components for the equilibria containing only some of the phases. It may be 
more convenient to introduce an additional component into the calculation with a com¬ 
positional constraint. The amount of that component will automatically come out as zero. 

Exercise 13.11 

Suppose we have a computer program for the calculation of phase equilibria. When trying 
to calculate the equilibrium temperature for Si 02 + Al 2 Si 05 + AI 2 O 3 at a pressure of 1 
bar we get the message, ‘cannot calculate because degrees of freedom not zero’. What 
action could we take? 

Hint 

Evidently, the program can only deliver a unique answer and there is a unique temper¬ 
ature for the equilibrium only if it is invariant at the given pressure, i.e., monovariant 
according to the Gibbs’ phase rule. The program may require p — c + \ . We should 
start by checking if our transformation is sharp, although p — c. Otherwise, we have a 
gradual transformation or overlapping transformations and cannot expect to calculate a 
unique value of T. 
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Solution 


The composition determinant is 


Si02 

AlzSiOs 

AI 2 O 3 


Si O A1 

1 2 0 

1 5 2 

0 3 2 


10-4-6 = 0. 


This transformation thus has a compositional degeneracy and is sharp. The reason is that 
all the c phases fall on the straight line going from Si 02 to AI 2 O 3 . It is thus possible to 
calculate a unique transformation temperature. Our program seems to need p — c \ 
phases. We can solve the problem by introducing a fourth phase in the Al-O-Si system, 
which is outside the straight line, e.g. pure Al. It will not affect the equilibrium between 
the initial phases. 


Exercise 13.12 

We have seen the following. For /> = c + 1 we get a sharp transformation by gradually 
changing T, keeping the composition and P constant. For /> = c we get a sharp trans¬ 
formation by gradually changing p for a mobile component, keeping the composition 
constant except for the mobile component, and keeping P and T constant. 

Then we saw that for /> = c it may happen that one gets a sharp transformation by 
gradually changing T and keeping the composition and P constant. Discuss whether it 
is possible also to get a sharp transformation in a system where p — c — \ hy gradually 
changing p for a mobile component, keeping the composition constant, except for the 
mobile component, and keeping P and T constant. If so, what should be the expression 
for the reaction coefficients, etc. 


Hint 

Accept that equations for the case of a mobile component are obtained by using m, instead 
ofx,. 

Solution 

For p — c we can get a sharp transformation in the ordinary case by gradually chang¬ 
ing T if |x“ X 2 . . x^l = 0 for constant P. For p = c — \ we would get a sharp 

transformation by gradually changing/xc if Im“ uf . . | = 0 for constant P 

and T. 


13.9 Effect of two compositional degeneracies ior p = c - l 

Let us now consider whether there can be a sharp transformation in a closed system 
if /> = c — 1. By comparison with Section 13.8 it may be suggested that we need two 
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compositional degeneracies in order to get a sharp transformation at constant composition 
and pressure or temperature. If this is correct, we could treat this case by introducing 
two additional phases, c and c + 1, and then require that their reaction coefficients are 
both zero. We can try this suggestion by first letting phase c be pure component 1. The 
requirement for phase c + 1 to represent a degeneracy would be 


,c+l _ 


= (-ir 








0 0 0 0 0 


= (-ir 


= 0 . 


(13.36) 


By letting phase c + 1 be pure component 2, the requirement for phase c to represent a 
degeneracy would be 


= (-ir 



(13.37) 


We have thus found that two compositional degeneracies can be defined for a system, 
which has a sharp transformation between c — 1 phases in a closed system when P or 
T is varied. In Section 10.9 we called the corresponding equilibrium doubly singular. 
The conditions of the two compositional degeneracies may be obtained by forming two 
determinants from the composition matrix by omitting first one column and then another, 
irrespectively of which ones, and putting to zero the two determinants thus obtained. Such 
a set of two equations was obtained in Section 8.9 when extrema in both T and P were 
discussed and it was concluded that they imply that the compositions of the phases fall 
on the same point for p — 2, same line for p — 2>, etc. The same is true here, of course. 

We may also look at the situation from the other side and conclude that there is a sharp 
transformation at constant composition and pressure in the case p — c — \ '\f there are 
two compositional degeneracies. Then we may evaluate the reaction coefficients from 
the determinants obtained by omitting two columns from the composition matrix and 
then the row corresponding to each phase, one at a time 


Aj Aj A3 . . A^ 

1 0 0 0 0 0 

0 1 0 0 0 0 


(13.38) 


We may summarize the result of this section as follows: If the composition determinants, 
obtained in a case of /> = c — 1 by excluding one column at a time, are equal to zero, 
one will get a sharp transformation when T or P is varied The reaction coefficients can 
be calculated from the determinants obtained by excluding any two columns from the 
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composition matrix and, in turn, the row corresponding to each phase. In addition, a 
minus sign must be added for the second, fourth, etc. phase. A sharp transformation at 
constant composition and constant T or P thus requires that there are — c+\ — p 
composition degeneracies. 

We may generalize the above result. A transformation involving p phases in a system 
with c components will be sharp if the composition determinants, obtained by omitting 
c — p columns from the composition matrix, are all zero. The reaction coefficients can 
then be evaluated from the determinants obtained by omitting c + I — p columns and 
then omitting in turn the row corresponding to each phase. 

When a chemical reaction involving compounds and species is written in the form 
'Eyj J — 0, it is implied that all the compounds and species with negative disappear 
completely by the reaction and all with positive w' appear suddenly. This is equivalent 
to assuming that there is a sharp transformation and the rule for calculating the reaction 
coefficients, derived here, applies if each compound and species is regarded as a phase. 

Exercise 13.13 

Suppose we have a computer program for the calculation of phase equilibria. When 
trying to calculate the equilibrium temperature at 1 bar for the equilibrium between 
Ca 2 Si 04 , Ca 3 ]VIg(Si 04)2 and Ca 5 Mg(Si 04 ) 3 , we get the message, ‘cannot calculate 
because degrees of freedom not zero’. What action should one take? 

Hint 

We would expect an equilibrium temperature if there is a sharp transformation and for 
a closed system we normally need p — c + I phases but we have /> = 3 and c = 4, i.e., 
p — c — 1. However, the number of phases will decrease by 1 for each degeneracy. Start 
by checking for degeneracies. 


Solution 


Ca2Si04 

The composition matrix is Ca 3 Mg(Si 04)2 

Ca5Mg(Si04)3 

By omitting one column at a time we fii 


Ca Mg Si O 


2 

0 

1 

4 ■ 




3 

1 

2 

8 




5 

1 

3 

12_ 




0 

1 

4 


2 

1 

4 

1 

2 

8 

= 

0 and 

3 

2 

8 

1 

3 

12 


5 

3 

12 


We may conclude that there are two compositional degeneracies and the transformation 
is sharp when T is varied for any chosen value of P. In fact, the determinants obtained 
by omitting any of the other columns are also zero. The solution to the computational 
problem would be to add two new phases, e.g., O and Mg. 
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14.1 Deviation from local equilibrium 

As discussed in Section 7.8 it is common to assume that the rate of a phase trans¬ 
formation in an alloy is controlled by the rate of diffusion. The local compositions at 
the phase interfaces are then used as boundary conditions for the diffusion problem 
and they are evaluated by assuming local equilibrium at the interfaces. That is a very 
useful approximation but there are important exceptions. It is necessary to realize that 
the exceptions are of two different types and they have opposite effects. The first type 
of exception is caused by a limited mobility of the interface. In order to keep pace 
with the diffusion, the interface requires a driving force which is subtracted from the 
total driving force and decreases the driving force for the diffusion process. Due to this 
effect, a partitionless transformation, which would otherwise be completely diffusion- 
controlled but rapid due to a very short diffusion distance, requires an increased super¬ 
saturation of the parent phase, as shown in Section 7.8. Formally, this case was treated 
by assuming a pressure difference between the two phases as if the interface were curved 
more than it actually is, and the local equilibrium assumption was modified to this 
case. 

The other type of exception will instead decrease the driving force needed by decreas¬ 
ing the need for diffusion and will thus result in a higher rate of transformation and make 
it possible for an alloy with a lower supersaturation to transform. It is primarily caused 
by a low atomic mobility in the migrating interface. The present chapter will discuss 
such cases but also related cases of full local equilibrium. Naturally, such phenomena 
cannot be described by assuming local equilibrium under a pressure difference which 
would increase the driving force needed. Instead, the local equilibrium seems to be con¬ 
strained in some way. Sometimes one talks about partial equilibrium or deviation from 
local equilibrium. 

In general, the rate of migration of an interface during a phase transformation is 
limited by the mobility of the interface itself and by the transport of various extensive 
quantities, i.e., contents of various components by diffusion, enthalpy by heat conduction 
and volume by elastic and plastic flow. We shall not consider the latter problem but 
presume that there is some efficient mechanism for the accommodation of changes in 
volume. However, there are many interesting thermodynamic features that could have 
been discussed. In general, we shall also neglect the need for heat conduction and assume 
that isothermal conditions can be maintained in spite of the heat of transformation. We 
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shall start with that problem because it has much in common with diffusion and may be 
used to demonstrate important principles. 


14.2 Adiabatic phase transformation 

For a process taking place under adiabatic and isobaric conditions, dQ = 0 and dP = 0, 
we have from the first law 

dH = d([/+PF) = d[/+PdF+ VdP = dg + VdP = 0. (14.1) 

For a system which is closed to exchange of matter as well as heat we also have dA^, = 
0 and it is convenient to use the combined law in the following form obtained from 
Eqs (14.1) and a generalized form of Eq. (1.72) 

T ■ dipS = TdS + VdP + E/x,dAf, - dH ^ TdS. (14.2) 

It should be emphasized that here we have not represented T ■ dip 5 with the driving force 
Dd^ because the reaction is not isothermal. The condition for a reversible reaction is 
dip 5 = 0 and thus dS — 0. In order for the reaction to proceed with a measurable rate it 
is necessary that dip 5 > 0 and thus dA” > 0. 

A homogeneous reaction (e.g. a spontaneous reaction between molecules in a gas) 
occurs gradually in the whole system and one can usually presume that it has proceeded 
to the same extent f in all parts of the system. It is evident that such a reaction can occur 
under adiabatic and isobaric conditions. The situation is different for a heterogeneous 
reaction which takes place by nucleation and growth. Let us examine the simple case of a 
sharp phase transformation which goes to completion instantaneously at any point as an 
interface passes by. The extent of reaction can be measured as the fraction of the system 
which has undergone the transformation. Thus, ^ would go from 0 to 1. Alternatively, 
^ can be given as the number of atoms in the transformed part. Let us suppose that this 
reaction can occur under adiabatic conditions. Due to the heat of transformation, this 
should mean that the transformed part of the system is at a different temperature than 
the rest and heat would thus flow between the different parts unless the transformation is 
extremely rapid and leaves no time for the flow of heat. Such high transformation rates 
are not very common. An explosion may come close. We may thus conclude that the 
transformation in a material cannot normally be truly adiabatic even if it occurs inside 
a thermally insulated system. Before considering the effect of the heat transfer we shall 
nevertheless examine the conditions for a hypothetical transformation which is truly 
adiabatic. Since we realize that the transformation will cause a change of temperature 
we must start by defining the thermal properties. 

Let us consider a unary system with two phases, a and (3, and let us suppose that the 
difference in their heat capacities, ACp, is independent of temperature. Then the differ¬ 
ences in molar enthalpy AH^ and in entropy ASn, at any temperature are independent of 
temperature but may vary with pressure. The equilibrium temperature at a given pressure 
will be = A//m/ A Sm■ Schematic r,/" and/7m, F" phase diagrams are given in Fig. 14.1. 
The boundary between a and a -F |3 is denoted a/ (3 because it represents a in equilibrium 
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Figure 14.1 Ordinary phase diagram for a unary system. 


with |3. We have here taken (3 as the high-temperature phase and it is evident from the 
Hra, P diagram that A//m = — //“ is positive and then ASm = must also 

be positive because T® is positive. 

On the other hand, if the two phases are at different temperatures we get 

AH = -b Cp(T<^ - r“) (14.3) 

A5'= A5n,-l-Cpln(rP/7’“)- (14.4) 


Suppose it were possible to transform (3 of to a of T* under adiabatic and reversible 
conditions, i.e. under isentropic conditions, A^ = 0. If the pressure is also kept constant, 
then AH — Q and we have two equations from which we can evaluate and 




^SJCp 


exp(A5m/Cp) - 1 


— 


AHJlCp 


(14.5) 


_ rpQ 


^SJCp 


1 - exp(-A5'm/Cp) 


= r -t- AHJlCp, 


(14.6) 


where the approximation is justified for A5m <$C Cp, only. These results are plotted 
in two new diagrams, see Fig. 14.2. In this case there is only one line in the P, H^ 
diagram and it shows where a and (3 have equal values of H^ and also equal values of 
Sm- This results in the a and (3 one-phase fields overlapping in the T, P diagram. The 
interpretation is that, on cooling under these conditions, a (3 phase would not transform 
to a of the same temperature when cooled to the equilibrium temperature T®, but it would 
transform at tP = T® — AH-^jlCp and the a phase would be at a higher temperature 
+ AHml2Cp when it forms. The two-phase boundaries in the T, P diagram 
have thus separated by T‘^ — — AH^/Cp. This diagram would predict that (3, if 

super-cooled to reach the (a -f |3)// line, could transform instantaneously and completely 
to a if there were no kinetic obstacles. It would be a sharp transformation at the constant 
//m value. It has been speculated that this kind of reaction could occur in solidification 
of very rapidly cooled liquid droplets. 

However, there are two major objections. First, the reaction must be extremely fast 
in order to prevent heat flowing from the warmer, growing a into the colder parent (3, 
— rP being positive (equal to AH^/Cp). Secondly, even if a of the temperature F" 
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(a) (b) 



Figure 14.2 Phase diagram for isobaric and adiabatic conditions in a unary system. Notice that 
the a and (3 one-phase fields in the P, T diagram overlap in a region around the equilibrium 
temperature. 

could form, it would not be stable because it is inside the stable one-phase field for (3 
according to the T, P diagram in Fig. 14.1 . Part of a could thus transform back to (3. In 
the next section we shall examine a more realistic model. 

Exercise 14.1 

Estimate the internal entropy production when 1 mole of a pure substance transforms 
adiabatically from a to |3 when the temperature of a is AT above the value where there 
is no entropy production. 

Hint 

Of the two conditions used in the text, only one holds here, A// = 0, but Aip5 is still 
equal to A5 and can be calculated from A^m -t- Cp /1°^), if Cp is constant and 
equal in the two phases. 

Solution 

= F" -t- A//m/2Cp -F AF = r" -t- T‘=ASra/2Cp + AT. 

From 0 = A// = A/4 + Cp(rP - r“) = T^AS^ + Cp(T^ - r“) we get = 

- rASrn/Cp = r" - t^asjiCp + at-, a,^s = a^^ - Cp in(rP/r*) = 

A^n, - Cp ln{[l - T%ASJ2Cp)/{T^ + A7’)]/[l - T\ASJ2Cp)/{r + AF)]} = 
A5„, - CpT^{ASJCp){T^ + AT) = AS^AT/T^. 

14.3 Quasi-adiabatic phase transformation 

Let us now examine if there are conditions under which the transformation can occur by 
a steady-state process, i.e. without a gradual change of the conditions at the migrating 
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(a) (b) 



Figure 14.3 Steady-state conditions for a quasi-adiabatic |3 — >• a transformation under constant 
P. The growing a. has the same enthalpy as the initial (3. 

interface. The growing a should then have a uniform temperature, T", but the tem¬ 
perature may vary inside the parent |3. The temperature profile can be illustrated by 
Fig. 14.3(a) which has been drawn under the assumption of local equilibrium at the 
interface. All of the a phase must be at the equilibrium temperature, T®. In order for this 
to be a steady-state process it is necessary that a has the same enthalpy as the bulk of 
the (3 phase. This is illustrated in Fig. 14.3(b) and the following equations are obtained 
if the heat capacity can be approximated as constant and the same in both phases. 

A//= A/4,-h C/>(rP - r“) = 0 (14.7) 

rP = T* - AH^/Cp = r - AH^/Cp. (14.8) 

The reaction can thus be essentially adiabatic if it is possible to change the temperature 
of the whole (3 system to T® — AH^/Cp before the nucleation of a occurs. This model 
thus requires twice as large a A T as the truly adiabatic model. This is a demonstration 
of the fact that a deviation from local equilibrium results in less need of driving force. 
After a transient period, during which an enthalpy spike of height A//n, will develop in 
the (3 phase at the migrating interface, steady-state conditions will be established and 
then maintained towards the end of the reaction. The duration of the transient period 
and the width of the temperature spike in the parent phase will depend upon the rate of 
transformation and the rate of heat flow. We can use the phase diagrams, given below, 
for a summary of our conclusions (see Fig. 14.4). 

Point 1 in Fig. 14.4 is the isothermal transformation temperature for (3. A (3 phase 
cooled just below that point could start to transform to a but the progress of the trans¬ 
formation would be directly controlled by the further extraction of heat from the system. 
The growing a phase will be at point 2. If a (3 phase could be cooled to point 3 before 
the transformation starts, then the transformation could, in principle, occur very quickly 
and adiabatically and the a phase would be at point 4. However, if the phase interface 
does not move with an extremely high velocity, there will be heat conduction into the 
remaining (3 phase and it will no longer be able to transform adiabatically but would 
depend upon further heat extraction. Finally, if a (3 phase could be cooled to point 5 
before the transformation starts, then the transformation could occur without any further 
heat extraction even if there is time for heat conduction. All of the a formed would be 
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* 



Figure 14.4 Phase diagram illustrating the conditions for a quasi-adiabatic transformation in a 
unary system. Subscript T indicates isothermal conditions. Subscript H indicates adiabatic 
conditions because P is kept constant. 


at point 2 and |3 at the interface would be at point 1. The transformation could occur 
in a steady-state fashion where the growing a phase forms at T^. The initial (3 is at a 
lower temperature (compare point 2 in the P, T phase diagram with point 5) but has the 
same enthalpy (compare point 2 in the P, phase diagram with point 5). This type of 
reaction could be called a quasi-adiabatic transformation. It is interesting to note that it 
occurs when the parent phase, by cooling, is entering into the field for the new phase in 
the P, Plm diagram. 

It is usually assumed that a transformation starts from a stationary nucleus and picks 
up speed during an initial transient period. It would then be natural to expect a situation 
somewhat similar to Fig. 14.3 to be established after some short time. It is an interesting 
question whether it could later develop into a truly adiabatic mechanism. The requirement 
would be that the speed becomes so fast that the temperature spike in the parent phase 
becomes so thin that it disappears between the atoms. A simple calculation would show 
that the thickness should be less than about V/v, where T) is the diffusion coefficient of 
heat and u is the growth rate. This transition turns out to be very unlikely. 


Exercise 14.2 

Figure 14.5 gives the relations between and for bcc and liquid W. The melting 
point is marked with an asterisk for each phase. Evaluate the change of entropy during 
quasi-adiabatic melting and solidification. 


Hint 

The growing phase must be stable in contact with the parent phase at the interface, i.e., it 
must grow at the melting temperature. The bulk of the parent phase must be at a different 
temperature in order to have the same enthalpy as the growing phase. 

Soiution 

The melting point on the liquid curve (the asterisk) represents the growing liquid and 
the bulk of the parent bcc is situated exactly below it. The change of entropy can be read 

















308 


Partitionless transformations 



as +1.5 J/mol, K and for solidification as +2.8 J/mol, K. In both cases the entropy is 
produced in the thermal spike in front of the interface. 

Exercise 14.3 

Estimate how fast a transformation should be in order to reach truly adiabatic conditions. 

Hint 

The diffusion coefficient V for heat conduction is about 10“^ m^/s. The atomic distances 
are about 10“*° m. 

Solution 

V/v < 10“*yieldsu > 10“^/10“'° = 10^ m/s. This is higher than the speed of sound. 


14.4 Partitionless transformations in binary system 

We shall now examine a partitionless transformation, i.e., a transformation where the 
components do not partition between the parent phase and the product, and we shall 
find striking similarities with the adiabatic case. We shall use the combined law from 
Eq. (3.27) because temperature and pressure will be kept constant in addition to 
composition. 

= -^dr + V&P + EM,dW - dG = -dG. (14.9) 

In this case G plays the same role as S from Eq. (14.2) under adiabatic conditions. The 
driving force for the reaction is Z) = —dG/d§ and for Z) = 0 we would have a reversible 
reaction which would occur without a change of the Gibbs energy but infinitely slowly. 
The reaction could proceed with a measurable rate if Z) > 0, i.e. dG < 0. Partitionless 
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Figure 14.6 Conditions for a true diffusionless transformation. 



Figure 14.7 Crude model for deviation from local equilibrium under a quasi-diffusionless 
transformation. 


transformations were discussed in Section 7.8. We shall now examine such a reaction in 
more detail and discuss two limiting cases depending on whether any diffusion is 
involved. In principle, it could be completely diffusionless, a case that is illustrated 
in Fig. 14.6. However, there could also be some diffusion, e.g. in a thin pile-up of a 
component which is pushed forward in front of the advancing interface. It is illustrated 
in Fig. 14.7 and resembles the quasi-adiabatic case in Fig. 14.3 and may be regarded 
as quasi-diffusionless. Both cases are illustrated in Fig. 14.8 which can be compared 
with Fig. 14.4 for the adiabatic cases. The dashed line in the T, xb diagram, denoted 
by To, corresponds to the dashed line in the P, diagram, which showed where a 
and (3 have equal values of On the To line, a and P have equal values of xb and 
equal values of G^, i.e., a true diffusionless transformation. The other limiting case is 
found when there is full local equilibrium at the migrating interface, according to the full 
lines in Fig. 14.8(b), similar to the quasi-adiabatic case in Fig. 14.4(b). It is the limiting 
case of a quasi-diffusionless transformation and could be called local-equilibrium parti¬ 
tionless transformation or simply LE-partitionless transformation. It was discussed in 
Section 7.8 and illustrated in Fig. 7.21. 

The true diffusionless transformation is easy to understand. If a (3 alloy is cooled below 
the To line, where a of the same composition has the same Gm value, then Gm may 
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Figure 14.8 Phase diagram for a binary system illustrating the conditions for diffusionless and 
LE-partitionless transformations. The full lines show the phase boundaries under equilibrium 
(constant T, P and /r, ). The dashed lines hold if there is no diffusion. 

decrease by the |3 —a transformation even without any change of the composition. 
The molar Gibbs energy diagram in Fig. 14.6 demonstrates that /xb will increase by 
that transformation, which corresponds to the increase of T during the true adiabatic 
transformation. 

In practice, it is seldom possible to avoid diffusion completely. It would be necessary 
that the mathematical width of the pile-up in Fig. 14.7 is below atomic dimensions. The 
growth rate should be of the order ofV/d or higher. V is the diffusion coefficient and d is 
about 10“*° m. Otherwise, the transformation could not be regarded as diffusionless. On 
the other hand, at diffusion-controlled transformations the growth rate may often be low 
enough to make the LE-partitionless transformation a reasonably good approximation. 
Figure 14.7 demonstrates a more general case where there is some deviation from local 
equilibrium at the interface and the compositions at the interface do not fall on the points 
of tangency for the common tangent. 

In metallic materials there are two well-known partitionless transformations called 
‘martensitic’ and ‘massive’. The martensitic transformation is usually very rapid and 
comes close to the true diffusionless case but its interface migrates with an atomic 
mechanism that creates strong stresses which require a high driving force. This type 
of transformation can very well occur far inside the a -|- (3 two-phase field but only 
at a considerable distance below the To line due to the necessity of a driving force. 
The massive transformation is rapid but not extremely rapid. There may be time for 
individual atoms to diffuse across the interface and maybe even for a pile-up to form. 
This transformation may thus fall well between the two limiting cases. 

An interesting problem may be mentioned in this connection. Figure 14.6 demonstrates 
that the chemical potential of B increases as it crosses the interface and moves from (3 
to a. One should ask what forces the B atoms to move against their driving force. In 
the LE-partitionless transformation the problem is solved by the presence of the pile-up. 
As it moves in front of the migrating interface, it gradually lifts the B atoms to higher 
potential as illustrated in Fig. 14.7. For the martensitic transformation the explanation 
must be that all atoms cross the interface with some kind of a cooperative mechanism. 
For a rapid massive transformation there may not be a sufficiently well developed pile-up 
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Figure 14.9 Solution to Exercise 14.4. 

and the mechanism of transfer of atoms across the interface must be partly cooperative. 
This will be further discussed in Chapters 16 and 17. 

Exercise 14.4 

Given the phase diagram in Fig. 14.6, mark the regions where one could expect the 
massive or the martensitic transformations |3 ^ a. Suppose that the martensitic trans¬ 
formation requires an undercooling below To which is independent of the composition 
and that the massive transformation occurs with some small deviation from equilibrium. 

Hint 

Martensite will normally grow much faster because it requires no diffusion. Martensite 
would thus predominate in a region where both types of transformation could occur, in 
principle. 

Solution 

The solution is given in Fig. 14.9. 

14.5 Partial chemical equilibrium 

In a ternary alloy it could very well happen that one of the elements diffuses very much 
faster than the other two, for example if it is an interstitial solute. It is then possible that a 
new phase forms with a different content of the mobile element but without a change of 
the relative contents of the other two. Such a transformation would be partly partitionless. 
Hultgren [26] proposed that it could even occur without any diffusion of the latter two 
elements and used the term paraequilibrium to describe the local equilibrium at the 
phase interface under such a transformation. We shall now examine that kind of local 
equilibrium. Hultgren studied systems with Fe, C and a metallic solute which we shall 
denote by M. We shall keep those symbols but Fe could represent any element, C any 
mobile element and M any element as sluggish as Fe. 
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Under full local equilibrium at a phase interface, there is no driving force on the 
interface as shown by the following form of the combined law Eq. (3.33), 

D6^ = -S&T + VAP - EMd/x, = 0, (14.10) 

because T, P and all /r, have the same values on both sides of the interface. When 
a transformation occurs under paraequilibrium, /uc has the same value on both sides 
because C is very mobile, but /upe and /xm have different values. Instead, upe and mm 
have the same values if m, is defined as W /(A^pe + A^m)- It is thus useful to consider the 
combined law in a new form which can be derived as follows. 


DA^ = -SAT + VAP - YNi d/x, (14.11) 

£)d^/(Atpe + Nu) = -SrnnAT + V^-,nAP - Em, d/x, ± (/xpedupe + fJ^MAuu) 

— —•S'niudr + V^nAP — EwcdMC + /Xpedupe + /XMdwM — d(Mpe/Xpe + Mm/Xm)- 

(14.12) 

The subscript ‘ml2’ is explained in Section 4.3. Under paraequilibrium AT — AP — 
d/xc = dwpe = duM = 0 and we find 

Z)d|/(AAe + A^m) = —d(Mpe/xpe + Mm/Xm) = 0. (14.13) 


The driving force has here been put to zero for a transformation occurring under parae¬ 
quilibrium conditions because, ideally, paraequilibrium is supposed to be a kind of local 
equilibrium. It is thus necessary that Mpe/xpe + mm/xm has the same value on both sides 
of the interface. Of course, T, P and /xc must also have the same values on both sides. 
The new quantity that must have the same value in both phases is simply an average 
value for Fe and M, as if they together have formed a new element. The quantity can be 
written in various ways because Gain — 


Mpe/r-Pe -F Mm/Xm = G^U — UcfJ^C — 


Gm — XcfJ^C 
1 - Xc 


(14.14) 


Suppose the three elements can form a compound 0 of the formula (Fe, M)„Cc with 
a 4- c = 1. For paraequilibrium between 0 and a solution phase, y, we find 

0 .... \ 7 

(14.15) 




c/xc 


■xcfJ^c 


1 - Xc 


It should be noted that + mm/xm is a characteristic state function. It was actually 

derived in Section 13.6 in a slightly different way and written as G — A^cMc- 

In a molar Gibbs energy diagram the tie-line between the two phases in paraequilibrium 
is directed towards the C corner. It falls on a common tangent line to the two Gibbs 
energy surfaces but not on the common tangent plane. Figure 14.10 demonstrates that 
the common tangent line for paraequilibrium, which must go through the C axis, is 
situated above the common tangent plane that holds for full equilibrium. The chemical 
potential of C will thus be slightly different. 

Figure 14.1 l(a)-(d) gives various versions of the phase diagram showing the equilib¬ 
rium between two solution phases, oc and y, at some convenient T and P values. Instead 
of using the chemical potentials, /xc and /xm, as axes the chemical activities, ac and 
Mm, have been used in order to make the diagram show low contents of C and M where 
the chemical potentials would approach negative infinity. It is interesting to note that 
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Figure 14.10 Molar Gibbs energy diagram for a ternary system illustrating the paraequilibrium 
conditions. The common tangent line from the C axis is situated above the common 
tangent plane. 




(c) (d) 




Figure 14.11 The phase diagram for a ternary system at constant T and P, drawn with different 
sets of axes in order to illustrate the paraequilibrium conditions (dashed lines), assuming that C 
is the only mobile component. 

Figs 14.11(a) and (b) are very similar to Fig. 14.6 but Thas been replaced by qq. In fact, 
the two reactions are very similar because the additional component in the present case 
is compensated by the temperature being kept constant. 

The point of equal Gibbs energy of a and y on the binary Fe-M side has been marked 
as To in Fig. 14.11(d) because it belongs to the To line in the binary T, xm diagram. It 
is important to note that the two paraequilibrium phase boundaries fall inside the full 
equilibrium two-phase field. This is a general rule. 
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(b) 




(y/a) 


(Y^ac)quasi -para 


(c) 


(d) 



Figure 14.12 Dashed lines show the conditions for quasi-paratransformation y ^ oc in a ternary 
system with a very mobile component C. 

As in the binary case, discussed in the preceding section, we should also examine 
the possibility of obtaining a partitionless (here of Fe and M) transformation under full 
local equilibrium. That should be possible if there is a composition spike in front of the 
migrating interface. The critical limit for a y — oc transformation to take place under 
such quasi-paraequilibrium conditions is that the initial y phase falls on the a phase 
boundary in the qcAm phase diagram (see Fig. 14.12(b)). Again the conclusions are 
very similar to the previous case. However, in the present case it is more common to use 
an xcr^M phase diagram (see Fig. 14.12(d)). It should be noticed that the critical limit 
for a quasi-paratransformation will not fall on the a phase boundary in such a diagram 
because y and a must have the same /u-c (i.e. ac) and that requires different xc- 

Finally, we may compare the critical limit for the two partitionless kinds of growth 
by means of Fig. 14.13. It is interesting to note that paraequilibrium with its devi¬ 
ation from full local equilibrium requires less supersaturation of the parent y. This 
is in agreement with a more general principle mentioned in Section 14.1. In prac¬ 
tice, one should expect something between quasi-paraequilibrium and paraequilib¬ 
rium depending on the mobilities of Fe and M, especially inside the interface, rela¬ 
tive to the rate of migration of the interface. In the next section we shall give a more 
detailed account of some phase transformations assuming that they take place under 
quasi-paraequilibrium. 

Exercise 14.5 

InFig. 14.11 there are two diagrams with dashed tie-lines. They hold for paraequilibrium. 
In the other two diagrams the corresponding tie-lines have not been drawn. Indicate where 
they should fall. 
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Figure 14.13 Comparison of two partitionless growth conditions for the y ^ a. transformation in 
a ternary system with a very mobile component C. 



Figure 14.14 Solution to Exercise 14.5. 

Hint 


Find tie-lines in Fig. 14.11(c) by projection from Fig. 14.11(a) and (d). 

Solution 

The (x + y two-phase field under paraequilibrium is a line in Fig. 14.11 (b) and there are 
no tie-lines. A tie-line in Fig. 14.11(c) is shown in Fig. 14.14. 


14.6 Transformations in steel under quasi-paraequilibrium 

In a steel with carbon and some substitutional alloying elements it often happens that 
a new phase forms with the same alloy content as the parent phase but with a different 
carbon content. Such a phase transformation may occur under local paraequilibrium at 
the migrating interface, or under quasi-paraequilibrium, or in between. In this section we 
shall examine the quasi-paraequilibrium case, using results from the preceding section. 
As a simple example we shall first discuss the y ^ a transformation. In a mm,mc phase 
diagram all products of a paratransformation or a quasi-paratransformation will fall on 
the same horizontal line as the parent phase. In the phase diagram we can easily find 
a point representing the composition of a growing phase, because it must fall on the 
correct level of alloy content but also on the appropriate phase boundary, the a/y phase 
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(a) 


(b) 



Figure 14.15 Construction yielding the conditions at the phase interface for a 
quasi-paratransformation y ^ «. in a ternary system with a mobile component C. 


boundary in the present case. Having located that intersection we have found a tie-line 
representing the local equilibrium conditions at the migrating <x/y interface. We can 
thus construct a composition profile for the alloying element. In order to do this we shall 
plot Mm on the ordinate axis (see Fig. 14.15). 

From the composition profile we may conclude that there is a thin spike of the alloying 
element in front of the migrating interface. This is similar to the quasi-diffusionless case 
in a binary alloy. According to the mathematics of diffusion, we can estimate the width 
of the spike to Vy^jv, where u is the rate of migration of the interface and I?m is 
the diffusion coefficient of the alloying element M relative to Fe. The width is usually 
extremely small and the alloy content in the spike originates from a transient stage of 
growth at a very early time. 

One may normally expect that the rate is governed by the rate of long-range diffusion 
of carbon. In order for the transformation to proceed, carbon must diffuse from the a/y 
interface and into the interior of the y phase because the growing a phase has less carbon 
than y. It is thus necessary that the carbon potential is higher at the interface than in 
the interior of the y phase. The critical limit for the position of the initial y phase is 
thus found on the intersection of the level of alloy content, and the isoactivity line 
for carbon in y which goes through the y end-point of the tie-line. This construction 
is shown in Fig. 14.16. Naturally, this isoactivity line must be extrapolated below the 
y/(a -I- y ) boundary. The critical limit is represented by a circle in the diagrams and falls 
on the line for quasi-paraequilibrium in Fig. 14.13. The rapid, quasi-paratransformation 
can only occur on the left-hand side of that critical line, i.e. in this case below the 
line. 

Suppose the carbon activity for a y phase is initially lower than for the isoactivity 
line in Fig. 14.16. They —>• a transformation can then start in the way described above. 
However, during the growth of a, the y phase will accumulate more and more carbon. 
Its carbon activity will increase and eventually reach the value for the isoactivity line in 
Fig. 14.16. The rapid growth will then stop and the transformation can only continue at 
a much slower rate which permits the sluggish alloying element M to be redistributed 
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(a) (b) 



Figure 14.16 Construction yielding the critical limit for a quasi-paratransformation y —>• a in a 
ternary alloy with a mobile component C. 


(a) (b) 



Figure 14.17 Growth conditions of a from y at a stage where diffusion of the sluggish alloying 
element M is required. 


relative to Fe. During this stage of slow growth there will be sufficient time for the mobile 
carbon to equilibrate inside the system and at each moment all the y phase present may 
fall practically on a common isoactivity line for carbon in y. If we know the momentary 
composition of the interior of the y phase we can easily find the y end-point of a tie-line 
representing the equilibrium conditions on the migrating a/y interface. We can thus 
construct the composition profile for the alloying element M during any stage of very 
slow growth; see Fig. 14.17 in which the filled circle represents the present composition 
of the interior of the y phase and the arrow indicates that its carbon content is gradually 
increasing during this growth. In the composition profile the spike has now widened to 
a considerable thickness, which may be evaluated by using the fact that the two shaded 
areas represent the same amount of M. The rate of growth is now governed by diffusion 
of the alloying element down the spike. 

Let us now examine the more complicated case where the y phase transforms to the 
eutectoid mixture of a and cementite, (Fe,M) 3 C, which is called pearlite. In order for 
that reaction to be governed by the rate of carbon diffusion it is necessary for both oc and 
cementite to inherit the alloy content of the parent y. Each one of the two growing phases 
must fall on the correct side of its critical line. We shall first illustrate this by two separate 
phase diagrams in Fig. 14.18(a) showing the a/y equilibrium and (b) showing the 
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Figure 14.18 The critical limit for the quasi-paratransformation of y to (a) a; and (b) cementite in 
an Fe-M-C alloy. 



Figure 14.19 Phase diagram for an Fe-M-C system, illustrating the conditions for a rapid 
formation of <x + cementite (so-called pearlite) under quasi-paraequilibrium (see shaded 
triangle). 


y/cementite equilibrium. The position of the region for rapid precipitation of cementite, 
relative to the full equilibrium phase boundary, has been drawn in agreement with the 
general rule that the paraequilibrium phase boundaries lie inside the full equilibrium 
two-phase field. 

If the alloy is at a temperature where the y a + cementite transformation is pos¬ 
sible, the two two-phase regions a + y and y + cementite must overlap to some degree 
and there must be a three-phase a -F y -F cementite region, as illustrated in Fig. 14.19. 

This phase diagram resembles the Fe-Ni-C phase diagram because Ni prefers to 
dissolve in y rather than in a or cementite. The metastable parts of the phase boundaries 
have been drawn with dotted lines. The two critical lines form a small triangular region 
which we may regard as a critical triangle. Rapidly growing quasi-parapearlite can be 
expected to form from a y phase situated inside the critical triangle. A y phase situated 
to the left of the triangle should first precipitate so-called proeutectoid a and thus move 
into the triangle where pearlite can start forming. A y phase situated to the right of 
the triangle should first precipitate proeutectoid cementite and then pearlite. However, a 
requirement is that the level of alloy content falls below the top of the triangle. Otherwise, 
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the rapid, proeutectoid precipitation will stop at its critical line. The transformation can 
continue only by the slow rate of diffusion of the alloying element into the interior of the 
austenite because both oc and cementite must dispose of nickel into the parent y. That 
should normally be a very slow reaction and pearlite formed under such conditions has 
not been reported. In solidification, the growth conditions for a eutectic may be similar 
but the rate of diffusion in the liquid phase is so rapid that the eutectic reaction is not 
inhibited above the triangle for the rapid eutectic transformation. 

Exercise 14.6 

An Fe-Ni alloy with mni = 0.01 is first in the state of y (fee) at 1273 K but then it 
is carburized and cementite (Fe 3 C) forms isothermally. Suppose one would like to try 
to produce homogeneous cementite with mni = 0.01. Estimate what carbon activity is 
required during the carburization. It is known that the y + cementite equilibrium in the 
binary Fe-C system is 1.01 at 1273 K. It is also known that the distribution coefficient 
for Ni between cementite and y is _ o.26. 

Hint 

Inspiration can be obtained from Fig. 14.18(b) because formation of cementite with the 
initial Ni content can only occur under a rapid reaction. However, in order to calculate 
the necessary carbon activity we can go to Section 11.3. The carbon content of cementite 
is Me = 1 /3 and for y it is about 0.073. 

Solution 

If the growing cementite has mni = 0.01 and there is local equilibrium (quasi- 
paraconditions) then the adjoining y has WNi = 0.01/0.26 = 0.038. Equation (11.23) 
givesln(ac/ac“'^) = (l -0.26)/[(l/3)-0.073]x 0.038 = 0.108; ac= 1-01 x 1.114 = 
1.125. The carbon activity must be higher than this value. 


14.7 Transformations in steel under partitioning of alloying elements 

In the preceding section we concluded for Fe-Ni-C that, for Ni contents falling above the 
top of the critical triangle, pearlite could grow only by nickel diffusing into the remaining 
y because both growing phases, a and cementite, require that the nickel content is lower 
than in the adjoining y. The situation will be quite different if one of the phases, oc or 
cementite, can grow with a higher alloy content than the adjoining y. Then it would be 
sufficient that the alloying element diffuses side-wise and distributes itself between the 
two growing phases. This process can take place with an observable speed by diffusion 
inside the pearlite/y interface. Interfacial diffusion can be orders of magnitude faster 
than volume diffusion. 
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Figure 14.21 Solution to Exercise 14.7. 


Examples of alloying elements allowing pearlite to grow under partitioning between 
a and cementite are manganese and silicon. Cementite will attract manganese and oc will 
attract silicon. 


Exercise 14.7 

Suppose a steel is first transformed to homogeneous y at a high temperature and then 
cooled to 1023 K where it is represented by the cross in the Fe-Si-C phase diagram 
(Fig. 14.20). The thin line is an isoactivity line for y going through the cross. Examine if 
there would be a positive difference in Si content inside y, A Wgj, to drive the redistribution 
of Si between a and cementite and thus allow y to transform to pearlite. If that is the 
case, evaluate the fractions of a and cementite in that pearlite. 
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Hint 

First find the intersections with the isoactivity line and the extrapolated phase boundaries 
for y. Then try to find the other end-points on the corresponding tie-lines. 

Solution 

The construction is shown in Fig. 14.21(a) and again, with an expanded uq scale, in 
(b). The intersection of the isoactivity line with the two phase boundaries will give the 
compositions of y at the interfaces to a and cementite if there is full local equilibrium. 
The difference Am|j = ^^Y/“mentite _ positive and will thus make silicon diffuse 

away from cementite to a. Pearlite can thus grow but it must have the same average 
Si content as the initial y, usi = 0.01. Since cementite has practically no Si and a has 
about 0.035, we find that the fraction of a is 0.01/0.035 = 0.3. The fraction of cementite 
is thus 0.7 and the carbon content of this pearlite is extremely high. It requires a large 
supply of carbon to be drawn from the interior of the y phase. 


15 Limit of stabiiity and criticai 
phenomena 


15.1 Transformations and transitions 

In Chapter 12 we were mainly concerned with the question whether a transformation 
is sharp or gradual. The difference between those cases is very practical and straight¬ 
forward. It is based on a one-dimensional phase diagram where the only axis represents 
the quantity that is being varied. If that diagram shows a two-phase field of some exten¬ 
sion between the two one-phase fields, then the transformation between the two phases 
will be gradual. If the two-phase field has no extension, then the transformation will be 
sharp. For a unary system with a transformation this will happen if one varies a potential, 
e.g. T. The Gibbs energy is a continuous function of T across the sharp transformation 
but its derivatives, yielding S and V, show discontinuous jumps. This is why the phase 
boundaries separate when a molar axis is introduced (see Figs 9.1 and 9.2). In other 
cases there is no such separation because the first-order derivatives are zero. A typical 
example is found in a ferromagnetic substance, which gradually loses its magnetization 
as the temperature is increased. At the Curie temperature it reaches zero and the sub¬ 
stance has thus become paramagnetic. There is no temperature where ferromagnetic and 
paramagnetic regions coexist in a pure substance, not even if one varies a molar quantity. 
As a consequence, there is not really a two-phase field between the two one-phase fields 
and this fact is indicated by the use of a dashed line to separate the one-phase fields 
(see Fig. 15.1 where the two phases are denoted by (3 and (3' in order to emphasize their 
close relationship). If there is no discontinuous Jump in the first-order derivatives but 
there is one in the second-order derivatives, then one calls this a second-order transi¬ 
tion as distinguished from a first-order transition when there is a jump in the first-order 
derivatives. 

When considering aT,P diagram and calculating the locus of a sharp transformation 
between two phases in Section 8.3, we applied the Gibbs-Duhem relation to each of 
the phases, obtaining two equations for d/XA- By requiring that /xa must change in the 
same way for the two phases along their line of coexistence, it was possible to calculate 
the slope of that line, (see Fig. 8.6). In this way dP/dT was obtained as a function of 
discontinuous jumps in the two first-order derivatives, A5 and A V. This method does 
not work in the present case because the two equations become identical on the line we 
want to calculate, and A^ and A V both go to zero there. This problem was solved by 
Ehrenfest [27] who instead used the fact that on the line there is no difference between 
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(a) (b) 



Figure 15.1 Characteristics of a second-order transition (3 .o- |3'. The y .o- (3 transition is first 
order. 


V of the two states. The expression for dV, 

dr 


\}t), 


dV\ 

— dP = VoidT 


dP 


VKjdP, 


(15.1) 


must give the same value in both states. Because V itself also has the same value in both 
states but a and kt do not, we get, by taking the difference between the two states, 

(15.2) 


dr 


Akj 


It is also possible that the discontinuous jumps first occur in the third-order deriva¬ 
tives of G and the corresponding transition would be of third order, etc. In practice, it 
is often difficult to decide by experimental measurements whether Aa and Akt differ 
from zero, as they should for a second-order transition. Sometimes the individual values 
of the second-order derivatives appear to go to infinity at the transition point and it is 
not meaningful to try to evaluate their difference. Ehrenfest’s expression for dP/dT is 
then of little practical use. Of course, it can be used when one investigates a particular 
model that gives definite values for second-order derivatives. In view of these complica¬ 
tions, it is common to call all transitions with continuous first-order derivatives, second 
order. 

It should be emphasized that nothing really happens in a system when it passes a 
second-order transition point. It does not really transform. The only difference is that 
it starts behaving in a new way. The real changes in the system occur gradually as the 
system moves away from the point of transition. In that sense, the second-order transition 
is just the start of a gradual transformation. Figure 15.2 illustrates different possibilities 
for a pure substance at constant pressure. The internal variable ^ is some measure of the 
arrangements of the atoms or electrons. Curve (a) with its discontinuous jump represents 
a first-order transition. Curve (b) shows a discontinuous jump but also a gradual change. 
In curve (c) the jump has disappeared but the curve is horizontal at the break point. In 
curve (d) the curve never turns horizontal. 

The words transformation and transition are often used as synonyms. One word is 
favoured by the experts in some fields and the other word in other fields. There is a need 
for two words with different meanings. For our purposes, it would seem most natural 
to use transition in much the same way as above but use transformation to describe the 
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Figure 15.2 Different cases of transitions and transformations, (a) A first-order transition that 
occurs with a sharp transformation, (b) A first-order transition where the transformation is 
partly sharp, partly gradual, (c) and (d) Second-order transitions with completely gradual 
transformations. 

progress of the real changes occurring in a system. The break points in all the curves in 
Fig. 15.2 would thus be regarded as the transition point and the transition is the change 
occurring at the transition point, whether it is a real change or a change in behaviour 
that will reveal itself as the system moves away from the transition point. In curve (a) 
the first-order transition yields a sharp transformation if T, being a potential, is varied. 
In curve (b) part of the transformation would be sharp and occur at the transition point, 
and another part would be gradual and occur below the transition point. In curves (c) 
and (d) the transformation would be completely gradual and start as the transition point 
is crossed. Thus, a transition point yielding a transformation that is at least partly sharp, 
would be of first order. Otherwise, it would be of second order. It should be emphasized, 
however, that there are many cases where the concept of first- and second-order transition 
does not appear to be very useful. This will be demonstrated in Section 15.4. 

The strict difference between first-order and second-order transitions is of consider¬ 
able theoretical interest but from a practical point of view it may sometimes be of less 
importance whether there is a small discontinuous jump or no jump at all. 

In the previous chapters, only the word transformation has been used. From now on, 
an attempt will be made to apply both terms and with the definitions given here. In view 
of the conclusion drawn in Section 12.2, a sharp transformation, which must always be 
a first-order transition, will turn gradual when the variable is changed from a potential 
to a molar quantity. From the theoretical point of view this is a trivial effect and should 
not affect the classification of the transition. The theoretical study of phase transitions is 
thus carried out without involving any molar quantity. 

A phase transition is often caused by a tendency of an ordered arrangement to disorder. 
Such transitions are called order-disorder transitions and the driving force comes 
primarily from the increasing configurational entropy. In other cases, the cause may 
be the lowering of the energy by deformation of the structure, e.g. by decreasing the 
tetragonality, without changing the configurational entropy. Such transitions are called 
displacive transitions. Of course, the characteristics of order-disorder and displacive 
can be applied to the corresponding transformation, as well. In both cases, the progress 
of the change can be expressed by some internal variable, e.g. the degree of long-range 
order or the tetragonality. For simplicity, all such variables are sometimes called ‘order 
parameters’ and, in principle, all internal variables could play this role. 
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Another method of classifying phase transitions is based on what happens to the atoms 
during the transition. A reconstructive transition involves a reorganization of the atomic 
arrangement with the breaking of atomic bonds and the formation of new bonds. The 
opposite case would be a displacive transition which involves only small adjustments of 
the atomic positions without the atoms ever losing contact with their initial neighbours. 
This classification thus depends on the nature of the interface migrating through the parent 
crystal. If the two crystal structures are closely related, one could imagine an interface 
so highly coherent that the atoms find their positions in the new crystal (phase) with only 
small adjustments of their positions relative to each other. However, it is possible in the 
same material that another interface is incoherent and one could not predict exactly where 
an atom from the parent crystal will end up in the growing crystal. The transition would 
then be regarded as reconstructive even if the structures of the two crystals (phases) are 
identical. That is the case in ordinary grain growth where large crystals consume small 
ones of the same phase and composition. 

Furthermore, we may define a partitional transition as a transition in an alloy where 
the new phase has a different composition and can grow only under long-range diffusion. 
The solute atoms have partitioned between the parent phase and the new phase, which 
requires diffusion and may be regarded as a diffusional transition. The opposite case is 
a partitionless transition which would be the result if there is no diffusion. However, the 
result could be partitionless even if there is some local diffusion during the transition. We 
shall apply the term diffusionless only to cases where there is not even any short-range 
diffusion. Evidently, a diffusional transition can at the same time be reconstructive or 
displacive. It can even be an order-disorder transition. 

Exercise 15.1 

Derive an expression for dP/dTfor a second-order transition by considering the variation 
of S along the transition line. 

Hint 

A Maxwell relation can be used to transform the result into well-known parameters. 

Solution 

dS = (dS/dT)pdT + {dS/dP)TdP = (Cp/T)dT - VadP since {dS/dP)T = 
-idV/dT)p. 

On the transition line, where A(d5) = 0, we get dP/dT — ACp/ VT Aa. 


15.2 Order-disorder transitions 

Let us consider an ordering phenomenon in a phase with a crystal symmetry such that the 
properties can be expressed as even functions of the order parameter §. As demonstrated 
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(a) (b) 




Figure 15.3 Molar Gibbs energy diagram illustrating the properties of a substance showing a 
second-order transition. The dashed line in (b) represents unstable states, shown as points of 
maximum in (a). 


by Landau and Lifshitz [28] the simplest form of the Gibbs energy expansion in the 
neighbourhood of the transition from disordered to ordered state would be 

Gm = go + (15.3) 

where = d^Gm/d^^, etc., and go,g|f and gf^^^ may vary with temperature and 
composition although variations in composition will not be considered yet. In order to 
place the minimum of Gm in the region close to § = 0, where the Gm expression is 
supposed to hold, it is necessary to make g^f^^ > 0. In order to predict an ordered state 
at low temperatures but not at high, it is necessary to assume that is negative at low 
temperatures and positive at high. The equilibrium value can be found from 

dG„/dt = g^^^ -b = 0. (15.4) 

o 

The disordered, high-temperature state is described by fe = 0. At low temperature there 
are two other solutions 


= ±(-6g^^/g^^^^)'/2. (15.5) 


By symmetry these two solutions are physically equivalent. They only exist as long 
as gj:^ < 0 and they approach = 0 as g^^ approaches 0. The transition point would 
thus be given by g^^ = 0. Below the temperature where this occurs, the solution = 0, 
representing a disordered state, would give a Gm maximum and the disordered state 
would thus be unstable here. Figure 15.3(a) demonstrates the shape of Gm at temperatures 
above and below the transition point, 7[r. Figure 15.3(b) shows how obtained from 
the minima, varies with temperature. 

Let us now examine how we can calculate the limit of stability for the disordered state. 
The condition would be simply 


3"G„ 


= 0 , 


T,P,comp.,N\ 


(15.6) 


since we have decided not to consider variations in composition yet. We get directly 


gff + 


(15.7) 
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but the stability condition can only be applied to states of equilibrium. Thus, we must 
insert the equilibrium value, which is = 0 for the disordered state, yielding the limit of 
stability at — 0 for the disordered state when cooled from a high temperature. This 
limit of stability thus falls on the transition point. When inserting the expression for 
in the ordered state we find 

Thus, = 0. (15.8) 

The limit of stability for the ordered state when heated from a low temperature also falls 
on the transition point. That is typical of second-order transitions. 

It is interesting to insert the equilibrium value in Eq. (15.3) for and thus to 
obtain Gibbs energy expressions at equilibrium for 

— go in disordered state (15.9) 

3 

= go - -g||/g| 5 ^|tfin ordered state. (15.10) 

At the transition point G*'* = G“‘* and dG^V^T = dG”‘^/d7’ because g^^ — 0 there, 
but the second-order derivatives are different, confirming that this transition is of second- 
order. 

In order to model a first-order transition one can either remove the symmetry by 
introducing a term or one can keep the symmetry but introduce a f ® term. With the 
latter alternative we obtain 

Gm = go + (15.11) 

In this case we must take > 0 and gf^ff < 0. Equilibrium requires that 

dG^/d| = -t- = 0. (15.12) 

One solution is the disordered, high-temperature state, = 0, but one also finds low- 
temperature states 

Hi = ± [100(g|^^|/g^||||^)^ - (15.13) 

The ‘-b’ sign gives a new minimum and the sign gives a maximum in between. 

Figure 15.4 illustrates how Gn, varies with f above and below a temperature of equilib¬ 

rium between the two states, the transition temperature, Jlr, where the minima fall on the 
same level. 

It is evident that the low-temperature minimum exists only as long as 

> 0 (15.14) 

g?? < (15.15) 

and le does not approach zero at any temperature. Wherever the transition occurs, it must 

occur with a discontinuous jump in | and will thus be of first order. The ordered state 
can exist as a metastable state above the point of transition. The limit of stability for the 
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(a) (b) 



Figure 15.4 Molar Gibbs energy diagram illustrating the properties of a substance showing a 
first-order transition. The black dots in (b) represent the two limits of stability. Metastable 
states (exhibiting a minimum with a higher Gm value than another minimum at the same 
temperature) are represented by thin lines, and unstable states (shown as points of maximum) by 
a dashed line. 

ordered state is obtained from 

= 0. (15.16) 

By inserting the equilibrium value fe for the ordered state from Eq. (15.5) and solving 
for we find the limit of stability at the temperature where 

(15.17) 

As expected, the limit of stability occurs when the low-temperature minimum disap¬ 
pears by merging with the maximum and forming a point of inflexion. 

By inserting the equilibrium value of ^ for the disordered state, f e = 0, we find another 
limit 

d^GnVdl" = = 0. (15.18) 

The disordered state thus becomes unstable at the point where turns negative. 
Between the two limits, = 0 and one of the states is stable 

and the other is metastable. The first-order transition between the states occurs where 
they change roles. The exact position can be evaluated from the condition that Gm has 
the same value for the two states, somewhere between T 2 and T) in Fig. 15.4. On the 
other hand, in a system showing a second-order transition, a state is never metastable on 
the wrong side of the transition point because that is also the limit of stability and there 
is only one such limit. 

It is worth emphasizing that for a second-order transition Landau’s approach is not 
a special model because it only applies at small § values and it says nothing about the 
temperature dependencies of the coefficients. Any analytical model can be represented 
by a Taylor series expansion near the transition point and will thus predict the temperature 
dependencies. If g^ — g^i:^ — 0 and > 0 at all T, and if g^^ goes through zero at 
some value of T, then the model predicts a second-order transition and all the results for 
transition obtained from Landau’s approach apply. On the other hand, if g^m < 0 then 
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the model does not predict a second-order transition but maybe a first-order transition. 
However, in that case the characteristics of the transition are not given completely by the 
properties at low values of §. In order to examine an analytical model of this kind, it is not 
enough to retain just one more term, f in the series expansion and the result obtained 
above does not apply in all its details. For a first-order transition, Landau’s approach with 
the choice of only three terms, f and f represents a special model and should be 
regarded just as a means of demonstrating schematically the characteristics of such a 
transition. 

Exercise 15.2 

Use the mathematical description of the first-order transition and calculate exactly where 
the transition point falls. Show that it falls between the two limits. 

Hint 

The two minima must have the same Gm value at the transition. 

Soiution 

Equations (15.11) and (15.12) yield + (l/2)g^tf^ + (l/24)g|^||§'^ -F 

(l/720)g^^l^^^t'> andg^^l + (l/6)g^^^^t3 + (l/120)g|^^^^r = 0. 

The most important variables are which may go through zero, and f. 
Elimination of between the two equations yields 

Insertion of from Eq. (15.5) into Eq. (15.12) yields g^| = (l/6)g^m- 

This occurs at a temperature between those for the two limits of stability according to 
Eqs (15.17) and (15.18). 

Exercise 15.3 

Try to describe a second-order transition with the asymmetric expression Gm = go + 
(l/2)g^^t2 + (l/6)g^^^§3 -F (l/24)g^^^^§^ 

Hint 

Calculate the equilibrium value of f for the ordered state and examine if it can approach 
zero gradually. 

Soiution 

The equilibrium value is obtained from dG^/d^ = g^^^ -F (l/2)g|5|f^ -F 
(l/6)gtfftt' = 0- 

For the ordered state we get = -{3/2)g^^^/g^^^^ ± [(9/4)(g||^/g||^|)2 - 
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It is evident that fe cannot approach zero gradually unless = 0 which would 
make symmetric. The asymmetric G^ expression can only describe a first-order 
transition. 

We can conclude that to describe a second-order transition we need a symmetric Gm 
function. On the other hand, a symmetric Gm function can describe a second-order or a 
first-order transition, as demonstrated above. 

Miscibility gaps 

It sometimes happens that a two-phase coexistence line in the T, P phase diagram ends 
at a critical point and this always happens for the liquid-vapour line. Above the crit¬ 
ical point one can move continuously from a high density, characteristic of a liquid, 
to a low density, characteristic of a vapour (see Fig. 15.5). A similar phenomenon can 
occur in binary systems under constant pressure (see Fig. 15.6). Such phase fields are 
often called miscibility gaps and the top, which is a critical point, is called consolute 
point. 

In the binary case the condition for the stability limit would be {d^Gm/<^x\)T,p = 
gBB = 0. However, for most compositions this would give a point falling inside the mis¬ 
cibility gap where the homogeneous state is not the most stable one. As explained 
in Section 7.2, the stability condition here defines inflexion points and Fig. 15.7 
gives Gm curves for a series of temperatures demonstrating that the two inflexion 
points move together to a point at the top of the miscibility gap. The consolute point 
can thus be found by combining the stability condition already given with a new 
condition. 



(15.19) 


We thus have two equations and can evaluate two unknowns, the temperature and 
the composition of the consolute point. For the miscibility gap in a unary system the 
top can be found in two ways because the limit of stability can be expressed in two 
ways. 



(15.20) 



(15.21) 


The thin line in Fig. 15.6(b) is the locus of points representing the stability limit 
and the diagram confirms that it touches the top of the miscibility gap. The consolute 
point is thus the only point where the stability limit can be reached by a stable system. 
It is regarded as a critical point because two coexisting states become identical there. 
For all other compositions the homogeneous system turns metastable on cooling before 
reaching the stability limit. It should be noted that the transition point for a second-order 
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(a) (b) 




Figure 15.5 Phase diagram for a unary system showing the liquid + vapour miscibility gap. 


(a) (b) 



Figure 15.6 Phase diagram for a binary system at constant P, showing a solid miscibility gap. 



Figure 15.7 Gibbs energy curves at a series of temperatures through the fee miscibility gap in the 
Al-Zn system at constant P. The inflexion points are marked with black dots. They represent the 
spinodal. Just below 625 K they coincide and form a critical point. 

transition is not a critical point in this sense because the ordered and the disordered states 
never coexist as two different phases if the transition is second-order. 

The line representing the stability limit in a miscibility gap is called a spinodal curve 
or simply a spinodal or a spinode because it falls on a sharp point {spine meaning 
thorn) in property diagrams with potential axes. An example is shown in Fig. 15.8. 














332 


Limit of stability and critical phenomena 



Figure 15.8 Property diagram at constant T and P for a binary system with a miscibility gap, the 
fee phase in Al-Zn at 525 K. 


In this connection it is common to call the phase boundary of the miscibility gap a 

binodal. 

The critical point on a miscibility gap extends into a line when a third compo¬ 
nent is added, into a surface when a fourth component is added, etc. According to 
Section 6.6 the limit of stability of a multicomponent system, i.e. the spinodal, is defined 
by 

=0. (15.22) 

\aXc J T,P,g 2 ,...gc-i,N 


The critical point is found by also applying the condition 


5x? 


= 0 . 


T.P,g2,...,gc-i,N 


(15.23) 


It should be remembered that gc is the notation for (9 G„i/dxc)x 2 X 2 ...xc-i ■ In Section 6.6 
it was shown that the stability condition can be transformed into such quantities, using 
the Jacobian method. For a ternary system the result can be written as 


g22 

g22 


g23 

g22 


/g22 = g33 - {g23f /g22 = 0. 


(15.24) 


Using the same technique the condition for a critical point can be transformed, but the 
result will be more complicated (see, for instance, [29]). In the ternary case it can be 
written as 


^■33 - 3g233(g23/g22) + 3g223(g23/g22)^ “ g222{g23 / g22f = 0. (15.25) 

Equation (15.25) can be modified in several ways using g 33 /g 23 — g 23 lg 22 which holds 
on the spinodal. For the binary case the result is simply g 222 = 0, which is just a nota¬ 
tion for 9^Gni/9x| = 0 when X 3 is treated as the independent variable that is kept 
constant. 
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(a) (b) 




Figure 15.9 Progress of reaction in a miscibility gap for a series of compositions, demonstrating 
that this is a gradual transformation for all compositions, but it is not a second-order transition. 


The reason why one cannot find the critical point in a ternary case by applying ^222 = 0 
and g 333 = 0 is that the most dangerous fiuctuation may not be parallel to any of the 
two composition axes. It should be noted that this is the reason why the condition for 
the stability limit is primarily given under constant potentials, not extensive or molar 
quantities. 

For the binary miscibility gap it may be instructive to introduce an internal variable in 
order to describe the progress of the reaction as a function of temperature in a system with 
fixed composition. We can define an internal variable having the following equilibrium 
value 


UT) = [xHn - X°][x° - x\T)l (15.26) 

where x^{T) and x“(r) are the equilibrium compositions on the two sides of the misci¬ 
bility gap and x° is the average composition. In Fig. 15.9 this variable is plotted against 
temperature for three values of the average composition, x°, equal to x\ x^ and x^, 
respectively. Figure 15.9(b) can be compared with Figs 15.2(c) and 15.2(d). It is evident 
that this will be a gradual transformation for all compositions. 

Exercise 15.4 

Consider a unary system with a liquid(/) -t- vapour(v) miscibility gap in the T, Vm phase 
diagram. Within the gap there is a spinodal curve, representing the limit of stability. 
Examine what happens to the spinodal in the diagram if P is introduced instead of Vm- 
Furthermore, sketch a /xa, P property diagram at constant T. 

Hint 

The spinodal, has two branches. Denote the stability limit of liquid by S/ and of vapour 
Sy. Each one represents the end of a metastable range and should thus be situated on the 
‘wrong’ side of the line of coexistence in the P, T diagram. 

In the property diagram each phase is represented by a line and they intersect in such 
a way that the stable phase always has the lowest /xa value. They only extend to their 
limits of stability. 







334 


Limit of stability and critical phenomena 


(a) 





Solution 

The solution is presented in Fig. 15.10. 


Exercise 15.5 

Transform the condition for a critical point in a ternary system, (9^g3 /dx^)g^ — 0, to the 
variables X 2 andx 3 using Jacobians and confirm Eq. (15.25). 


Hint 


The derivative should first be expressed as 



the one applied when showing that 
Exercise 6.6. 




. Use a method similar to 
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— [§22§333 — §22 ' + §22 ' (§23)^§223/(§22)^ “ §23§233 + §23 ' '^gliglTi! 

gll - §23 • (§23)^§222 / (§22)^] / §22 = §333 - 3g233(§23/§22) + 3g-223(§23 / §22)^ “ 
§222(§23/§22)^ = 0- 


15.4 Spinodal decomposition 

Thermodynamically, a system inside the spinodal is unstable with respect to compo¬ 
sitional fluctuations and one could expect the system to decompose to a mixture of 
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regions with the two stable compositions, one on each side of the miscibility gap. This 
process is called spinodal decomposition. However, a fluctuation will be surrounded 
by a matrix of a different composition and the interfacial region where the composi¬ 
tion varies will add some extra energy to the system. It is sometimes described as a 
gradient energy. As a result, the driving force for the process will be diminished by 
some amount and there may not even be a positive driving force if the fluctuation is 
too localized. The interfacial area-to-volume ratio must not be too large. In order to 
simplify the mathematics one may consider sinusoidal fluctuations in composition and 
then one will find a critical wavelength above which the driving force is positive. The 
rate of reaction will have its maximum somewhere above the critical wavelength but not 
very much above because the longer the wavelength, the longer the diffusion distances 
will be. 

A mathematical treatment of this phenomenon is based on the condition for the stability 
limit d^ Gm/dx^ = 0. As demonstrated in Section 7.7, d^Gm/dx^ appears in the expression 
for the diffusion coefficient. Thus, inside the spinodal, where d^Gm/dx^ is negative, the 
diffusion should go in the wrong direction and small fluctuations should grow. This 
is called up-hill diffusion. However, we should also include the contribution from the 
gradient energy. For small fluctuations in composition one may use the following simple 
approach, 

G„, = G„(x) + K ■ (dx/dy)2, (15.27) 


where y is the length coordinate and dx/dy is the composition gradient. As shown by 
Cahn [30], this yields the following expression to be inserted in Pick’s first law and a 
related expression for the second law. 


d^Gm _ d^Gm(x) _ d?x/Ay^ 
dx^ dx^ dx/dy 


(15.28) 


If the composition x varies proportional to sin(ty), the limit of stability would be found 
where 


d"G„ 

dx^ 


d"G„(x) 

dx^ 


-2K-1^ 


(15.29) 


A sinusoidal fluctuation could thus grow in amplitude if its wavelength k{—2jt/k) is 
longer than a critical value 

lent. = j . (15.30) 

Shorter wavelengths could not grow in amplitude but would shrink. 

In reality, one should expect some random fluctuation in composition throughout the 
whole system. It is possible to describe it with a spectrum of wavelengths. In view of 
the above result, one could expect those that are longer than the critical wavelength to 
grow in amplitude and one could guess that the fastest growth may occur at about twice 
the critical wavelength. This value would then be what one could expect to find in early 
observations of spinodal decomposition. At longer times, one could expect a continuous 
coarsening. 
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Figure 15.11 Stable (full lines) and unstable (dashed lines) equilibrium states with a periodic 
variation in composition. T and P are constant and the average composition is inside the 
spinodal. 


Any sinusoidal fluctuation with a wavelength longer than the critical value would 
spontaneously grow in amplitude and approach a stable state which would still be periodic 
but no longer sinusoidal. The maxima and minima would be much flatter and could be 
expected to fall close to the two equilibrium compositions of the miscibility gap. Hillert 
[31 ] showed how such states of equilibrium can be calculated by applying the equilibrium 
condition to each point in the system. If the gradient energy is included and only one 
direction is considered, then one will And solutions represented by a periodic variation 
of composition, characterized by a wavelength and an amplitude but not necessarily 
sinusoidal. As an example, Fig. 15.11 illustrates schematically all the solutions for a 
system inside the spinodal. 

It may be noted that there is a critical value of the wavelength and the homogeneous 
state is stable against fluctuations of a lower wavelength. Above the critical wavelength 
two new solutions appear and the homogeneous state is not stable against such fluctua¬ 
tions. The critical point is thus a typical bifurcation point. It may be mentioned that the 
diagram is quite symmetric for the 50/50 alloy composition. 

The critical wavelength will approach infinity as the average composition is chosen 
closer and closer to the spinodal. Outside the spinodal the homogeneous system will 
be metastable. All small fluctuations in composition will increase the Gibbs energy as 
illustrated by the molar Gibbs energy diagram in Fig. 15.12. It is constructed without 
considering the gradient energy that would increase the Gibbs energy of the fluctuations 
even more. 

Figure 15.13 illustrates schematically the effect of the gradient energy for the same 
case. The inverse of the wavelength, 1 /A, is used here in order to include an infinite wave¬ 
length (1 /X = 0) in the diagram. The end-points at infinite wavelength are particularly 
interesting. The upper one is close to the binodal and represents the stable state where 
all the surplus of the minor component is concentrated in a single, local enrichment sur¬ 
rounded by a diffuse interface. It represents a system with a precipitated second-phase 
particle. The other point falls on the line for unstable equilibria and represents a system 
with a local critical fluctuation, termed a ‘critical nucleus’. 

An additional factor of importance to spinodal decomposition in crystalline phases 
should be mentioned. The lattice parameter of a crystalline structure usually varies with 
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Figure 15.12 Illustration of the fact that small fluctuations in composition are not stable and 
would disappear if the average composition, Xg, is outside the spinodal (marked with black 
dots). The diagram is easier to read when the tangent to Xg is turned horizontal, as in the (lower) 
AGm versus xb diagram. 



Figure 15.13 Same as Fig. 15.11 but for an average composition outside the spinodal and plotted 
versus the inverse wave-length. 


composition. Fluctuations in composition will thus give rise to internal stresses (So-called 
coherency stresses, see Section 16.10) and these will increase the energy of a fluctuation. 
As long as the crystal is fully coherent, this effect is independent of the wavelength. The 
effect will be denoted by a constant C and should be added to d^ Gm/dx^ yielding 


d^Gm 

dx^ 


d^G^(x) 

dx^ 


-2K -k^ + C 


(15.31) 


for the limit of stability. C is always positive and will thus act to stabilize the homogeneous 
state. It will displace the spinodal to lower temperatures. In this connection one talks 
about two spinodals, the coherent one, and the incoherent (or chemical) spinodal (see 
Fig. 15.14). In practice, the region of metastability will thus be extended. 
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Exercise 15.6 

Au and Ni both have the simple fee strueture. The Au-Ni system has a miseibility gap 
in the fee phase with a consolute point at 1083 K. A homogeneous alloy of the eonsolute 
eomposition, eooled from 1150 to 900 K, will deeompose by a mieroseopically sharp 
euteetoid-like transformation feeo ^ feei + fec 2 and not by spinodal deeomposition. 
Suggest an explanation. 

Solution 

The Au atoms are mueh larger than the Ni atoms. The molar volumes of pure Au and Ni 
are 10.2 and 6.59 cm^/mol, respeetively. Fluetuations in eomposition will thus give rise 
to high eoherency stresses. The eoherent spinodal will be depressed to lower temperatures 
by several hundred kelvin. 

15.5 Tri-critical points 

In the diseussion of order-disorder transitions we only eonsidered a single eomposition 
but it is self-evident that one ean represent the points for a seeond-order transition at all 
eompositions in a binary system by a line. For a seeond-order transition, whieh is known 
to oeeur in one of the eomponents, e.g. a magnetie transition, we would expeet a diagram 
like the one in Fig. 15.15(a). However, now we should also eonsider the possibility of 
obtaining a miseibility gap by separation into regions of different eompositions. In order 
to explore this possibility we can use Landau’s simple mathematical model, discussed 
in Section 15.2, where all the parameters may be functions of T and x. In the disordered 
state Gm = go and we shall assume that go does not contain any factor favouring the 
formation of a miscibility gap. Then there would be no spinodal inside the region for the 
disordered state, i.e. above the transition line. In the ordered state we have from before 

GZ^^go-\{gi^^f/gm^, (15.32) 

and we should consider the possibility of a spinodal reaching the transition line from 
below. Remembering that gj;^ = 0 on the transition line, we find there 

d^GZ^/dx^ = dho/dx^ - 3(g^^,)Vgtfft. 


(15.33) 
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(a) (b) 



Figure 15.15 The formation of a miscibility gap around the line for a second-order transition. 


There would thus be a miscibility gap with its consolute point on the transition line if 
this expression is zero which could very well happen. The temperature and composition 
of the consolute point would be found by combination with — 0. The resulting phase 
diagram would look like the diagram in Fig. 15.15(b). This consolute point is regarded 
as a tri-critical point which is an unfortunate name. It may remind us of a triple point 
between three phases in a T, fig diagram but it has that shape only in a T, x diagram. In 
the T, fiB diagram it would just be a point on a line. 

It should be emphasized that we here have two internal variables or ‘ order parameters ’, 
one describing the ordering and the other describing the separation into different com¬ 
positions. We could thus test the stability with respect to variations in one or the other. 
When testing for variations in ordering we found the transition line. However, the test 
of the real stability limit must take into account simultaneous variations in both internal 
variables. That would be the most severe test. We should look for the possibility that a 
system encounters the real stability limit and transforms before reaching the transition 
line. We could then find one spinodal on each side of the transition line but it would be 
quite a different case from that illustrated in Fig. 15.2. That case concerned a first-order 
transition where a system may cross the transition line and reach a limit of stability on 
the other side. 

Figure 15.15(b) shows a spinodal below the transition line and it applies to homo¬ 
geneous, ordered states coming from lower temperatures. We should also look for a 
spinodal above the transition line, applicable to the disordered state, cooled from a high 
temperature. It should be given by 

d^G'^^/dx^ = d^gjdx^ = 0, (15.34) 

because f = 0. As a consequence, our model which yields this relation cannot predict 
such a spinodal unless go contains a factor promoting a miscibility gap. Otherwise, 
d^go/dx^ > 0. That is why Fig. 15.15 was constructed without a disordered spinodal. 
The transition line itself acts as the limit of stability for disordered systems coming 
from higher temperatures. However, it is not the same type of spinodal as the lower one 
because it does not represent the limit of stability against compositional fluctuations. 
On the other hand, as soon as the system starts to order, it will find that it is above the 
spinodal for ordered states and is no longer stable against compositional fiuctuations. It 
may thus be regarded as a conditional spinodal. 
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Figure 15.16 Different types of interaction between an ordering transition and a usual miscibility 

gap. 


When looking for spinodals and trying to find the tri-critical point, we have here applied 
the condition of stability limit to the function Gm{T, x) obtained with the equilibrium 
value of ^ inserted in Gm{T, x,^). We could instead have used Gm{T, x, f) directly by 
applying the stability condition from Section 6.7, reduced to two variables 

= 0; gng22 - (gi2)'= 0. (15.35) 

Identify Ax with variable 1 and f with variable 2. Then Gm from Eq. (15.3) gives 

(^^go/dx^ + -gi;^xxH^ + —~ = 0 - 

(15.36) 

This relation should be applied to the equilibrium value of § which is equal to 
(—in the ordered region according to Eq. (15.5). Neglecting the and 
I"* terms in comparison to d^go/dx'^, and in comparison to 6g^^x close to the 

transition line, we get 

d^Jdx^ = {g^i:xf! = ^{g^i^xf/g^G (15.37) 

in full agreement with the previous result. 

In the disordered region the equilibrium value is fe = 0 and we find 

92go/9x2 ■ g|^ = 0. (15.38) 

Above the transition line g^^ > 0 and we would find a spinodal only if d^ga/dx^ turns 
negative before the transition line is approached on cooling. That would yield a usual 
miscibility gap, which would interact with the one formed due to the tendency of ordering. 
This is illustrated in Fig. 15.16(a). 

If the usual miscibility gap is larger, it may cover the other one, as illustrated in 
Fig. 15.16(b). At the intersection with the transition line the phase boundary shows 
an angle. The reason is that g 22 appears in the denominator of the expression for 
(dx“/d7’)(,oex, given in Section 11.4, and the phase boundary will thus be less steep 
(smaller dT/dx) below the transition line because g 22 (i.e. S^Gm/dx^) is smaller in the 
ordered region. 



gn 

g2\ 

g22 
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In our first calculation of the tri-critical point we started with a function Gm{T, x, f) 
where § is an internal variable. An expression for its equilibrium value was then inserted 
and a function G^{T, x) was obtained which had different expressions above and below 
the transition line. They were then used in the calculation. Of course, one could just 
as well have used the results of experimental measurements in such a calculation. As a 
demonstration, let us suppose the contribution Gm to the Gibbs energy from an ordering 
reaction has been measured across the transition line, including the effects of short- as 
well as long-range order. Suppose further that this effect is found to be approximately the 
same function of T - Ttr for all compositions and the transition temperature, Jir, varies 
linearly with composition. Then 


3GP 

dx 


3GP 

37 ;, 


and 


dx^ 


3'GP 

dT^ 


dT), 

dGfn 

dTt, 

dx 

dT 

dx 

d71,y 



dx / 

T 

1 3x 


(15.39) 


(15.40) 


where is the effect of the ordering reaction on the heat capacity. Suppose the solution 
is otherwise ideal, 3^G[jJ“*/3x^ = ItTt^/x(l — x). The intersection of a spinodal with 
the transition line is found where 


3^Gm ^ 

dx^ x{\ — x) Ttr V dx / 



(15.41) 

(15.42) 


This would be a tri-critical point. It is thus demonstrated that the tri-critical point will 
be closer to the T axis of the system, the larger the heat effect is. This is an expected result 
but the direct role played by Cp is very interesting in view of the many measurements 
indicating that Cp goes to very high values close to Jjr and theoretical models of ordering 
predicting that Cp actually should approach infinity at Tlr. The tri-critical point would 
thus approach the T axis of the binary system but the miscibility gap would there be 
extremely thin. It is also worth noting that Cp may approach different values on the 
two sides of Ti^. The spinodals on the two sides may thus intersect the transition line 
at different points. The point of intersection for the upper spinodal could fall much 
below the other one but would move up along the transition line if there is short-range 
order in the disordered state above the transition line. However, it could not reach the 
point of intersection for the lower spinodal because the heat effect of long-range order is 
larger. 

It is also interesting to note the role of the slope of the transition line, dJlr/dx. Its 
effect is demonstrated in Fig. 15.17(a) which shows an ordering reaction that does 
not occur in the pure components but has its ideal composition in the middle of the 
system. Miscibility gaps with tri-critical points may appear on both sides where the 
transition line is steep enough. It should be emphasized that this case is not related to 
the case of a first-order transition which forms a complete two-phase field in a binary 
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Figure 15.17 Two types of ordering miscibility gaps, (a) The ordering transition is of second 
order and the dashed line is the transition line. The spinodals are drawn with thin lines, (b) The 
transition is of first order and the thin lines represent stability limits calculated for a superheated 
or supercooled homogeneous system and without considering compositional fluctuations. 


' ^ transition line 

/ 



diagram (see Fig. 15.17(b)). This two-phase field can be regarded as two connected 
miscibility gaps but there is no ordinary consolute point. Instead, the point of maxi¬ 
mum is here a congruent point where the ordered phase can transform into the disor¬ 
dered phase by a first-order transition as it would do if the two phases were not related 
structurally. 

The two points representing the limit of stability for an ordering reaction of first- 
order, indicated in Fig. 15.4(b), also extend into lines and they also demonstrate that 
the congruent point is not a critical point. The disordered state is metastable well below 
and the ordered state is metastable well above the temperature where the ordered and 
disordered states of the same composition have the same Gibbs energy. However, in 
order to find the real limits of stability, the spinodals, one should also consider the 
simultaneous variation in composition. That would make no difference when cooling 
the disordered state because gu, which is defined as d^G^/dxd^, is zero for ^ = 0. On 
the other hand, when heating the ordered state, one may encounter a spinodal before the 
limit of stability calculated without considering fluctuations in composition. This possi¬ 
bility is not indicated in Fig. 15.17(b). 
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Exercise 15.7 

Figure 15.18 looks like a violation of the 180° rule. Try to find an explanation. 

Hint 

Compare with Fig. 15.16(b) and apply the same type of argument to the present case. 

Solution 

In the present case, the lower part of the binodal is situated above the transition line. 
In both diagrams, the binodal is steeper above the transition lines than below and the 
explanation is the same. 


16 Interfaces 


16.1 Surface energy and surface stress 

By cutting a piece of material in two one can create two fresh surfaces and it is evident 
that they represent an increase of the energy of the system because bonds between atoms 
or molecules have been broken. Admittedly, the energy may then decrease somewhat 
by relaxation in the surface layer. The net effect can be defined as the surface energy 
or rather surface free energy or surface Gibbs energy under the usual isobarothermal 
conditions. We shall simply use the term surface energy and apply the same term to real 
surfaces as well as interfaces. Specific surface energy, i.e. the energy per surface area, 
will be denoted by a. 

However, the energy of the system may decrease further by minimizing the surface 
area. Primarily, there would be a tendency of the two new pieces to minimize the surface 
area by a shape change of the material and for an isotropic material the final shape 
would be spherical. That could happen quickly if the material is liquid but it could be an 
extremely slow process for a piece of solid material. The decrease of energy during the 
shape change is easily calculated for an isotropic material because its specific surface 
energy, a, the energy per area, is constant. 

Secondarily, the surface could contract further without a shape change by compressing 
the material in the sphere. It will thus be put under an increased pressure, formally caused 
by a stress in the surface. For a sphere one would get 

AP = 2//r, (16.1) 

where r is the radius and/is the surface stress. For a liquid phase it seems reasonable 
to assume that the structure of the surface is reorganized as it contracts and is thus able 
always to maintain the same structure and the same specific surface energy. The tendency 
to contract would thus be directly connected to the energy decrease by the decrease of 
surface area. The surface stress/would then be equal to the specific surface energy a. 

The situation is different for a crystalline material where the surface layer is coherent 
with the material in the interior. Not only the area of the surface layer but also its structure 
will contract in order to fit into the structure of the compressed material. It is not even 
evident that the energy of the surface will decrease at all by such a contraction. In reality 
one may expect some decrease because there was probably a tendency of relaxation in 
the surface layer when first formed but it was prevented by the coherency. Some stress 
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was thus built into the surface layer and probably a compressive stress because the atoms 
or molecules in the surface layer may tend to attract each other more when losing their 
neighbours outside the surface. Very little is known about the magnitude of surface stress 
but it seems evident that it should be lower than the specific surface energy, f < a. 

What has here been said about surfaces applies as well to interfaces and it is then 
important to distinguish interfaces between two fluids, for which f — a, from those 
where at least one of the phases is crystalline. For them f < a. 

Three materials can be in contact with each other along a line. In a section perpen¬ 
dicular to that line one can measure three contact angles and they can be calculated 
by minimizing the surface energy of the system. They are thus controlled by the three 
specific surface energies and the result is the same as if they were regarded as three 
balancing surface tensions. It is thus common to regard the specific surface energy as a 
surface tension, which is equal to cr. It is important not to confuse surface tension with 
surface stress, which is the quantity that gives rise to the increased pressure according 
to Eq. (16. 1). The term surface tension should be avoided as much as possible. 

The effect of surface energy is particularly pronounced for liquids inside the thin holes 
of capillaries and this whole field is often referred to as capillarity. 


16.2 Phase equilibrium at curved interfaces 


We shall start with a general method of finding equilibrium conditions by maximizing 
the entropy under constant energy, volume and content of matter. It is based on the use 
of Lagrange’s multipliers. We shall apply the method to a system with a spherical (3 
phase in an a matrix. We have = {An/2>)r^ and the surface energy will be Anr^a — 
Ajta(W^/Anfl\ 

For a completely closed (isolated) system with dV, — dV = dg = 0, and thus AU — 
0, the combined law yields, e.g., after rearranging the terms in Eq. (3.1), 

dS = (l/T)dU + iP/T)dV - ^(/x,/T)dW + iD/T)d^ = iD/T)d^. (16.2) 

The condition of equilibrium is thus obtained from the maximum of S for the total system 
but we must find that maximum under the constant values of U, V and W 


f/“-F 17^ = [/(constant) 
-F = F(constant) 
+ Nf — V,-(constant). 


(16.3) 

(16.4) 

(16.5) 


According to Lagrange’s method we should form a new function which must have its 
maximum at the same time because the additional terms are always zero. 


T = S“ + 5”^ + k[C/ - C/“ - C/P - 47rcr(3 

+ v{V - V^)+T.r]i{N, - - Nf). 


(16.6) 
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Here, k, v and rjj are Lagrange multipliers and their values will be determined by maxi¬ 


mizing L. When searching for the maximum, we get six conditions, 

9Z/3{/“= 357917“-A. = 0 (16.7) 

9Z/9{/P = 9579t/^-7 = 0 (16.8) 

97/9 FP = 9579 - A.a(327r/3 F7^^^ - u = 0 (16.9) 

97/9F“ = 9579F“-V = 0 (16.10) 

97/97“ = 95“/97“-/?,= 0 (16.11) 

97 / 97 '^ = 95797 —»?/ = 0. (16.12) 


All the derivatives of 5 are well known from the combined law applied to one phase at a 
time. We obtain 


1/7“ = 95“/917“ = 7 = 957917^ = 1/7^ (16.13) 

/x77“ = -95“/97“ = = -95797^ = (16.14) 

We have thus derived the well-known conditions of equilibrium, 7“ = 7P,and/r°‘ = /rf. 
The remaining two equations give 

7“/7“ = 95“/95“ = V = dS^/dV^ - ka(32jr/3V^y^^ 

^ P?>/T^-Xa(32ji/3V^)^^^ (16.15) 

pP _ pa ^ a(32nl3 F^)'/^ = 2a/r (16.16) 

This is a well-known expression for the pressure difference for fluid/fluid interfaces but 
we have not been able to take into account the possibility that the pressure difference 
should instead be given by Eq. (16.1) with/instead of a if the (3 phase were a crystalline 
substance. Furthermore, we found 7 “ ^ pP and it is evident that the ordinary equi¬ 
librium condition, Eq. (16.14) or 7 “ = /xf when 7“ = 7P, here applies to two phases 
under different pressures. For clarity it should thus be written 

m“( 7“) =/xf(7P). (16.17) 

This is a famous relation derived by Gibbs [3]. It remains to be discussed whether this 
relation applies to the local situation at any spherical piece of interface where r is the 
radius of curvature or only when there is a full sphere. In the next section we shall thus 
examine the problem in more detail. 


16.3 Phase equilibrium at fluid/fluid interfaces 

The effect of capillarity on the equilibrium between the two phases separated by an 
interface can be treated with any characteristic state function and we shall now use 
the Gibbs energy because its natural variables are those that are usually kept constant 
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experimentally, P, T and content of matter. The total Gibbs energy of an a + P system 
with an a/|3 interface can be given as 

G = G“ + + G‘". (16.18) 


The a phase will be chosen as the matrix phase and it will be under the same pressure 
as the surroundings, P. The (3 phase will be an inclusion under a higher pressure due 
the surface stress, P^ > P, and it will depend on the size of the (3 inclusion through 
Eq. (16.1). The amounts of the various components in the (3 phase will be regarded as 
internal variables because they can vary by exchanges with the a phase, which is part 
of the system. We shall later study the effect on G of a transfer of a small amount of a 
single component y to (3 from a, dA^^^, but we shall first consider an exchange of balanced 
amounts of all components, i.e., the composition of the (3 inclusion will be fixed and 
given by xf and thus dNf — xf AN . The independent variable will thus be , and P ^ 
is a dependent variable through Eq. (16.1) because the radius r depends on A^P. 

According to Section 3.4 the Gibbs energy of (3 must be expressed in the following 
way using the values of T and P in the surroundings, 

GP = aP[g^(/>P, T^)- ^6'P(/’^ T^)+ PVliP^, r^)]. (16.19a) 

The reason is that U, S and V are additive properties but G is not unless T and P have the 
same values in all the subsystems. In the present case, which is isothermal we get 

GP = A'P[f/P(T‘f^)- r5P(pP)+T’K^(pP)] 

= GP(/’P)-(pP-P)Kf^(pP). (16.19b) 


GP(pP) is a Gibbs energy function defined for a (3 phase in the hypothetical case where 
the pressure of applies to the surroundings as well as the (3 phase itself We shall 
now take the derivative of Eq. (16.18) with respect to the only independent variable, N^, 
whereas is a variable dependent on the size of the (3 particle through Eq. (16.1), 
i.e. on . However, we would like to use the quantity GP(PP), which is defined as 
{dG^/dN^)pt. where P^ is treated as an independent variable. Then, we must also take 
into account the partial derivative with respect to 


dG dG* /dGP 
d7^ “ dm 

dpp dpP 

^divP “ di^ 


lAm. 

X FP(pP)- (pP 


- P) X 


dpP 

d7^ 


dG'^ 


(16.20) 


The third and fourth terms on the right-hand side eliminate each other because 9 G/9 P = 
V and it is thus unnecessary to discuss the interpretation of dP^/dA^. 


dG/dAP = - J24p?iP) + Gt(P^) - (PP - P) X dpP/dAP + dGVdA^. 

(16.21) 

Equation (16.21) will now be applied to a spherical |3 particle in a fluid/fluid system. 
The surface energy, G*^, is equal to ■ o' and dA^ — Sjtrdr — (2/r)dFP. The specific 










348 


Interfaces 


surface energy can be regarded as independent of size except for nano-sized particles, 
yielding 


AG'^/dN^ = o X AA^/AN^ = {2a/r) x AV^/AN^ (16.22) 

According to Eq. (16.1) we can express — P as lajr since / = ct for a fluid/fluid 
system. The last two terms in Eq. (16.21) thus eliminate each other, leaving 

dG/diVP = - ^ xf Atr(^) + G£(^^)- (16.23) 

At this time it is thus unnecessary to discuss the interpretation of AV^ jAN^ as well as 
dPl^/dAl^. At equilibrium with respect to growth of the (3 inclusion dG/dA^ must be 
zero and we thus obtain the following equilibrium condition, 

^xfM“(^)=GP(pP). (16.24) 

The subscript ‘e’ has been added in order to emphasize that this is the increased pressure 
in (3 required for equilibrium with the oc phase of its given composition. It is important 
to notice that the properties of each phase must here be evaluated at its own pressure. 
It is more convenient to compare them at the same pressure. We may thus like to intro¬ 
duce G^ (P). That can be done using the following relations obtained with a constant 
compressibility k of the liquid |3 phase, 

Vi(pl^) = K^P(P)(1 - ^(PP - P)) (16.25) 

pP 

gp (pp) - gp (P) = / ph(pP)dpP ^ (pP _ P _ _ P)2) 

P 

= F„P(P)(PP - P)(l - Kcr/r). (16.26) 

We can now introduce the driving force for precipitation of (3 from the oc matrix and 
using the equilibrium condition Eq. (16.24) we find, 

- AG„ ^ ^xPm«(P) - GP(P) = GP(P/) - G^JP) 

= F^P(P)(P,P-P)(l-/ra/re). 

(16.27) 

(1 — Kajr^ can be regarded as a correction factor to the result for an incompressible |3 
phase. It is close to unity and is thus of minor importance. 

Expressing pP — P as la jr^ we can write the equilibrium condition, Eq. (16.24), as 

^xPm“(P) - GP(P) = -AG„, = {lalr,)Vl{P)(\ - Ko/r,). (16.28) 

The equilibrium size of a spherical droplet is thus 

= 2a(l - >ca/r,)/{ - AG„/ F^P(P)). 


r. 


(16.29) 
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Figure 16.1 The use of a cylindrical hole in an inert body to achieve a constant pressure in an 
included phase. 

Of course, — AGm is a positive quantity if there is a tendency to form (3 from the a 
phase. 

For a gas bubble one has PV^ — RT and obtains 

j VldP ^ RT\n{P^/P) (16.30) 

-AG„ = Y,4i4{P) - GUP) = RT\n[P!lP) (16.31) 

P/= Pexp(-AG„/f?r) (16.32) 

re = 2a/(P/ - P) = lo/P [exp(-AG„/i?r) - 1]. (16.33) 

When the (3 particle grows, its internal pressure decreases and one may wonder if that fact 
should not affect the equilibrium condition. It should thus be interesting also to consider 
a case where P'^ does not vary with the size of the (3 phase. That could be realized with 
the arrangement in Fig. 16.1. When (3 is growing, the spherical a/(3 interface moves 
a distance d/ without any change of shape. The change of surface energy will depend 
on the changes of the interfaces to the wall of the container, (cr^A _ x lit RAl. 
However, that difference controls the contact angle of the a/ (3 interface to the surface 
of the container through an energy balance and thus its curvature. Figure 16.1 yields 

dG‘" = 2TtR(a^^^ - cr“/'*)d/ = nlr)dl. (16.34) 

In the following we shall drop the superscript in Introduction of the change of 

volume, dF^ = JiR^dl, yields 

dG^" = (2CT/r)dFP. (16.35) 

This is the same result as for the spherical particle. We may conclude that the effect of 
surface energy can be applied locally to any piece of a fluid/fluid interface. An explanation 
why a possible change of during growth has no effect on the equilibrium conditions 
is provided by the fact that the two terms containing the derivative dP^/dA^ in Eq. 
(16.20) eliminated each other. Furthermore, according to Eq. (16.22) there are two terms 
in Eq. (16.21) with the derivative dV^/AN^, which actually contains dP^/dN^, in the 
same way as the full derivative dG^/dA^ was represented by two terms in Eq. (16.20) 
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containing dP ^ /dN^. They also eliminated each other. Finally, it may here be mentioned 
without giving the proof that for a non-spherical interface one should replace 2/r by an 
expression using the principal radii of curvature, 1/pi + 1 /P 2 - 

Exercise 16.1 

Evaluate the equilibrium size of a bubble if the supersaturation of the matrix, expressed 
as — AGm, is very low. 

Hint 

ln( 1 + e) = e 

Soiution 

Equation (16.32) gives for small - P)/P:-AGm = RT\n{Pl^/P) = jRFln)! + 
(pP _ p)/p) ^ j?r((pP _ p)/p) = (2CT/r)F^(P). In this limit there is full agreement 
with an incompressible liquid according to Eq. (16.29). 


16.4 Size stability for spherical inclusions 


We have derived an equilibrium condition for a spherical particle in a fluid/fluid system 
but should now examine if it is a stable or unstable equilibrium. According to Chapter 6 we 
could examine the stability through the second derivative of G. We shall thus evaluate the 
derivative of Eq. (16.23). The aphase gives no contribution since its chemical potentials 
are not affected by the size and the stability is obtained as 


d^G dGP dPP ^^0 dPP 
d(AP)2 “ d^ ■ d7^ “ ”'d]^' 


(16.36) 


This will be zero when P^ is kept constant, as in Fig. 16.1. That can be compared to 
the case in the left-hand part of Fig. 6.1 for a circular cross-section. All positions are 
equivalent. 

If the hole in Fig. 16.1 is slightly conical, r could either increase or decrease during 
growth. If the hole is narrowing to the right, r will decrease and the pressure will increase 
as the (3 phase grows. The stability will be positive and there is a stable situation at the 
position where the equilibrium condition, Eq. (16.29), is satisfied. If it is widening to the 
right, the stability will be negative and the situation will be unstable. The |3 phase would 
either grow out of the hole or shrink. 

It is evident that for a spherical particle the instability will be even larger. The pressure 
will decrease during growth. There would be a critical size satisfying the equilibrium 
condition, Eq. (16.29). If the (3 particle were just a little smaller, it would shrink and 
disappear. If it were just a little larger, it would grow even larger. If the reservoir of a 
phase were not infinite, the supersaturation would decrease gradually during growth and 
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Figure 16.2 The Gibbs energy increase as a function of the size of a spherical particle of a liquid 
phase. N* is the size of a critical nucleus and AG* is its activation energy. 

the growth would eventually stop. If there were a large number of (3 particles, they would 
be smaller when growth stops. On the other hand, not even such an ensemble would be 
stable. A small fluctuation in size would make the slightly larger particles grow at the 
expense of the smaller ones because the composition of the a matrix in local equilibrium 
with a particle would differ depending on the size, according to the equilibrium condition 
Eq. (16.28). There would thus be diffusion of material through the a matrix from the 
smaller particles to the larger ones. This phenomenon is called Ostwald ripening. 


16.5 Nucleation 


For a system with a spherical (3 particle included in an a matrix we can formulate the 
total Gibbs energy from Eq. (16.18), e.g. by inserting Eq. (16.19). The result will depend 
on the size . 

G(AP) = ^ (A^° - Af)/.t“(P)) + GP(PP) - (PP - P)V^(P^) + Aa, (16.37) 

where Nf is the initial i content in the a matrix. For a spherical (3 particle the last term 
can be expressed as 'iaV jr and we can express — P as2//r according to Eq. (16.1). 
The change of Gibbs energy from the initial homogeneous a matrix will be 

AG(AP) = G(Af^) - G(0) 

= - I] - (2 flr)V^{P^) + (3a/r)KP(pP). 

(16.38) 


For a liquid |3 phase f — a and Eq. (16.37) simplifies to 

AG(AP) = [-E^f M“(P)+GP(PP) + (a/r)F„P(pP) 


(16.39) 


Since r is proportional to (A^)'^^, the function will look as illustrated in Fig. 16.2. It 
is evident that the formation of (3 cannot start spontaneously from a zero size. There is 
a barrier of height AG*, which must be overcome by some kind of activated process. 
A (3 particle of a critical size A* is in an unstable equilibrium. However, at both types 
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of equilibrium the first two terms in Eq. (16.39) eliminate each other according to the 
equilibrium condition in Eq. (16.24). Using Pf — P = 2a we obtain 


AG* = N* ■ ia/r,)Vl{P!) = ^-N* x (P/ - 

IhjTCT^ 

3(pP - Pf 


4 , 

-TTa(r^) 

(16.40) 


This is the energy, which must be supplied by some kind of activated process in order for 
the (3 phase to form. It is regarded as the activation energy. A particle of this size can 
either grow or shrink by a small fluctuation in size. It is regarded as a critical nucleus. 
Equation (16.40) expresses the activation energy in the most general way but in order 
to apply it to a particular case one must relate it to the driving force, — AG^. It is then 
necessary to define the compressibility of the (3 phase. For a compressible liquid one can 
use Eq. (16.27), obtaining 


AG* 


\6TTa^ 


3(-AG„/i4'(P)) 

\6Tta^ 

3(-AG„/UP(P)) 


K 1 - Ko/r^f 


r(l - iKajr^). 


(16.41) 


Equation (16.40) is still valid for a bubble of an ideal gas but one should insert 
Eq. (16.32) instead of Eq. (16.27), 


AG* 


XiiTta^ 

3P2[exp(-AG„,/7?r)- 1]2' 


(16.42) 


Finally, we should discuss the fact that a supersaturated solution can be unstable with 
respect to two quite different kinds of fluctuations. Here we have considered a critical 
nucleus being a fluctuation small in extent but large in composition (and structure). In 
Chapter 15 we discussed spinodal decomposition, which can start spontaneously without 
any activation barrier, i.e. without any critical nucleus. However, that treatment also 
describes critical nuclei when the composition is moved outside the spinodal. Right on 
the spinodal the critical nucleus is represented by a point at 1/k = 0 and of composition 
X “. In principle, it is thus an infinitely extended fluctuation with an infinitely small change 
of composition. With an initial composition further outside the spinodal, the change 
in composition grows and an arrow in Fig. 15.13 illustrates such a case. A detailed 
calculation would show that the critical fluctuation, i.e. nucleus, becomes more localized 
and starts to resemble the kind of critical nucleus described in the present chapter. The 
explanation why the two treatments give different results is that a constant a was used 
here whereas it decreases with decreasing difference in composition between fluctuation 
and matrix in the spinodal treatment. The use of a constant a in the present case can be 
justified by assuming that it mainly depends on the difference in structure between the 
two phases. In the spinodal treatment there is only a difference in composition. 
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Exercise 16.2 

In textbooks one often finds the following simple treatment of nucleation. The increase of 
the Gibbs energy of a system due to a nucleus is given as AG = (4:r/3)r^(AGm/ Vm) + 
4jrr^a which yields: dAG/dr — 4jTr^{AGm/ + STrrcr = 0; r* — 2cr/(—AGm 
/ Vm); AG* = (47r/3)r3(AG„,/ Vm) + litr^-AGm/ Vm) = {27t/3)r\-AGm/ Vm) 
^il6jt/3)cj^/i-AGm/Vm)^. Compare this result with the correct result given by 
Eq. (16.42) when applied to the nucleation of a gas bubble at a temperature above 
the boiling point of a liquid composed of only one species. 

Hint 

Approximate the gas as ideal. The vapour pressure of the liquid matrix, corresponding to 
Pin our treatment, must be larger than the pressure on the liquid from the surroundings, 
P. 

Solution 

Equation (16.32) reduces to the textbook result for small — AGm/RT\ AG* = (16:^/3) 
a^/[-AGmP/RTf = (16:r/3)crV(-AGm/ Vmf- However, small -AG^/^T means 
small \n(P^ / P). Large values oiP^ / P can easily be obtained by superheating of a liquid 
or when the gas is dissolved in a liquid or solid. The textbook treatment holds strictly 
for incompressible phases, only. 


16.6 Phase equilibrium at crystal/fluid interface 

If one of the phases is crystalline, the derivations will be more complicated because 
/ 7 ^ CT. There will be even more complications if the crystalline phase is the matrix 
phase because it may build up internal stresses in the matrix during a growth process. 
We shall thus limit the discussion to cases with a crystalline phase included in a fluid 
matrix. 

Equation (16.21) was derived without any particular requirement about the nature of 
the interface but was then applied to a fluid/fluid interface. It will now be applied to a 
crystalline/fluid interface. When expressing the pressure difference, we shall thus retain 
the surface stress,/from Eq. (16.1). On the other hand, the specific surface energy, a, 
should still appear when expressing the surface energy term, G®^. However, there one 
must notice an important difference. It has already been mentioned that a fluid/fluid 
interface will reorganize its structure if expanded or contracted and the surface energy 
is always proportional to the actual area, i.e., a is constant in the expression G° — Aa. 
With full coherency to the interior, the surface of a crystalline phase will not change 
its structure if the bulk is expanded or compressed. It may thus seem reasonable to 
approximate the surface energy as Apop, evaluated at the pressure in the surroundings. 
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P. Furthermore, in the case where the matrix is a condensed fluid, i.e. a liquid, one may 
argue that the structure on that side of the interface should relax to some degree. However, 
that possibility will be neglected whereas the consequences of the above approximation 
will be examined. 

The surface energy will be described with — Apup where up is measured at a 
planar interface and will be treated as independent of Eq. (16.22) will give 


^2^ dVHP) _ 2ap p 
dA^P rp ' dA^P rp ' ’ 


(16.43) 


The radius rp is also measured at the pressure P. 

In analogy to the description of G”" we may introduce fpjrp in Eq. (16.1) obtaining 


dPP = {-lfplr\)Arp = i-lfplrl) • rpdV\P)n V\P) 

= {-IfpPrp V\P)) ■ F„P(P)diVP, (16.44) 

since 3ch-/^ = dV/V. This time we must study how to interpret dV^ /dN^ in Eq. (16.21), 
considering the dependent variable PP. Inserting (9EP/9PP)jvf5 from Eq. (16.25) and 
dPP/dA^P from Eq. (16.44) we obtain 

dpP/dA^P = (9KP/9AfP)pp + (9KP/9 PP)a-p ■ dpP/dA^P 

= F„P(PP) - /r V\P) ■ {-2fp Vi(P)/3rp V^{P)) 

= F^P(P)(1 - 2Kfp/rp + 2Kfp/3rp) 

= Vl{P){\-4Kfp/3rp). (16.45) 

From Eq. (16.26) we And 


GP(PP)= GP(P) + (PP -P)F„P(P)(1 -/r/p/re). (16.46) 


Inserting Eqs (16.45) and (16.46) and the definition of AGn, from Eq. (16.27) in Eq. 
(16.21) we obtain 

dG/d7VP = - ^xfM“(P) + GP(P) 

-(PP - P)dF^(l - Kfp/rp - 1 + 4Kfp/3rp) 

= AG^ + [{2fp/rp){Kfp/3rp) + (2ap/rp)] V^iP). (16.47) 


In Eq. (16.21) the third and fourth terms eliminated each other because f — a. That is 
not the case here and it was thus necessary this time to interpret d /dN^ and the result 
depended on the compressibility, k. It is interesting to note that for an incompressible 
(3 phase the third term in Eq. (16.21) would be eliminated by a term appearing in Eq. 
(16.46) when GP (P) was introduced. Only a correction term proportional to k remained 
when the compressibility was considered. In practice, PP would probably be unknown 
because of lack of information on the surface stress, fp, and one would be dealing with 
GP (P). It is evident that the surface stress is not of much practical importance and the 
compressibility will cause only a small correction term. 
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Putting dG/dN^ to zero in Eq. (16.47) we obtain the equilibrium condition for crys¬ 
talline/fluid interfaces. 


- AG„, = [{2op/rp,) + (2/r/3)(/p/rpe)'] V^iP) (16.48) 

rp, = lopj [-AG,J VliP) - {2K/2,){fp/rp,f]. (16.49) 

It may be added that the actual radius at equilibrium is obtained as 

re = rpe(l - >C(P^ - P))'^" = rp, (l - Ik/p/vp,) . (16.50) 

The important conclusion to be drawn from Eq. ( 16.48) is that the effect of surface energy 
is the same for solid and liquid inclusions. The Gibbs energy of both kinds of phases is 
increased by 2 ct V^/r which is equal to V^AP only for liquids. It is common to neglect 
this fact and to express la jr as AP also for solids, a procedure that does not cause any 
erroneous results. There are several equations in the present textbook where V^AP is 
used without explicit mention that it should be interpreted as la V^jr for solids. 

By modifying Eq. (16.38) for the present case we obtain for the increase of Gibbs 
energy due to the precipitation of a (3 inclusion, 

AG(iVP) = [- + GP(PP) - (PP - P)Vl{P^) + (3ffp/rp)F,P(P)] 

= iV''[AG,„ + (PP - P)Vl{P){l - Kfp/rp) - (PP - P)V^(P)(l - iKfp/rp) 

+ (^ap/rp)Vl{P)\ = [AG„. + {2fp/rp)Vl{P){Kfplrp) + Qap/rpW^iP)] . 

(16.51) 


Inserting AG^ from Eq. (16.48) we obtain for equilibrium of a spherical crystalline 
inclusion 


AG*^N*V^{P)[-lap/rp,-{lic/l>)(fp/rp,f+lK{fp/rp,f + l>ap/rp,] 

\6nap{\+dKfl/2>aprpe) 


= \T^rl^-{(^plrp^){\+dKflj3aprp^) = 


3[-AG.,/ Vl(P)-(lic/l){fplrp,f] ■ 

(16.52) 


Again we find that the surface stress is of minor importance and enters only in corrections, 
depending on the compressibility. For incompressible crystalline solids the result is 
identical to the result for incompressible liquids obtained from Eq. (16.41). 


Exercise 16.3 

Consider two solid ((3) spherical particles of a pure element, floating in a melt of the 
same element. Derive an equation for the difference in temperature between them if they 
have different radii, r\ and ri- Which one will grow as a result of the heat flow between 
them? 


Hint 

Simplify the problem by assuming incompressibility. Two phases at an interface might 
have the same T, yielding AGm = AH^ — TA^m. At the melting point To, AGm = 0 
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and we get AG^ = {T^ — T)ASm- For solidification we define AG^ and AS^ as nega¬ 
tive. 

Solution 

Equation (16.48) yields {la /r) = — AG^ = {To — T){—ASjn)- Compare two parti¬ 
cles: laV^(\lr\ — 1 /^ 2 ) = {T 2 — 7’i)(—ASm). Suppose ^2 > r\. Then T 2 > Ty. Heat 
will fiow from the larger one and the heat of solidification can thus leave that region. The 
larger particle will thus grow at the expense of the smaller one if the system is thermally 
insulated. This is an example of Ostwald ripening. 


16.7 Equilibrium at curved interfaces with regard to composition 


So far we have only considered the equilibrium with respect to the transfer of balanced 
amounts of the various components. Now we shall study the transfer of a single compo¬ 
nent, dA^j^, by again regarding only two variables, the independent variable and the 
dependent variable P^. Instead of Eqs (16.20) and (16.21) we now obtain 


dG 

dTVj^ 


= - m“(P) + /X 


.(pP - p). 


dpP 


dAff dA^f 


• V^{P^) 


dF^ dG"' 


dA^J dA/^. 


-(2a/r)AV^/dN^. 


p = -/x“(P) + /xP(pP) - {2f/r)dV^/dN^ 

(16.53) 


For a fluid/fluid interface we have f — a and the last two terms eliminate each other. At 
equilibrium dG/d7V^^ = 0 and the equilibrium condition would then be 

/x“(P) = /xP(pP). (16.54) 


We have again derived Gibbs’ famous relation. However, he did not have to introduce the 
limitation that a is independent of composition because he considered a |3 phase with 
only one component. His result is a special case of Eq. (16.24). 

When replacing pP by P we must know how the partial molar volume, varies with 
pP. For simplicity we shall assume that the same compressibility applies to the partial 
volumes as to the integral volume. By integration we obtain similar to Eq. (16.26), 

j vfdP = vfiP)iP^ - P){\ - Kajr). (16.55) 

We can thus write the equilibrium condition, Eq. (16.54), as 

m“(F) = p]{P) + (2a/re)F/(P)(l - /ca/re). (16.56) 


By summing this over all the components, we can recreate Eq. (16.28). Equation (16.56) 
describes the equilibrium for all the components whereas Eq. (16.28) is a necessary but 
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Figure 16.3 Molar Gibbs energy diagram for nucleation of (3 from a supersaturated a solution. 

not sufficient condition. The equilibrium size, r^, was then expressed in terms of AG^ in 
Eq. (16.29). It can now be inserted into Eq. (16.56) yielding for the equilibrium condition 

= i/j{P) - AG„ ■ Vf/ Vt (16.57) 

From its definition in Eq. (16.27) one can evaluate the driving force, — AGm, provided 
that one knows the critical composition of the (3 phase. However, the driving force and 
the composition can both be determined graphically for any given supersaturated a 
matrix. One should draw the tangent to the a curve for the composition of the matrix 
and then lower it until it becomes a tangent to the G^ curve. That should be done by 
a parallel displacement if all Vj — and the magnitude of the displacement gives the 
driving force, —AGm- This means that one has made a parallel tangent construction. 
If Vj ^ Vra then Eq. (16.57) requires that one rotates the tangent slightly to make sure 
that the displacements on the component axes are proportional to the Vj values. If all 
Vj — Vm then one could instead lift the Gj^ curve until it touches the a tangent. That 
would be a common tangent construction. See Fig. 16.3. 

For the critical nucleus, including the contribution from the surface energy, one can 
give a point representing its Gibbs energy divided byA^*. It is obtained by adding the 
activation energy, AG*, divided by N* to the Gm value of (3 on the common tangent. 
AG*/N* is obtained from the first partofEq. (16.40) by inserting cr/re from Eq. (16.28). 
We find AG*/N* — — AGm/2, a value that applies even for a compressible (3 phase. In 
Fig. 16.3 the whole G^ curve has been lifted by — AGm/2. However, tangents to that 
curve do not have the usual properties because the curve is defined for a certain pressure, 
which is given by the size. When adding some A or B atoms, one should move to a 
curve for a slightly larger particle, i.e., for a slightly lower pressure. It is illustrated with 
a thin curve in Fig. 16.4. The chemical potentials of A and B are thus obtained from 
the intersection of the thin straight lines with the component axes and they will actually 
coincide with the intersections of the common tangent. 

The effect of a pressure difference on the composition of the two phases was examined 
already in Section 7.6. We shall now base a derivation on Eq. (16.54) by first applying 
the Gibbs-Duhem relation to each one of the phases. Starting from the equilibrium at a 
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Figure 16.4 Enlarged detail of Fig. 16.3, illustrating that the critical nucleus has the correct 
values of the chemical potentials. 


planar interface and introducing a small curvature that will give rise to a small difference 
in pressure, dP^^, we obtain 

^xfd/xf = K^PdP^ (16.58) 

For the oc phase there is no change of pressure and, whatever changes there will be in 
composition, they also must obey the Gibbs-Duhem relation which now gives 

^x“dAt“ = 0. (16.59) 

From Eq. (16.54) we can see that maintained equilibrium requires that d/xf = d/x“ even 
though the pressure inside (3 is increasing. We can thus reformulate Eq. (16.58), 

^xfd/x“= K^dPP. (16.60) 


Combination of Eqs (16.59) and (16.60) will yield a unique answer only for a binary 
system, which yields, after eliminating d/x^, 

- xK“)d/xg = (16.61) 

yOcy^ 

d/xg = ^ ” ■ dpp (16.62) 

4 -4 

2a 

MbC'') - Mb(oo) = -R—-• (16.63) 

^ 1 -^ _ yCX. V 

Ag Ag 

Any solution model can be applied to the a phase to evaluate its change in composition. 
Using Eq. (16.54) we get for the P phase, 


PbC'') - /^b(oo) = Pb(^’ - /^b(°o> = Pb(^) + 

-/x^(oo) - j viioo)dP^ = - /x^(oo) = 


I vi(r)dP^ 

.^.P r 


(16.64) 


The result is thus the same for both phases when expressed as the change in chemical 
potential. It is interesting to note that this final result is independent of the partial molar 
volume for the component although it appears in Eq. (16.57). It may be concluded that 
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the partial molar volumes have a negligible effect on the composition as well as on the 
activation energy of a critical nucleus. 

Exercise 16.4 

A liquid substance A in an inert atmosphere of 1 bar has an equilibrium vapour pressure 
of P^. What would be the vapour pressure of a droplet of the same substance if its radius 
is (a) 1 p.m or (b) 1 nm and the surface energy is 1 J/m^? Suppose the molar volume is 
5 X 10“® m^ and the temperature is 25°C and use the ideal gas law. First, assume that 
the substance is incompressible. Would the pressure in case (b) be higher or lower if A 
is compressible? 

Solution 

Equation (16.56) yields (a): /x“(P) = + (2cj/r)Vf = /x^CP) + (2 x I/IO"®) x 

5 X lO-*^ = + 10; Pa( 1 lam) = P^ exp(10/8.3145 x 298) = 1.004P° and 

(b): PA(lnm) = P^ exp[(2 x I/IO"'^) x 5 x 10-V8.3145 x 298] = 57P^. For a com¬ 
pressible liquid the effect would be lower. 


16.8 Equilibrium for crystalline inclusions with regard to composition 

For a crystalline inclusion in a fluid matrix we shall start with Eq. (16.43), giving the 
effect of the surface energy, and with a similar equation for the effect of surface stress. 
When applying Eq. (16.53) we obtain 
9 G 

= -/x“(P) + ii^jiP^) - {2fp/rp)dV^/dN^ + (2ap/rp)dFP/dAf. 

(16.65) 

We shall again assume that the same compressibility applies to the partial volumes as 
the integral volume. We shall thus modify Eqs (16.45) and (16.46) to partial quantities. 

dP^dAf = vf{P){\ - AKfp/2rp) (16.66) 

M,^(PP) = /x,^(P) + (PP - P)Vl{P){\ - Kfp/r,) (16.67) 

Introducing these results into Eq. (16.65) we obtain, similar to Eq. (16.48), 

m“(P) = M,^(P) + [{2Gp/rp) + {2Kn){fp/rpf] vf{P). (16.68) 

When applying Eq. ( 16.53) to an interstitial component, k, we shall accept that it does not 
affect the surface energy even if it increases the volume somewhat. On the other hand, 
the effect of surface stress will be given by the same expression as for substitutional 
components because it depends primarily on the effect on the volume. Instead of Eq. 
(16.68) we thus obtain 

/x?(P) = IJiliP) + {2Kl2){fplrpf f/(P). 


(16.69) 
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It is interesting to note that could be approximated by yi'^(P) for an interstitial 

component if its partial molar volume were negligible. 

When now summing this over all the components we do not recreate Eq. (16.48). It 
seems that, when accepting Eq. ( 16.69) for an interstitial component, we should introduce 
a correction to the second term in Eq. (16.68) for the substitutional components. 

/x“(P) = + (2ap/rp)[vf{P)+XkVl/[\ - xf)] + (2K/3){fp/rpfvf{P). 

(16.70) 


The equilibrium conditions are obtained by inserting rp^ instead of rp in Eqs (16.69) 
and (16.70). 

Finally, we shall evaluate the effect on the compositions from the Gibbs-Duhem 
relation. Then we need a relation between d/r“ and d/xf. For simplicity we shall limit 
this discussion to incompressible |3 phases. Equations (16.67) and (16.70) yield 

d/x“(P) = d/xf(pP) - F/(PP)dPP (16.71) 

dM“(P) = - F/(PP)dPP + [vf{P) + xf f//(1 - xl)\d{2ap/rp). 

(16.72) 


Inserting this in Eq. (16.58) we obtain 


+xfF//(l- 


E d/x“ + E - E 

xl)\d{2ap/rp) = E^f d/x“ + E V^dP^ - d(2crp/rp) 

(16.73) 


E^fd/x“= F„Pd(2ap/rp). (16.74) 


For a binary system we get instead of Eq. (16.62) 

xfV^ 

dMg = ” ■ d(2Gp/rp). (16.75) 

The final result will be identical to Eq. (16.63) except for the slightly different interpre¬ 
tation of a and r. Equation (16.63) can thus be applied to all kinds of interfaces. 


Exercise 16.5 

Somebody has derived the following equilibrium condition for the case where the partial 
molar volume of an interstitial component is small but not negligible, /x“(F’) = /xf (P) -F 
{2f/r)Vj. Give a physical argument for or against this relation. 

Hint 

Even if we do not consider compressibility, Eq. (16.68) shows that it is wrong. It may 
thus be easier to find an argument against it. 
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Figure 16.5 The parallel tangent construction to find the interface composition. 

Solution 

For an incompressible phase it is not reasonable that the surface stress has any effect 
because the phase is not affected. The last term should thus contain the compressibility 
as a factor. 

Exercise 16.6 

The partial molar volume for an interstitial component is small and is sometimes approx¬ 
imated as zero. Accepting that approximation, how should one formulate the equilibrium 
for the interstitial component in a compressible |3 phase? 

Solution 

For — 0, Eq. (16.67) gives directly jJ-fiP) — The internal pressure has no 

effect in this case. 


16.9 Surface segregation 

Another important aspect is segregation of the components to or from the surface or 
interface. In order to describe this phenomenon we shall use a very crude model. It 
applies to surfaces as well as interfaces and in the formulation of the model it will be 
sufficient to consider the properties of one of the phases at an interface because it is 
assumed that the whole system is in equilibrium. Suppose the interface can be approx¬ 
imated as a thin layer of a homogeneous phase of constant thickness and with its own 
Gibbs energy function. We shall also assume that the partial molar volumes of all the 
phases, including the interfacial phase, are independent of composition. It is then easy to 
see that the composition of the material in the interface can be found by a parallel tangent 
construction when the volume of the interface is constant. Then we cannot consider the 
addition of Aa to the interface but the exchange of Aa for Ab . Thus, it is the slopes of the 
tangents that must be equal, not their intersections with the component axes. Figure 16.5 
shows a reasonable molar Gibbs energy diagram for a one-phase material with an inter¬ 
face between two crystals, a so-called grain boundary. The distance between the two 









362 


Interfaces 



Figure 16.6 Derivation of Gibbs’ adsorption equation. 


curves on the left-hand side is equal to cta ■ where cta is the specific interfacial 
energy of pure A, is the molar volume of the interfacial phase and t is its thickness. 
Now, suppose the material has the composition Xg. The composition of the interface 
material, Xg, is obtained from the parallel tangent construction and the length of the 
vertical arrow is equal to cta • V^/t because it is the energy required for the formation 
of an interface of composition Xg from an a reservoir of composition Xg. 

Let us now vary the composition of the material and, thus, its chemical potential for B 
from /tb to /tb + d/r-B. By comparing triangles in Fig. 16.6 one can derive an equation, 
called Gibbs’ adsorption equation. 


— dcr = 


1-X° 



(16.76) 


Exercise 16.7 

Apply the regular solution model and use the parallel tangent construction to calculate 
the composition of a grain boundary. Examine what factor can give strong segregation. 

Hint 

The regular solution model gives G“ = -^a^^a + ^b°^b + 

-t-Z,“x^XB. We should apply the same type of model to the interface. Remember 
that — = and ° G'-^ — ° G'^ — a^V^J t. The tangent construction gives 

G1-G-^G\- Gl,. 

Solution 

dG^/x“ = °Gg - °G“ + RT ln(x«/x“) + L«(x“ - x«) = “Gj, - °G^ + RT\n{xyx\) 
+ L‘(x^ - X'); RT\n(x«xyx«x‘^) = ((Ta - asWJt + L«(x« - x“) - L'(x' - 
^a)- 

For ordinary metals ct = IJ/m^, = 7 cm^/mol, t = 10^’ cm. 

At r = 1000 K the first term on the right-hand side will be less than RT even if 
ctb = 0. Strong segregation must be due to the L terms and, in particular, to a large 
negative value of L', i.e. to the tendency of A and B to mix in the interface. However, 
the L‘ term will go to zero at Xg = 0. Thus, the regular solution model predicts that 
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Xg < 0 even for the strongest segregation. The strongest segregation is thus predicted 
to give not much more than what corresponds to a monolayer. 

Exercise 16.8 

Gibbs’ adsorption equation is usually written as —da = rB(A) • d/xe where rB(A) is a 
notation for Fb — rAXg/(l — Xg) and Fb and Fa are the excess amounts of B and A per 
unit area, due to segregation. Show that it gives the same result as the equation derived 
graphically. 

Hint 

Remember that we assumed that the volume of the interfacial phase is constant. Thus, 
-Fa = Fb. 

Solution 

-Fa = Fb = - xg) • tj Fb(a) = (x^ - vg)/(l - xg) • tj in full agreement 

with our result. 


16.10 Coherency within a phase 


The lattice parameter of a phase usually varies with the composition. The composition 
differences in a surface layer obtained by diffusion through the surface may thus result in 
internal stresses that could be partially relieved by the formation of dislocations. However, 
if the composition gradient is very strong, the affected surface layer could be so thin that 
it is difficult for dislocations to form. We shall now assume that no dislocations form 
and the surface layer will then be stressed to the same lattice parameter as the bulk in the 
planes parallel to the surface. Suppose the lattice parameter is a\ in a binary phase of 
composition xj. In the unstressed condition the lattice parameter in a thin surface layer 
of a slightly different composition would be a = ai + (x — xi)dfl/dx. The stresses in 
the plane parallel to the surface in an isotropic material would have to be 


E dlna 

CTl = 0-2 = - 3 —(xi - x). 

1 — V dx 


(16.77) 


They will allow the surface layer to be coherent with the bulk. E is the elastic modulus 
and V is Poisson’s ratio. The elastic energy per mole of the material in the thin layer 
would be 

EV^ {dlnaV , , 

W = -^ —— (xi - xf = M(xi - xf. (16.78) 

1 — V \ dx / 


The coefficient M is introduced for convenience. The composition may vary gradually 
with the distance from the surface but we shall apply Eq. ( 16.78) to the outermost layer and 
X will thus be the composition of the surface. We shall now examine how the equilibrium 
composition in a surrounding liquid solution will be affected by the coherency stresses. 
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Figure 16.7 Equilibrium between a supersaturated liquid, initially xf, and a crystalline a phase, 
initially xf. The composition of the surface layer, will not reach the equilibrium 
composition because it is coherent with a bulk of a different composition. 

Introducing the elastic energy in the Gibbs energy of a surface layer coherent with an a 
layer of composition xi, we obtain 

G^^x) = G“(x) + M(xi - xf. (16.79) 

Fig. 16.7 illustrates the situation where the bulk of the a phase is within the a phase field 
but the liquid has a composition within the a + L two-phase field and should thus have 
a tendency to precipitate a. The diagram demonstrates that the coherent surface layer 
will not reach the solubility limit, Xgq'^, and the composition of the liquid in contact with 
a will still be within the a -I- L two-phase field. 

When a supersaturated solid solution precipitates a new phase, it happens that the new 
phase grows together with a new grain of the parent phase and both phases are in contact 
with the supersaturated solution. Such observations are made at fairly low temperatures 
where volume diffusion is slow. The precipitated phase has received its alloy content 
by boundary diffusion along the grain boundary between the new, growing grain of 
the parent phase and the adjoining supersaturated parent grain. It was long a mystery 
what force made the new grain grow into the supersaturated grain of the same phase. 
Evidently, there is a force because the growing grain has been observed to be bowing 
out and is thus growing against the action of surface energy. The explanation is given 
by Fig. 16.8. In contact with the grain boundary the supersaturated a grain will be less 
supersaturated because of loss by grain boundary diffusion. However, due to coherency 
stresses the outermost surface layer will have a higher Gibbs energy than normal. See 
the point marked on the curve for G“ -|- IF. It can thus be in local equilibrium with a 
growing grain but subject to an effect we shall represent by AP = la jr. The common 
tangent shows that there can still be a driving force for the precipitation of the new phase. 

This phenomenon is usually called discontinuous precipitation because the supersatu¬ 
ration drops discontinuously to a lower level represented by the new growing a grain. It 
usually develops into a lamellar aggregate of the new phase mixed with a depleted grain 
of the parent phase. Sometimes, the new phase develops as more massive particles and 
the depleted grain of the parent phase bows out from the initial grain boundary to pick 
up the alloying element and feed it to the particles. That is the normal case when the 
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Figure 16.8 Illustration of grain boundary migration induced by grain boundary diffusion. In 
discontinuous precipitation the new phase is usually a solid phase but could also be liquid. In 
DIGM it is the atmosphere. 

new phase is liquid. A related phenomenon has been observed where the alloy content 
diffuses through the grain boundary and is disposed of into the atmosphere instead of a 
new phase. It has been called DIGM for Diffusion Induced Grain boundary Migration. 
Both phenomena should be described as ‘grain boundary migration induced by grain 
boundary diffusion’. It should be mentioned that DIGM occurs also when the alloying 
element diffuses into the grain boundary and could thus be a mechanism of alloying a 
surface layer at a temperature where volume diffusion is too slow. 

Exercise 16.9 

When a liquid film of Cu has penetrated a grain boundary in pure Ni due to wetting, there 
will be a tendency of Cu to dissolve in Ni. One has observed that this has resulted in one 
of the Ni grains growing into the other one while the liquid film is migrating between 
them. The new parts of the growing grain will be alloyed with Cu that comes from the 
liquid reservoir but its Ni must come from the other grain. This is why that grain shrinks. 
This phenomenon looks very similar to discontinuous precipitation and DIGM and is 
called LFM for Liquid Film Migration. Explain why Ni should diffuse across the liquid 
film. 

Hint 

Once a grain has started to grow, the alloyed layer is thick enough to be less affected by 
the bulk. The shrinking grain will not have time to build up a thick surface layer alloyed 
with Cu because it will constantly be dissolved. Its alloyed surface layer will thus be 
more affected by coherency. 

Solution 

Figure 16.7 can be used to illustrate this case as well but the new phase, which may be 
an atmosphere in the case of DIGM, must here be replaced by the liquid reservoir. The 
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new Cu is provided by fresh liquid being sucked in between the Ni grains instead of by 
grain boundary diffusion but that difference does not affect the diagram. The L phase in 
the diagram is rich in Cu. It will thus have a higher Ni content in contact to the coherent 
layer than to the growing grain. Ni will thus diffuse to that grain. 


16.11 Coherency between two phases 

When a new phase precipitates from a supersaturated solid solution, it is common that 
many small particles form with such an orientation that they fit well into the parent 
phase acting as a matrix. The two crystalline lattices are then coherent with each other 
and structurally the phase interface is regarded as a coherent interface. This is favourable, 
particularly during the nucleation stage, because the coherent interface has a lower surface 
energy than an incoherent interface. As the new particles grow larger they may gradually 
lose coherency by the formation of interface dislocations. However, we shall neglect 
that possibility and examine the effect of coherency from the overall volume fractions 
of the phases. To simplify the discussion we shall also neglect the ordinary surface 
energy. 

In general, the dimensions of the two lattices are not perfect for an exact fit to each other. 
There will thus be coherency stresses. In the previous section we discussed coherency 
stresses present in a thin surface layer when coherent with the bulk. In the present case 
we shall assume that they will apply to the whole phase. We shall assume that each phase 
is homogeneous with respect to composition as well as stresses. The coherency stresses 
in a thin precipitated plate will deform it to fit into the matrix, which is deformed very 
little. The elastic energy per mole of the new phase can depend on several factors. The 
present discussion will be limited to cases where the misfit between the two lattices 
is independent of composition and depends solely on the two crystal structures. M in 
Eq. (16.78) will thus be constant. It is defined per mole of the deformed phase and the 
energy increase, AGm, will thus be W per mole of the material as a whole, is 
the mole fraction of the new phase. However, a correction must be introduced to make the 
elastic energy go to zero as goes to unity. The following equation seems reasonable 
if the phases have the same mechanical properties. 

= (16.80) 

The Gibbs energy for a binary alloy can be written as 

G^ = ,rG“ + /PGP+AG^(/P). (16.81) 

The state of equilibrium for a material of average composition Xg is found by minimizing 
Gn, with respect to the independent variables, which should be x“, x^ and x°. The phase 
fractions are dependent variables through the mass balance 

x“ - /“x“ - /PxP = 0. (16.82) 

We could thus eliminate the phase fractions but Liu and Agren [32] have demonstrated 
that the calculations can be simplified by keeping the phase fractions and use Eq. (16.82) 
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Figure 16.9 Conditions for coherent a + p equilibrium. x°^° and x^° are the ordinary equilibrium 
compositions. x“ and x^ represent a possible coherent equilibrium. The lever rule can be 
applied to the x“ — tie-line using the average composition x“. The parabola between x“ and 
x^ represent the elastic energy caused by coherency. The tangents through x“ and x^^ are 
parallel. The tangent through x° is at least approximately parallel to the other two. 


as an auxiliary condition. Applying a Lagrange multiplier, X, we shall thus minimize the 
function 


L = G., + X(x°-/“x“-/PxP) 


= -G“(x“) + GP(xP) -f + Mx“ - xP) = 0. 


Equations (16.84) and (16.85) yield 

dG“ 


dx“ 




dxP 


(16.83) 

(16.84) 

(16.85) 

(16.86) 

(16.87) 


Graphically the compositions of the two phases are thus related by a parallel tan¬ 
gent construction (see Fig. 16.9). dAGm/df^ in Eq. (16.86) can be expressed as 
dAGm/dx° ■ 9x7a/P and Eq. (16.82) yields dx°/df^ = -x“ 4- x^. We can thus write 
8 AGni/9/P as (xP — x°‘)dAGni/dx° where 8AGm/9x° is the slope of the AGm curve 
at the composition x°. By further inserting the expression for X from Eq. (16.87) into 
Eq. (16.86) we obtain 

G“(x“) -F (xP - x“)^ - GP(xP) = (xP - (16.88) 


The left-hand side represents the driving force for further formation of (3 from the 
a reservoir. Equation (16.88) requires that it is equal to the right-hand side, which 
represents the rate of increase of the elastic energy. Figure 16.9 demonstrates this relation. 
That diagram is based on G“(x“) and GP (xP) having the same shape and the frame of 
reference was chosen to make the common tangent horizontal. Both phases will thus have 
the same Gm value when x“ and xP yield the same slope, which is required by Eq. (16.88). 
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Figure 16.10 Binary phase diagram with coherent phase boundaries. The point where two 
coherent phase boundaries and the -line meet is a Williams point. The boundaries of the 
coherent a + (3 two-phase field fall inside the ordinary a -I- |3 two-phase field. The lines 
representing compositions of a new phase forming at a coherent phase boundary or the last 
portion of the initial phase to disappear fall within the respective one-phase field. 

In that case the tangent to the curve must also have the same slope. For any phase 
fraction one knows the point on the AG^ curve. The slope of the three parallel 
tangents is thus known and one can easily find x“, and x°. When the Gn, curves have 
different shapes, the parallel tangent construction may still be used as an approximation. 

For an analytical calculation one must give the exact shapes and for simplicity we shall 
assume parabolic shapes, which is always good enough in a small range of composition 
except for close to a pure component. Equation (16.81) will thus become 

Gm = /“A:“(x“ - x“°)^ -t- /PwP(xP - x^° f + /“/P W, (16.89) 

where x“° and xP° are the equilibrium compositions of the two phases and Gm is given 
relative to the state of equilibrium and the common tangent is used as a line of reference. 
It was thus drawn horizontally in Fig. 16.9. Equations (16.86) and (16.87) yield 

2.s:“(x“-x“°) = 2WP(xP-xP°) (16.90) 

.^“(x“ - x‘^°f + (xP - x“) ■ 2WP(xP - xP°) - WP(xP - xP°)^ 

= (l-2/P)lF. (16.91) 

Equations (16.82), (16.90) and (16.91) can be used for calculating xP, x° and /P for a 
series of x“ values at a given set of x x P°, Ai“, Ai P and W. These calculations will apply 
to the coherent a -T (3 equilibrium and intuitively one could expect it to extend between 
the compositions where x° = x“ andx° = xP, i.e., between /P = 0 and /“ = 0. This is 
indeed so for the symmetric case where K°^ — — K and it is interesting to note that 

the boundaries of the coherent a -t- (3 phase field fall within the ordinary a -T (3 phase 
field. The result varies with the W value as illustrated in Fig. 16.10, which would be a 
classical T-x phase diagram if W/K varies linearly with T. 








16.11 Coherency between two phases 


369 


The coherent a + P two-phase field coincides with the ordinary a -|-13 field if IF = 0 
because there are no stresses although the phases are coherent with each other. They fit 
together perfectly. As W/K is increased, the coherent a + (3 two-phase field will shrink 
and the two phase boundaries will finally meet in a point. A coherent a -|- (3 mixture 
cannot be stable above that point. The dashed line starting from that point is the well- 
known equal Gibbs energy curve (To) where, in principle, oc and (3 could transform into 
each other without diffusion. Usually, such a transformation is difficult to study because 
the system could easily start to transform by diffusion. It may now be concluded that 
diffusional formation of coherent particles can be prevented if the coherency effect is 
strong enough. The point where the To line meets the two coherent phase boundaries is 
called Williams point after the person who first predicted such points [33]. The Williams 
point may be an important feature of coherent phase diagrams. The physical factor 
behind the Williams point is easy to understand. If the coherency effect is increased by 
magnifying the AGm curve in Fig. 16.9 until it finally intersects the point where the two 
Gibbs energy curves cross. A coherent a -F (3 mixture can be stable only when part of 
the AGm curve falls below both Gibbs energy curves. 

It should be emphasized that the lever rule cannot be applied to the two boundaries of a 
coherent a -t- |3 phase field because they do not represent the compositions of coexisting 
phases. It is evident from Fig. 16.9 that the coexisting phases must be represented by 
the two end-points of the parabolic AGm curve because the elastic energy is evaluated 
from them. Due to the parallel tangent construction x ^ must fall inside the ordinary (3 
phase field if falls inside the ordinary a -F P phase field. The compositions of minute 
amounts of coherent a or (3 are represented by lines extending into the respective one- 
phase field in Fig. 16.10. The lever rule can be applied to the tie-lines between the two 
kinds of coherent boundaries. This is better demonstrated in Fig. 16.11 showing what 
should happen if one could gradually increase the average alloy content of the system. 
Starting from the lower left corner the system is in the a one-phase field andx* = x”. At 
x° = 0.4 the ordinary solubility limit is reached and |3 should start to form if there were 
no coherency effect. See the horizontal line at x“ = 0.4 which is marked with 0. If there 
is an effect of the strength 100 W/K =1.2 then coherent precipitation of (3 could not 
start until x° = 0.43. A minute amount of (3 with composition x^ = 0.63 could form. 
As the average alloy content is rising further, the amount of (3 will grow and the alloy 
content of both phases will decrease gradually. The composition of the a phase will cross 
the ordinary phase boundary, x“ = 0.4, when the (3 phase takes over the role of majority 
phase above x° = 0.5 and most of the elastic energy will then be stored in the a phase. 

If the coherency effect has the strength lOOlF/W = 4, the a one-phase state will 
remain until the Williams point is reached at x° = 0.5. On passing that point a will be 
fully transformed into (3 by a sharp transformation. However, it will occur gradually in 
time because the first portion of (3 is stable only with the composition x^ = 0.7 and 
the transformation will thus be rate controlled by diffusion. The alloy content of |3 can 
decrease only as the a matrix decreases its alloy content. 

The result will be different for an asymmetric system, W* ^ K^. Figure 16.12 is part 
of a diagram like Fig. 16.11 but calculated for = 2K^. The result is shown only for 
100 W — 3W“. As the average composition x° is increased, minute amounts of |3 could 
start forming at x° = 0.465. Due to precipitation of the solute-rich (3 phase, the solute 
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Figure 16.11 The change in composition of two coherent phases as the average composition is 
varied. The effect of different strengths of the coherency effect is examined. 


a+P 



Figure 16.12 Part of a diagram like Fig. 16.11 but for an asymmetric system. According to this 
equilibrium diagram, the disappearance of the a phase should here be discontinuous and occur 
along the dashed line. In reality it may be more probable that it will happen at the point where 
the DC + |3 curve turns back. 

content of a will decrease as in Fig. 16.11. However, due to the asymmetry of the system, 
the coherent a + (3 mixture will soon be less stable than pure (3. Thermodynamically one 
could expect a discontinuous change into pure (3 as indicated by the vertical dashed line. 
The phase boundary in a coherent phase diagram should thus fall on the composition of 
that line. Kinetically, one should expect the process to be impossible because it is difficult 
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to imagine a continuous path between the two states without involving intermediate states 
of higher energy. In practice, the system should rather follow the curve for coherent 
a+ (3, which is getting steeper and finally even turns back. At higher alloy contents 
there is no stable a + P mixture and it has been proposed that the discontinuous change 
into pure P will occur spontaneously at the turning point of the a + |3 curve. Fig. 16.12 
could as well be used to illustrate the process when one starts from pure (3 at the upper 
right corner. 

It has been emphasized that the present discussion of coherent phase equilibria is 
based on a very simple model. Complications of large practical importance could be that 
the mechanical properties are anisotropic and different in the two phases and the elastic 
energy could depend on the composition difference. Flowever, the existence of Williams 
points and discontinuous changes of the phase fractions are probably typical of coherent 
phase diagrams. 

As another simple case one could assume that the elastic energy only depends on the 
difference in composition as described by Eq. (16.78) and not on a structural difference. 
However, then it would be logical to allow the interface to lower the elastic energy by 
spreading out into a diffuse transition zone between the two phases. That is actually how 
the theory of spinodal decomposition is constructed. As mentioned in Section 15.4 it 
also results in the prediction that the coherent miscibility gap is more limited than the 
ordinary one and the coherent spinodal thus falls inside the ordinary one. 

Exercise 16.10 

Sketch a diagram like Fig. 16.9 but showing the situation exactly when the coherent 
phase boundary is reached. 

Hint 

The compositions and x° should then coincide. 

Soiution 

Accepting the parallel tangent construction, the two tangents should coincide. 
Figure 16.13 illustrates the only possibility for that. 


16.12 Solute drag 

In Section 16.9 we discussed the segregation of solute atoms to a stationary grain bound¬ 
ary. If the boundary starts moving, there would be a tendency of the segregated atoms to 
stay inside the boundary. They would thus have to diffuse with the migrating boundary 
and that process would dissipate Gibbs energy and consume some of the driving force for 
the grain boundary migration. The rate of migration would be lower than in a pure mate¬ 
rial. An alternative approach would be to consider the force that makes the segregated 
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atoms diffuse with the boundary. It could be concluded that those atoms exert an opposite 
mechanical force on the grain boundary, a force that should be subtracted from the force 
driving the boundary migration. That approach gave rise to the term ‘solute drag’ for 
this phenomenon. 

The driving force for grain boundary migration in so-called grain growth, by which 
the average grain size increases, derives from the surface energy of the curved grain 
boundary. It will thus be denoted P‘^ and for a spherical boundary we haveP°‘ —lajr. 
In a pure material this driving force will be balanced by friction connected to the grain 
boundary migration and also in an alloy, where the solute drag will be added. 

pa ^ pfric ps.d. ( 16 . 92 ) 

In the thermodynamic approach to a (3 ^ a phase transformation one first evaluates 
the chemical driving force acting over the interface under steady state conditions, which 
means that the new phase grows with a constant composition, inherited from the initial 
composition of the parent phase, x°. When the interface is passing by, material of that 
composition will move to lower chemical potentials and the net effect on the interface 
will be 

pchem ^ , ( 16 . 93 ) 

where /xfand are the chemical potentials of component i in the two phases on 
the sides of the interface. Together with the effect of surface energy of a curved interface, 
the chemical driving force will pay for the dissipation of Gibbs energy caused by friction 
and by diffusion of the segregated atoms. The balance of Gibbs energy will yield 

p,chem pfric p ^ (jdiff ( 16 . 94 ) 

Two of the pressures in Eq. (16.92) appear here but multiplied by Vm in order to express 
the change of Gibbs energy per mole of material passed by the migrating interface. 
Comparison of Eqs (16.91) and (16.93) shows that the two approaches would yield the 
same result if 


pchem ^ _ ps.d. ( 16 . 95 ) 

There is no reason why both models should not apply to migration of grain boundaries 
as well as phase interfaces. When modelling AG‘*‘® and one should thus make sure 
that Eq. (16.95) is satisfied. 
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When evaluating the dissipation by diffusion inside the interface we should integrate 
over the width of the interface, say from z = 0 to 3. At each position, the segregated 
amount of component i is defined as x, — x° and the driving force on them will be 
—di^i/dz under isobarothermal conditions. The flux relative to the migrating interface 
will be X, — x° per mole of material the interface is passing through. Equation (5.94) 
will thus yield 

s 

Afjdiff = - f ^ (x; - x°)^dz. (16.96) 

J ciz 

0 


When evaluating the solute drag we shall also integrate over the width of the interface 
but we shall now consider the forces acting on all the atoms. The force on the atoms is 
the same as before and the opposite force on the interface will have the same magnitude 
but opposite direction. The solute drag will thus be 

s 


^s.d. 



(16.97) 


0 


Inserting Eqs (16.96) and (16.97) into (16.95) we find 

^chem ^ = j 

0 



(16.98) 


We may conclude that the two approaches are indeed equivalent. It may be argued that 
the force on the interface should only include the part of /r,, which originates from how 
the structure varies through the interface because that is what attracts atoms to remain 
inside the interface. One should thus exclude from /r,, all parts that originate from the 
variation of the composition. However, for those parts the Gibbs-Duhem relation yields 

x, d/x, = 0. The only contribution to the summation in Eq. (16.97) comes from factors 
that depend on position and not composition. It is thus permitted and indeed convenient to 
evaluate the solute drag by interpreting dfXi/dz as the derivative of the energy of atoms 
with respect to position without counting interactions from other atoms. In practice, 
one must first calculate how the composition varies through the interface taking all 
contributions to /x, into account. It will not be very important how the solute drag is then 
evaluated. 

It may be informative to represent the equations with molar Gibbs energy dia¬ 
grams. For the mechanical approach that is done by simply dividing with Fn,. See 
Fig. 16.14(a), where the arrow representing points upwards because it is the force 
driving the process. The Gibbs energy for the parent grain has been lifted a distance 
P'^ Fm because it is under the influence of the surface energy as compared to the new 
grain. The corresponding diagram for the thermodynamic approach is more complicated 
(see Fig. 16.14(b)). The curves for the two grains are the same as before and their distance 
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Figure 16.14 Illustration of the effect of diffusion inside a migrating grain boundary, (a) This is 
based on the solute drag approach and considers mechanical forces, (b) This is based on 
dissipation of Gibbs energy. It illustrates that a negative chemical driving force,is acting 
on the boundary. As the boundary migrates, the material of composition Xg moves down the 
vertical line, starting from the interior of the parent grain. It first moves through the spike and 
then crosses the boundary. 


is given by P° V^. The dissipation by friction is also directly related to the correspond¬ 
ing force, A but the solute drag in Fig. 16.14(a) now corresponds to two 

dissipations. According to Eq. (16.95), should correspond to 

where ^ driving force, not a dissipation. However, for grain growth there is 

no chemical driving force for the process because the new grain has the same structure 
as the parent grain and inherits its initial composition (see Fig. 16.14(b)). On the other 
hand, if the solute atoms are attracted to the grain boundary during its migration, then 
there must be a deficit of solute atoms just in front of the boundary, a negative spike. 
Diffusion in that spike will dissipate Gibbs energy, AG'^p*'’. The chemical potentials on 
the forward side of the boundary, in Eq. (16.93), will have to be evaluated from 
the local composition of the parent grain, i.e., from the bottom of the negative spike. 
That will result in a negative driving force, £)‘^hem jj. shown that under steady 

state conditions it will be equal to the dissipation in the spike. The driving force for the 
migration, which is given by the left-hand side of Eq. (16.94), is thus lower than P° 
because is negative. We could write 

^chem £,eff ^ ( 16 . 99 ) 

The two diagrams give equivalent results but the thermodynamic one gives a more 
complete picture of the process. The mechanical diagram neglects the existence of the 
negative spike. 

Figure 16.15(a) and (b) illustrate the two approaches applied to a (3 ^ a phase trans¬ 
formation. Again the thermodynamic diagram gives the more complete picture. As for 
grain growth in Figs 16.14(a) and (b), the new diagrams are constructed for a partitionless 
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(a) 


(b) 





Figure 16.15 Illustration of the effect of diffusion inside a migrating phase interface, (a) This is 
based on the solute drag approach and considers mechanical forces. It illustrates that the 
so-called solute drag can act as a driving force because points upwards here but downwards 
in Fig. 16.14(a). (b) This is based on dissipation of Gibbs energy and shows that the chemical 
driving force is here positive, pointing upwards. For grain growth in Fig. 16.14(b) it was 
negative, pointing downwards. 

reaction, i.e., the new phase inherits the initial composition of the parent phase. Again 
there is dissipation in a spike but now there is a positive chemical driving force for the 
whole reaction, > 0, and it is more than sufficient to balance the dissipation in the 
spike. There will thus be a positive chemical driving force on the interface, represented 
by the arrow for Z)‘^hem pointing upwards in Fig. 16.15(b), in contrast to grain growth 
where it was pointing downwards in Fig. 16.14(b). Now it is thus possible for the inter¬ 
face to migrate against the action of a negative curvature. The growing a phase may 
thus bow out into the parent (3 phase. To illustrate this possibility, the arrow representing 
F’”' Vjn is pointing downwards in Fig. 16.15(b). 

When applying Eq. (16.99) to grain growth we found that ^^s negative and 
the effective driving force was thus less than Vm- For a phase transformation Vm 
may be positive or negative depending on how the interface is curved. In any case, the 
effective driving force must be equal to but how it is divided between 

the two depends on the detailed model of the interface, which will not be discussed here. 

When applying Eq. (16.92) to a partitionless phase transformation we could rearrange 
the terms to make them all positive, 


ps.d. _ pfric _ per 


(16.100) 


This is illustrated in Fig. 16.15(a) and it is particularly interesting that the definition of 
the solute drag through Eq. (16.97) can make it negative. It has then become a driving 
force instead of a drag. Of course, the tendency of segregated atoms to stay inside the 
migrating interface will still act against the migration but how that is accomplished can 
only be explained by the thermodynamic diagram in Fig. 16.15(b). 
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The fact that the solute drag can turn negative and become a driving force for the 
migration suggests a new possibility of providing a driving force for DIGM, which is a 
kind of grain growth. DIGM was discussed in Section 16.10 and it was there explained 
that it may be driven by coherency stresses. 

For low rates of migration, the segregated solute atoms can diffuse with the interface 
under a low dissipation of Gibbs energy. At very high rates of migration they may 
not be able to keep pace with the interface and the amount of segregated atoms will 
decrease and approach zero. After having reached a maximum at some intermediate 
rate, the dissipation will thus decrease and almost vanish if the remaining resistance to 
migration, mainly friction at high rates, is not too large. With increasing driving force, 
whether by a decreasing initial grain size or an increasing supersaturation, there may be 
a discontinuous jump from a region of low rates to a region of high rates on the other 
side of the maximum. 

All the derivations in this section have concerned interfaces migrating under steady 
state conditions. The new grain or phase is thus assumed to inherit the initial composition 
of the parent. However, since the interfaces are extremely thin, compared to ordinary 
diffusion distances, the equations can also be applied to cases where there is long-range 
diffusion in the grains or phases. Only one modification must be made. The composition 
of the material passing through the interface may not be given by x°. In Section 17.5 
it will be shown that it depends on the long-range diffusion. For such cases one should 
substitute xf from Eq. (17.56) for x° in Eqs (16.93), (16.96) and (16.98). 

In summary, it may be concluded that, from a practical point of view, it is just a 
matter of personal taste whether to prefer the mechanical, solute drag approach or the 
thermodynamic, dissipative approach. On the other hand, from a physical point of view 
the latter alternative is preferable. In Section 16.8 it was shown that the mechanical 
driving force for grain growth, P° — 2a jr, is not the pressure difference between the 
two grains. It cannot be interpreted physically until it is multiplied with a partial molar 
volume which is done in the dissipation approach. 

Exercise 16.11 

Apply Eq. (16.96) to a binary system and simplify the expression. Interpret the result 
physically. 

Hint 

Use xa = 1 — xb 


Soiution 

(xa — x^)d/XA + (xb — Xg)d/XB = (xb — XB)d(/ZB — /t-a)- Even though Eq. (16.96) con¬ 
cerns individual diffusion, the net result for the dissipation is the same as for interdiffu¬ 


sion. 


17 Kinetics of transport processes 


17.1 Thermal activation 


Arrhenius noticed that the velocity of many reactions increases with temperature accord¬ 
ing to a simple law 

y = A:exp(-e/jR7’). (17.1) 


He proposed that the reactant molecules must be thermally activated in order to react 
and Q represents the activation energy. According to Boltzmann statistics, the probability 
of such an activation is proportional to exp(—Eyring et al. [34] introduced a 
frequency factor in order to predict an absolute reaction rate, kT/h, where k is Boltzmann’s 
constant and h is Planck’s constant. The kinetic coefficient in Eq. (17.1) may thus contain 
Tas a factor. We shall accept this but shall trust experimental information for the estimate 
of the absolute reaction rate by adding the factor RT to the K coefficient. In general we 
shall consider a reaction between two states with the driving force D but with a barrier of 
height Q in the middle between the two states. The driving force will affect the need of 
activation energy and it will be Q — D jl in the forward direction and Q + D/2 in the 
reverse direction. The net rate of reaction will be the difference between two opposite 
reactions, each one of which is described with Eq. (17.1). For low driving forces relative 
to 7? T we get 


J = KRT 



RT 


— exp — 


Q + DI2 
RT 


= KRTqx^{-Q/RT) ■ 2sinh(Z)/27?7’) = if exp(-g/7?7’) ■ Z). 


(17.2) 


K exp(— Q/RT) is a kinetic coefficient and it is common to define it as the mobility M 
in a linear kinetic equation. 


J = M ■ D. 


(17.3) 


The first line of Eq. (17.2) shows that without any driving force, the two reactions would 
balance and the net flux would be zero. This is an example of the principle of detailed 
balance, which is supposed to hold at equilibrium for each mechanism even if there is 
more than one mechanism for a given reaction. 

It should be emphasized that Eq. (17.2) became a linear kinetic law through the 
approximation of sinh{D/2RT) as D/2RT, which is allowed for low driving forces 
compared to RT. Without that approximation the model can be applied outside the linear 
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range. Since the driving force is expressed as D J/mol, the flux Jmust have the dimension 
mol/s because the product J ■ D would then have the dimensions J/s, which is correct 
for dissipation of Gibbs energy. The mobility, M, would have the dimensions mol^/J s. 

Diffusionless migration of a grain boundary. As a first application we shall examine 
the migration of a grain boundary in a one-component system, i.e. the interface between 
two crystals of the same material but different orientations. Some kind of unit of the 
material on one side of the grain boundary may be transferred to the other side by some 
deformation and rotation or individual atoms may simply jump across the interface. 
Those two mechanisms will be discussed further in Section 17.6. In any case, there 
may be an energy barrier, Q, and a driving force, D, e.g. caused by the boundary being 
curved. We can directly apply Eq. (17.3) with M — Mo exp(— g/J?r) but in this case it 
may be more convenient to express the driving force in Eq. (17.3) as D/ Km which has 
the dimension J/m^, i.e. N/m^. If the flux Jis expressed as the velocity u in m/s, then 
the rate of dissipation of Gibbs energy, obtained from the product of flux and driving 
force, will have the dimensions J/s m^ and the rate of dissipation of Gibbs energy in J/s is 
obtained by multiplying with the cross-section of the grain boundary, a m^. The mobility 
M would then have the dimensions m^/J s. 

J^v^MfD/Vra). (17.4) 

For the dissipation of Gibbs energy we get from Eq. (5.133), considering the cross- 
section, 

-G^Ta ^av{D/Vm)^a{\/M)u^. (17.5) 

Evidently, these equations can also be applied to the migration of a phase interface in a 
pure element and in an alloy if the atoms do not move individually with respect to each 
other, i.e. for so-called diffusionless transformations. However, it must be modified if 
the new grain or phase has a different composition. See Section 17.5. 

Interstitial diffusion. The next application will be diffusion of an interstitial solute 
C, which can jump between the interstitial sites in a host lattice. During each jump a 
C atom has to squeeze between the neighbouring host atoms and that gives rise to an 
energy barrier. The kinetic equation will be very similar to the previous case but this 
time the rate of the process must depend on how many C atoms take part in the process. 
Presumably, they all take part but per mole of host atoms there is only a fraction yc of C 
atoms. Furthermore, according to Section 5.7 the force for diffusion is — V(/u.c/T). As 
T is now constant, we could consider the negative of the chemical potential gradient, — 
V/xc, as the driving force. However, we now use a detailed model according to which 
the atoms exchange positions with vacancies. Their chemical potential should also be 
considered and also their fraction. We should thus write the kinetic equation for the 
exchange of positions of an interstitial atom with a vacancy as 

Jc — —^CTcTVa • ^(A'-C — Af-Va)- (17-6) 

In this case Jq is a real flux expressed in the lattice-fixed frame and has the dimensions 
mol/s m^. If— V(/xc — /xva) is accepted as the driving force with its dimensions J/mol m, 
then the entropy production given by the product would have the dimensions J/sm^, 
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which is correct for the dissipation of Gibbs energy per volume. The mobility would 
then have the dimensions mol^/J sm. 

Substitutional diffusion. Let us consider substitutional diffusion in a binary A-B solu¬ 
tion and as a background to a more realistic case we shall now accept the less probable 
mechanism where atoms diffuse by exchanging positions with each other. In that special 
case there would be no difference between the lattice- and number-fixed frames. It seems 
reasonable that the diffusion of A in exchange of B across a certain plane in the system 
is proportional to the probability that an A and a B atom are in the correct positions on 
opposite sides of the plane, i.e. proportional to xaXb. We shall now treat the problem of 
activation and consider two opposite fluxes. By comparing with Eq. (17.2) it may seem 
reasonable to write the net flux as 


J = KRT 


exp - 


Q-D/2 


RT 


x^Xg exp - 


Q + D/2' 
RT 


-Q 

.or exp — 
^ RT 


exp 


D 

2RT 




D 

'2RT 


(17.7) 


The two sides are identified by (') and (") and the driving force for the exchange of A 
and B is Z) = — A(/r,A — Mb). It looks as if the effects of the two opposite fluxes cannot 
be combined into a sinh function due to the different pre-exponential factors. However, 
it should be realized that the chemical potentials depend on the mole fractions of A and 
B, which are also present in the pre-exponential factors. In order to avoid counting their 
effects twice, one should not let the driving forces include the ideal entropy of mixing, 
which is 7? ln(xAXg/xAXB) and nn(xAXg/xAXg), respectively. We shall thus modify 
Eq. (17.7), 


-Q 

j = rrrrexp — 
^ RT 


XAXg exp ■ 


XAXg exp - 


D + mn(x^Xg/x^Xg) 


2RT 

D + RT\n{x'/^xl/xlx'f) 

2rr 


= KRT exp(- Q/RT)^x'f.^x'fix'fx'^ ■ 2 ^mh{D/2RT) 
= -KRT exp(-g/rr)xAXB ■ A(/rA - Mb)- 


(17.8) 


It is more convenient to express the difference A(ma — Mb) between two neighbouring 
sites by the gradient V(ma — Mb) multiplied with the jump distance. Including the latter 
in the mobility we write 


J = -A/abXaXbV(ma - Mb)- 


(17.9) 


We have here assumed that the difference in composition is very small. The flux and driv¬ 
ing force again have the dimensions mol/s ref and J/mol m, respectively, and their product 
has the dimensions J/s m^, which is correct for dissipation of Gibbs energy per volume. 
MabXaJi^b is the phenomenological coefficient and has the dimensions mol^/J s m. 

Vacancy mechanism for diffusion. Finally, let us consider the more realistic vacancy 
mechanism for diffusion in a substitutional solution. The diffusion of an element by 
exchanging positions with vacancies or with atoms of a second element will be very 
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similar. We can adopt Eq. ( 17.6) or ( 17.9) with very slight modifications. The driving force 
will now be — A(/r,A — /xya) and the crucial question is what happens to the vacancies. 
Contrary to vacancies in the interstitial sublattice and to atoms, vacancies in the host 
lattice can be generated or absorbed at crystalline defects, mainly dislocations. The 
frame of reference based on the lattice or on the number of atoms will thus make a 
difference. We shall only discuss the simplest case and assume that the mechanisms of 
regulating the local number of vacancies are so efficient that equilibrium is maintained 
everywhere. The possible gradients of q-va may thus be neglected and the driving force 
will simply be — A/ta. The fraction of vacancies should be retained in Eq. (17.6) but 
expressed by the ordinary mole fraction xva instead of yva, which was a site fraction 
in the interstitial sublattice. In Eq. (17.9) it would replace xb- However, for practical 
reasons the equilibrium fraction of vacancies may be incorporated in the M coefficient. 
For small composition gradients the flux of element A can thus be approximated by 



(17.10) 


This flux is given in the lattice-fixed frame and Ma is regarded as the individual mobility 
of A. Its activation energy, Q, would be the sum of activation for creating vacancies and for 
atoms jumping into vacant sites. corresponds to the first diagonal coefficient in the 

phenomenological equation for a lattice-fixed frame, Taa> and again has the dimensions 
mol^/J s m. It is evident that no coupling effects were considered in the present modelling 
of diffusion of A and B and it should be emphasized that correlation effects were also 
neglected, i.e., the fact that a reverse jump is always more probable directly after a jump 
because the atom and the vacancy are in the correct positions for an exchange in the 
reverse direction. 

Diffusion in number-fixed frame. If the net effect of diffusion by the vacancy mecha¬ 
nism is expressed in the number-fixed frame, the net effect will be the same as if atoms 
exchange positions with each other. It should thus be interesting to change the descrip¬ 
tion of individual diffusion by the vacancy mechanism to the number-fixed frame and 
compare with predictions based on interdiffusion, i.e. Eq. (17.9). 

Equations (5.115) to (5.118) yield the kinetic coefficients after transformation to the 
number-fixed frame by inserting the value 1 for all the a parameters. By again neglecting 
cross coefficients in the lattice-fixed frame we obtain for the number-fixed frame in a 
binary system. 


Ell = -^11(1 - = {MaxaxI + MbXbXa)/^^ 

= xaXb(xbMa-F xaMb)/F m. (17.11) 


L\\ and L 22 were identified as Maxa and Mbxb using Eq. (17.10). Comparison with 
Eq. (17.9) shows that the results may indeed be formally identical and the requirement 
is 


A/ab = xbMa + xaMb- 


(17.12) 


For a formal description of interdiffusion one may thus use the number-fixed frame 
and from experiments one may evaluate the Mab mobility without specifying or even 
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knowing the particular diffusion mechanism. If the individual mobilities in the lattice- 
fixed frame are known experimentally, then Mab can be calculated from Eq. (17.12). 

Exercise 17.1 

Estimate at what temperature the deviation from the linear law is 100% for solidification 
of a pure metal. 

Hint 

This exercise concerns the approximation of sinh in Eq. (17.2). The entropy of melting 
for ordinary metals can be approximated to ASm = R. The enthalpy of melting can 
be estimated from AGm = A/Z^ — A(7’5m) = AZ/„ — ToASm = 0 at the melting 
temperature Tq. 

Solution 

Assuming that A^m and A//m are independent of temperature, the driving force for 
solidification at T will be —AG = A//m — T ASm = RT^ — TR — R(To — T). 

When is 2 sinh[(7’o - T)/2T] = 2(To - T)/!! A table gives sinh2.18 = 4.36 . We 
find T = O.lOTo- 


Exercise 17.2 

Evaluate the Kirkendall velocity in the number-fixed frame from Eq. (5.109) for a binary 
system in terms of the individual mobilities. 

Hint 

The Gibbs-Duhem relation yields + Xfid/re = 0 under isobarothermal condi¬ 

tions. 

Solution 

= -Ja - Jb = {MaXa/ Vm) ■ d/XA/dz -t- (MbXb/ Vn-d ■ d/xe/dz 

= {Ma/ Vm) ■ XAd/XA/dz -b (Mb/ Vm) ■ XBd/XB/dz = (1/ Vm){MA - Mb) ■ XAd/XA/dz. 


17.2 Diffusion coefficients 

In lattice-fixed frame. In experiments on diffusion one usually studies how the compo¬ 
sition profiles change with time and from the composition one can in principle evaluate 
the chemical potentials of the components and their gradients that drive the diffusion. 
However, it is then necessary to know the thermodynamic properties of the system. 
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which may not be available. It is thus more practical to regard the composition gradient 
as the driving force for diffusion. In a binary system there will be only one independent 
composition variable and only one such driving force, say dxA/dz, which is equal to 
—dxB/dz. By not neglecting the cross terms in the basic phenomenological equations in 
the lattice-fixed frame, we find by using the Gibbs-Duhem relation 


Ja — ^-aaXa + LabXb — —^aaV/t-a — /.abV/xb — — (.^-aa — ^ab-^a/^b) V/ta 


= — — LabXaAb) 


d/r-A dxA 
dxA dz 


Pa dxA 
Vm dz ■ 


(17.13) 


This defines Pa, the individual or intrinsic diffusion coefficient of component A. The 
molar volume, was introduced in the equation in order to give Pa the dimensions 
m^/s, the same as in an equation based on the gradient of the concentration instead of 
mole fraction. There is no cross coefficient in Eq. (17.13) in spite of the fact that there 
are two diffusion coefficients, one each for A and B, the reason being that there is only 
one driving force. Neglecting the cross coefficient Tab we can identify Laa with Max a 
in Eq. (17.10) and express the diffusion coefficient as 


Vm 


d/r-A 

MaXa -,— = Ma 
oxa 


d/r-A 
d In xa ’ 


(17.14) 


where d/r-A/dlnxA is called thermodynamic factor. For dilute and ideal solutions it is 
equal to RT, yielding 


Va^MaV^RT. (17.15) 

It should be noticed that mobility has the dimensions mol^/J s m but it is more common 
to include Fm in the mobility, which would then have the dimensions mol m^/J s. 

Many diffusion experiments are made with radioactive isotopes. They may be used 
as a method of following the diffusion of an element, usually at a very low content and 
Eq. (17.15) then applies. It is more common to study how the radioactive atoms mix with 
stable atoms of the same element that are distributed homogeneously in the system. That 
phenomenon is regarded as self-diffusion and can also be described with Eq. (17.15) 
because the mixture of isotopes of the same element is extremely close to ideal. This 
is called a tracer diffusion experiment and the diffusion coefficient is usually denoted 
byPX. 

Of course, the thermodynamic factor cannot be evaluated without information about 
the thermodynamic properties and, if one likes to use such information in the analysis of 
experimental data, it makes no difference in practice if one uses the diffusion coefficient 
or the mobility. It should be emphasized that most diffusion studies only concern inter- 
diffusion that will be discussed next. They are not sufficient for evaluating individual 
diffusivities like Pa. 

In number- or volume-fixed frame. Considering the fact that there will be one inde¬ 
pendent force less than the number of components due to the Gibbs-Duhem relation, it 
may be interesting to define diffusion coefficients in the number- or volume-fixed frame 
where the number of independent diffusional fluxes is also one less. In order to have two 
independent diffusional fluxes in those frames we shall consider a ternary system with 
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two independent composition variables, xa and Xb with xc = 1 — xa — Xb- The driving 
force is given by Eq. (5.121) and for a ternary case we obtain 


JX = - (flA/«c)Mc) - T^bVCmb - (flB/«c)Mc) 


■"AA 


■"AA” 


dC/r-A - (aA/ac)Mc) 
dxA 

d(/rA - (aA/ac)Mc) 
dxB 


+ L 


AB 


"AB" 


d(MB — (aB/ac)Mc) 
dxA 

dC/r-B — (aB/Qc)Mc) 
dxB 


dxA 

dz 


dxB 

dz 


—(17.16) 


The L*j coefficients are those given by Eq. (5.115) and the asterisk is used to indicate 
a new set of processes. It should not be mistaken for the asterisk often used for tracer 
diffusion. We would like to write Eq. (17.16) as 


77 aa dxA 27AB dxB 
Fm dz Fm dz 


(17.17) 


and similarly for Jg. 2 ?aa is regarded as the chemical, mutual or interdiffusion coefficient. 
The value of 2?ab is given by the second expression in brackets in Eq. (17.16). A similar 
expression is obtained for the cross coefficient 2 ?ba but they are not equal. This is another 
demonstration that Onsager’s reciprocal relation applies only to a set of conjugate pairs 
of flux and force. 

For a system with n components we obtain 


n — l n — \ 

J = l k=l 


d{fik - iaklan)fj^n) dxy 


9x, 


dz 


27/y 9(/X^ {Uj^ j 

-IT ^ 2^^ik — 


® k=\ 


dxi 


(17.18) 

(17.19) 


It should be noticed that individual diffusion coefficients, 2?a, etc., always refer to the 
lattice-fixed frame and interdiffusion coefficients, 27 aa, etc., always refer to the volume- 
or number-fixed frame. Furthermore, in order to avoid confusion one could give the 
dependent component as a superscript, e.g. 27£^. For clarity it could also be given in the 
subscript for the flux, e.g. Jk-c because it gives the interdiffusion between A and C. 


Exercise 17.3 

For a binary A-B system, derive a relation between the interdiffusion coefficient in a 
number-fixed frame, 27 aa, and the individual diffusion coefficients, 27 a and 27 b. 


Hint 

In the number-fixed frame all a, = 1. Use the Gibbs-Duhem relation to relate d/XB and 
d(/XA - Mb) to dMA- 
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Solution 

Xfid/UB = -xacI/xa; d(/UA - Mb) = (1 + ■*AAB)dMA = (1 AB)dMA- Equations (17.16) 
and (17.17) yield for a binary system Paa = VmL\pd{iJiA - MB)/dxA = (Eml^A/xB) 
d/UA/dxA. Insert from Eq. (17.8) as 7 -aA’ from Eq. (17.14) and a similar 
expression for I?b: T^aa = (xbMa + xaMb) • XAd/UA/dxA = XBMAXAd/XA/dxA+ 
xaMbXbAixb/^b = ^b27a + xaI^b- 


Exercise 17.4 

Express the result for the Kirkendall velocity in a binary system, given in Exercise 17.2, 
in terms of the individual diffusion coefficients. 

Solution 

Jl = {Ma/ F„,)XAd/XA/dz + (Mb/ Kn,)XBdMB/cfr = (1/ Fn,)I?AdxA/(k + (1/ E„) 
X>BdxB/dz = (1/ Em)(X>A - X>B)dxA/dz. 


17.3 stationary states for transport processes 

A state of stationary flow through a system can be established if the system is subjected 
to different but constant conditions at different parts of its contact with the surroundings. 
We shall consider the simple case of a cylindrical system of length / where heat and some 
substance or substances can enter and leave the system through the two flat ends. We 
shall also assume that other substances cannot leave the system but can diffuse inside it. 
The phenomenological equations for them must give zero flux in the stationary state and 
for the other substances the fluxes must become constant but non-zero due to constant 
actions from the outside. For the case of one substance of each kind we get, 

Jl =(ZiiAXi + Zi2AX2)// = Ci (17.20) 

J2 = (T2iAXi+Z22AX2)// = 0. (17.21) 

The two AW are the potential differences between the ends. AWi is controlled from 
the outside and is assumed to be kept constant. AW 2 varies with time but approaches a 
certain value when the stationary state is being established and the J 2 flux stops. AW 2 is 
given by Eq. (17.21). 

AW 2 = -AWiT2i/T22- (17.22) 

Combination with Eq. (17.20) yields 

Jl = (Tii//)(1 - Ti2T2i/TiiT22)AWi (17.23) 

Since L \2 — T 21 and Tn and L 22 must be positive, we find that the internal process, 
that is not directly affected by the external conditions, will decrease the flux of the other 
process if there is a coupling between them. 
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Prigogine [7] has proposed that in the stationary state of flow the diffusing substances 
will distribute themselves in such a way that the flow produces least entropy. This prin¬ 
ciple of minimum entropy production should apply to all transport processes, e.g. heat 
conduction and diffusion and can be demonstrated as follows. 

Consider the transport of several substances through a cylindrical system of length 1. 
For each substance there is a phenomenological equation 

= (17.24) 

k 


The total entropy production will be obtained by multiplying with the force and integra¬ 
tion over the length of the system, 

a = Lj^VXjVXkdz. (17.25) 

J j J j k 


The integration is carried out between the two sides of the system. According to Euler’s 
equation, which is based on variation analysis, we can evaluate the distributions of all 
the Xj potentials through the system for which a has an extremum. The integrand will 
be denoted by I and it contains the variables X, , which are functions of z. However, in 
our case they enter into the integrand only as their derivatives with respect to z. For that 
case the Euler equation is simply 


-f— 

dz VdVXy7 


From Eq. (17.25) we find if all the Lij coefficients are constant. 


d 

dz 


d/ 

dVXy 


/ d/ 


, dVX, 


— 21, jj^Xj -F {Ljk + Lkj)yXk 


(fX, ^ (fXk 

= 2T ^ ^ (Ljk + Lkj)^ =0. 


^jj 


dz^ 


dz^ 


(17.26) 


(17.27) 

(17.28) 


There is such an equation for each process and the solution to that system of equations 
is 


d^X, 

dz^ 


= 0 


dX, 

dz 


= X, 


(17.29) 

(17.30) 


where X, is a constant for each process and it can be found by integrating over the whole 
length of the system. Since X, is constant we obtain 



AX,- 

~r 


(17.31) 


It is evident that this result is identical to the stationary state of flow through the system. 
Prigogine thus concluded that the stationary state is a state of extremum in the entropy 
production and, in fact, a minimum because the entropy production can never be negative. 
It should thus be possible to find the stationary state distribution of the potentials in the 
system by minimizing the entropy production if one has an analytical expression for the 
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dissipation of Gibbs energy, which is equal to Ta. However, it should be noted that the 
derivation was based on the assumption that all Ljj are constant. 

It should be emphasized that Prigogine’s extremum principle has no similarity with 
Onsager’s, which was discussed in Section 5.9, except for the fact that they both involve 
a search for an extremum. Onsager’s principle can be used to find how a system in a given 
state will change, Prigogine’s principle concerns a final stationary state where there will 
be no more changes. It is less interesting that they also differ by Onsager’s principle 
dealing with a maximum and Prigogine’s with a minimum. The purpose of the principles 
is not to give information on the entropy production itself but to predict the behaviour 
of the system. 

It has often been emphasized that Prigogine’s principle is limited to cases where 
the phenomenological coefficients are constant. This condition is rarely fulfilled but it 
has been proposed that his principle could nevertheless be applied if the difference in 
potential over the system is small enough. This will now be tested with a simple case, 
that of interstitial diffusion. 

For a dilute interstitial solution one may disregard the variations in yva and /uva and 
simplify Eq. (17.6), 

Jq — —A/cjcV/xc, (17.32) 

where Mcyc is the phenomenological coefficient and it may vary linearly with compo¬ 
sition. However, it is common to introduce the composition gradient using the dilute 
solution approximation, 

d/r-c RTdinac RT dac ^ RT dye 

V/xc = ^ =-^^ = —^ = —(17.33) 

dz dz fle dz yc dz 

We thus obtain 

(17.34) 
dz 

where the diffusion coefficient is equal to RTMq and may be treated as constant. 
However, the rate of entropy production is based on the basic phenomenological equation, 
Eq. (17.32) with its variable coefficient. We obtain for the dissipation 

Ta = j Mcyc(VMc)'dz = J Mcyc dz = J ^ dz, 

(17.35) 


where V — McRT. The integral will be transformed in order to apply Euler’s equation 

dl 


d(V.yy0 
d / dl 


dz Vd(VVy^) 

dv(w 

dz 


j 4VR (V^)'dz 

(17.36) 


(17.37) 

d\/yF 

svR ;; = 0 
dz^ 

(17.38) 

II 

> 

(17.39) 
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From Eq. (17.36) we now obtain 


cr™" = 4X>7? j K^dz^4VRK^l^{4VR/l)(^^-J^^ . (17.40) 

Since it has been proposed that the minimum principle can be applied if the difference 
across the system is small enough, we shall start by representing the difference with 




(17.41) 

(17.42) 


The stationary state solution yields from Eqs. (17.33) and (17.34) 

= - I JcV/rcdz = -Jc f = Vc^ ■ RT In^ (17.43) 

J J yc dz I y^ 




I \y'c 


((1 + ef - l)(e - e^ll + eV3) 


+ eV6) 


(ct”” - = -e712 


(17.44) 

(17.45) 


The error in the entropy production will indeed be small if e is small. However, to 
keep e small is a very severe restriction for diffusion. The error may be very large if a 
low content is used at one end of the system. 

As already stated, the minimum in entropy production itself is seldom of much interest. 
It should be more interesting to examine how well the principle of minimum entropy 
production can predict the stationary state of the system. Equation (17.34) shows that 
yc should vary linearly through the system if Vq = RTMq is constant but Eq. (17.39) 
shows that the principle predicts that should vary linearly. Furthermore, when 
evaluating the flux one must use the gradient of _yc and the principle would give different 
results from the two ends of the system. If one could accept an average one could just 
as well have made an estimate without studying the stationary state but using the two 
constant boundary conditions directly. It thus seems difficult to use this simple example 
for justifying the principle when the thermodynamic coefficients are not constant. On 
the other hand, it may not be sufficient ground for ruling out the principle in more 
complicated cases. Anyway, there is no justification for using it in cases that do not 
concern stationary states, i.e., without constant boundary conditions. 


Exercise 17.5 

Carry out the variation analysis for heat conduction, accepting that the phenomenological 
coefficient can be given asXT^. 
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Hint 

Remember that the force for heat conduction isd(l/r)/dz. Introduce dlnT — {\/ T)dT. 


Solution 


a = /Z,(d(l/r)/dz)2dz 

d/ _ ■ 

d(dln7’/dz) dz 


= fXT^{\/ T^^XdT/dzfdz = 
2Ad^ln7’/dz^ = 0; dlnT/dz = 


ct”” = l(dln r/dz)^ • / = (A.//) ■ (In 72 /and the heat flux 
-XdT/dz = -XTd\nT/dz = -(ir//)ln(r2/7’i). 


/ l(d In 7’/dz)^dz; 
K = \n{T2/Ti)/l; 
would then be Jq — 


17.4 Local volume change 


In the following sections we shall examine what happens at the interface during a dif- 
fusional phase transformation. The material leaving one phase at the interface must be 
received by the other phase. The flux of component j transferred across the interface, 
J^J, can thus be given in two ways: 


Jf- 




^ Jtr yP _ 

- Jj - Jj 


i/P 


(17.46) 


where and are the velocities of the lattices of the two phases relative to the 
interface. They will generally be different because the phases may move relative to each 
other. All v and J are deflned as positive in the same direction, the direction from a to 
(3. It should be emphasized that this equation is quite different from Eq. (5.110). Both 
are material balances but in Eq. (5.110) v is the velocity of Kirkendall markers (or of 
any plane in the lattice) relative to the volume-flxed frame. Jj in Eq. (5.110) was given in 
the lattice-fixed frame and so are and in Eq. (17.46) but it should be emphasized 
that they are given relative to the lattice of each phase. 

The difference between the two velocities will have little practical consequences in a 
planar case where the phases are free to move and maintain a stress free contact with each 
other at the interface. The situation is quite different in a two- or three-dimensional system 
where a maintained contact will cause stresses, which in turn will deform the material 
and thus create the required local change of volume. Several deformation mechanisms 
may be involved and result in very complex situations. They will not be further discussed 
here but an early treatment of the growth of spherical particles may be mentioned where 
elastic and plastic deformation was considered, including pressure-induced diffusion as 
a possible creep mechanism [35]. Here we shall only examine how the processes of 
ordinary diffusion will give rise to a requirement of local volume changes. Summation 
of Eq. (17.46) over all the components yields 




(17.47) 
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By inserting this in Eq. (17.46) we find 


Jf - Jp = = (x“ - F“ - - E J“) 

(17.48) 

(17.49) 

(17.50) 

Pi 


^ _J^_ - ^Jf)]/[x^ - X^) 




Au = f 


- ,,«/P 


,//a _ . , ,«/P / _ I/P . , ,P/“ / I/P 


= [(jc - vi)[jf - Jf) - (o; - Ffxf)(Ejr - sjf)]/(x; - xf). 


(17.51) 


For a binary system the result will be 

Au = [(C4 - - (K4 




(17.52) 


Au has the dimensions of a velocity (m/s) and should here be interpreted as the require¬ 
ment of volume (m^/s) per area of the interface (m^) in order to provide room for the 
concentration of material to the interface. 


Exercise 17.6 

Pure C as graphite may precipitate on small spherical inclusions in a solution of C in 
bcc-Fe. Consider the thickening of the layer of graphite. You may approximate the mole 
fractions of C in graphite and of Fe in bcc as 1. 

Hint 

Graphite will grow by a supersaturation of C in bcc diffusing to the growing particle. 
Diffusion in graphite and of Fe in bcc may be neglected. 

Soiution 

Equation (17.52) yields Au = [(• 1 - O) (O - - (O - O) (O - l)]/ 

(1 — O) = — which is positive because the flux of C towards the particle, 

identified as a, is counted as negative. All the volume of the graphite has to come from 
deformation of the bcc matrix. When the graphite layer is still very thin, it is almost as 
a one-dimensional case and growth is easy. When it is much larger than the inclusion, 
then the graphite is situated in a spherical hole in the bcc matrix that must have been 
created by severe deformation of the matrix. A corresponding amount of material must 
have moved far away from the hole either by plastic deformation or elastic compression. 
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17.5 Composition of material crossing an interface 

In order to evaluate the driving force for the migration of an interface through a material, 
it is necessary to know the composition of the material crossing the interface as a result 
of the migration. It can be evaluated from Eq. (17.46) as follows. Insert Eq. (17.49) in 
the first part of Eq. (17.46), 

= [(x“ - xP) - xf{jf - Jf) + - S J,P)]/(x“ - xP) 

= [x;(J,P - x^S Ji-P) - xP(j; - x“E J,«)]/(x“ - x^) 

= (x“jf - xf J/*)/(x“ - xf) (17.53) 

We have here introduced the fiuxes in the number-fixed frame from Eq. (5.111) with 

Qi = 1 , 


JJ ^ Jj-XjT,J^ (17.54) 

By instead inserting Eq. (17.49) in Eq. (17.46) after first summing over all the compo¬ 
nents, we obtain, 

EJ]'' = 

= [(x; - xP)E/“ - {J- - Jf) + xP(E j;.“ - E J,P)]/(x; - xP) 

= [[jf --{Jf - 

= (jf - J“*)/(x“-xP). (17.55) 

The mole fraction of component j in the transferred material is thus obtained as 

x; = = (x“j/* - xpf*) /(j/* - Jf*). (17.56) 

Alternatively, we should express the result in terms of the fluxes in the lattice-fixed frame, 
Jj. For each phase in a binary system we should then insert a relation obtained from 
Eq. (17.54), 


J* = Jj - x^-E J,. = xb Ja - xkJb- (17.57) 

It is interesting to note that it was here possible to simplify the expressions by introducing 
the fiuxes in the number-fixed frame, not those in the volume-fixed frame (unless all 
Vi — Em) although Eq. (17.46) was formulated to account for changes in volume. The 
reason is that we have considered the flow of material across an interface with only one 
composition for each phase being involved. 
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Exercise 17.7 

Examine the composition of the material crossing the liquid(a)/solid((3) interface in the 
following two cases of melting. (1) The dissolution of a solid stoichiometric phase into 
an undersaturated liquid. (2) The formation of a liquid from a solid, supersaturated with 
respect to the liquid phase, i.e. superheated. 

Solution 

In case (1) there is no diffusion in the solid phase. Equation (17.56) yields xj — 
_^solyliq*/(_ jliq*) ^ ^sol^ 

In case (2) there is no diffusion in the liquid phase, xj — Jy°’* = 

Comment'. These results are self-evident. Equation (17.56) is mainly useful for inter¬ 
mediate cases with diffusion in both phases. 


17.6 Mechanisms of interface migration 

We shall now examine the role of various mechanisms of migration of a phase interface 
in an a — >• (3 transformation under isothermal conditions. Fluxes in the direction oc to 
(3 will be regarded as positive. The deviation from equilibrium at the interface, which 
provides the driving force for the interface migration, i.e., A/x, over the interface, will 
be defined as /xf^“ — and a will be the A rich phase. The basic idea is that the 
flux of i atoms leaving one phase must enter the other one and is related to the fluxes 
in the two phases. In that respect it is independent of the mechanism of transfer across 
the interface. On the other hand, the fluxes across the interface must keep pace with the 
fluxes in the phases, which can only be accomplished by an effect on A/x,. That will also 
have an effect on the fluxes in the two phases. There is thus strong coupling between the 
fluxes. In order to understand this complex situation we have to consider the role of the 
mechanisms of material transfer across the interface. In doing so, we shall first assume 
that there are no cross terms in the phenomenological equations. 

In principle, there are two limiting cases, individual diffusion of atoms and a coop¬ 
erative mechanism, which may be regarded as diffusionless. In reality there may be 
intermediate cases but we shall instead discuss a combination of the two if occurring 
simultaneously. It should be noted that the net effect of the two mechanisms of transfer 
must give the correct composition of the transferred material according to Eq. (17.56). 

Let us start by considering individual diffusion of atoms across the interface. We can 
apply Eq. (17.10) but not use the approximation of almost same composition, which 
would be a natural approximation for diffusion inside a phase. For a phase interface 
it would apply only to diffusionless transformations. Furthermore, we shall apply the 
discontinuity in the chemical potentials, A/x,. Including the thickness of the interface in 
its mobility, we write Eq. (17.10) as 

Jj = 


( 17 . 58 ) 
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Figure 17.1 Molar Gibbs energy diagram for precipitation of |3 from a assuming that Xg is the 
composition of the material transferred across the interface. The dissipation by diffusion of each 
component, counted per mole of precipitated |3, is obtained by multiplying its driving force with 
the ratio of the fluxes, which must be equal to the mole fractions fj — Jj/'ZJi — xj. The sum 
of the dissipations is equal to the total driving force, D. 


For a binary system this diffusion-controlled process can be illustrated with a molar 
Gibbs energy diagram. Figure 17.1 shows how a of composition precipitates P of 
composition and the driving forces for diffusion of A and B, Da = — A/xa and 
Db = — A/xb, are given on the two sides of the diagram. The net composition of the 
material transferred across the interface, Xg, depends on diffusion inside the phases as 
given by Eq. (17.56). The fluxes per mole of transferred material are thus xj and Xg and 
the dissipation for each flux is obtained by multiplying with its driving force, xf D,. The 
total driving force per mole, evaluated for the actual fractions of A and B, is 


D = XaDa + XbDb- 


(17.59) 


It is evident that individual diffusion across an interface cannot describe a transfer of 
atoms across an interface against their own driving force, a phenomenon that has been 
observed and is called trapping. One way to describe that phenomenon would be to intro¬ 
duce a cooperative mechanism by which atoms of different components are transformed 
as a group. A negative driving force for some component could then be compensated by 
a strong driving force for another component. 

As an introduction to the cooperative mechanism it is instructive again to consider 
the effects of individual diffusion but now expressed through a new set of processes 
obtained after transforming the primary set of processes. One of the new processes 
should be the transfer of atoms in the correct amount to equal the total transfer of 
atoms, J 2 — ^A + regard this process as diffusionless and the diffusion, 

necessary for giving the correct composition to the transferred material, is achieved by 
the other process, interdiffusion by the exchange of A and B atoms across the interface. 
Its driving force could be defined as D* = Dg — Da = — A/xg + A/xa or one could use 
the opposite sign. 
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This particular way of introducing two new processes was discussed by Eqs (5.35) to 
(5.40), which contained an arbitrary parameter an - Those equations were described for 
thermodynamic forces and can be applied to driving forces under isothermal conditions. 
From the definitions of forces and fluxes we now have —13 j 1 — 1 — 3i 2 and (X 21 — 1 — 
a 22 and Eqs (5.38) to (5.40) yield (322 = — ocnandau = 1 + ai 1 — ^21 . We may choose 
to represent — an with a composition Xg. Comparison with Eqs (5.16) and (5.26), which 
define the a and (3 coefficients, gives 


J* = oixyJl + = -xlJl + (1 - Xb)/b (17.60) 

D* = |32iZ)a + |3227Jb = (1 - x*)Z)a + x*Db = ExfA. (17.61) 

For the dissipation by the interdiffusion process we thus get by using the definition of Xg 
in Eq. (17.56) 


J*D* = ( - + xX4) {Ds - 77a) = ( 


^B.^A “b ^a^b) (-Ta + -Tb ) (77b 77a) ■ 

(17.62) 


Per mole of transferred atoms, + Jg = 1, this reduces to 

yi*77t = (x^^ - X*) (77 b - 77a). (17.63) 

The dissipation by the diffusionless process will be 

J^D* = {Jl + J^) (x177a + x*77b). (17.64) 

Per mole of transferred atoms we thus get 


J^Dl = x*77a + x*77b. 


(17.65) 


This is illustrated in Fig. 17.2 where the composition of the diffusionless process, Xg, 
has been chosen arbitrarily. With that choice 77J is the driving force for the diffusionless 
process and it is also its dissipation per mole of transferred material. The dissipation by 
the interdiffusion process is the fraction f\ of its driving force 77* where f\ — Xg — Xg. 
As in Fig. 17.1 the dissipations of the two processes will together balance the total driving 
force, 77, but in a different way. It should again be emphasized that we are free to choose 
any convenient value of Xg because an is an arbitrary parameter. 

We may now examine the cooperative mechanism. It should be recognized that on 
a microscale the transfer of atoms across the interface goes in both directions and the 
net result is given by the difference. The problem is that it should seem natural to 
expect from a cooperative mechanism that each phase should transfer material of its own 
composition to the other phase. However, the consequence for a stationary interface with 
no net transfer of atoms would be a net transfer of A atoms in one direction and B atoms 
in the other. That would not be an acceptable model. It seems necessary to accept that 
the two opposite fluxes carry material of the same composition. It will be denoted by 
x™, Xg® and it will soon be discussed by what physical factors it may be determined. The 
driving force for the cooperative mechanism should be given by the same expression as 


394 


Kinetics of transport processes 



- D!; = -a^b + a/^a 


Figure 17.2 The same reaction as in Fig. 17.1 but described with a different set of processes, 
based on the number-fixed frame. f\ — — x^. 

for the diffusionless process introduced by transforming the set of individual diffusion 
processes, Eq. (17.61). The flux would thus be 



(17.66) 


The cooperative mechanism cannot be the only one unless the two phases have the same 
composition. In general, it will thus be necessary also to consider interdiffusion. However, 
it is difficult to imagine a true interdiffusion mechanism by direct exchange of A and 
B atoms, especially over an interface. It seems more natural to consider interdiffusion 
occurring by individual diffusion of atoms and those fluxes would hardly be of the 
same magnitude. It seems that one should combine the cooperative mechanism with 
individual diffusion mechanisms for A and B. For a binary system that would make three 
independent mechanisms. That situation is illustrated in Fig. 17.3 and it is demonstrated 
how the three dissipations add up and balance the total driving force. 

In contrast to the diffusionless mechanism in Fig. 17.2, the dissipation by the coop¬ 
erative mechanism will now be less than its driving force because only a fraction of the 
atoms are transferred by that mechanism, 


fCO ^ 


(17.67) 


The overall process now has a mixed character and represents the importance of 
the cooperative mechanism. It is evident that f'^° = I can only be achieved when Xg° 
coincides with Xg. 

One may replace the new set of two individual diffusion processes by interdiffusion 
and diffusionless transformation as demonstrated in Fig. 17.2. The two mechanisms 
would coincide in the diagram by choosing Xg for the new diffusionless mechanism, 
which is an arbitrary parameter, as Xg”. It would then look much like Fig. 17.2 and, 
formally, one could represent the interface migration as if there were only two processes 
but the flux equation for the combined diffusionless and cooperative process would be 
more complicated than Eq. (17.66). 
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Figure 17.3 Precipitation of (3 from oc by three processes, individual diffusion of A and B and a 
cooperative mechanism. The dissipations per mole of transferred atoms are obtained from each 
driving force multiplied by the fraction of its flux, fj — Jj/(J'^° + ’SJi). 

An alternative way of reducing the net effect of the three processes to an effect of 
two may be preferable. One would then divide the cooperative flux on the individual 
components obtaining JJ° = For the total flux of component j one would then 

obtain 



(17.68) 


Then one could determine the composition of the cooperative mechanism by inserting 
Eq. (17.68) into Eq. (17.56), whose right-hand side is given by the fluxes inside the a 
and (3 phases. 

We can now see from Eq. (17.68) that by adding the cooperative mechanism to the 
individual diffusion of the components we have actually entered cross terms into the 
individual phenomenological equations. It may thus seem that one could have obtained 
the same effect by taking cross terms into account directly without modelling any mech¬ 
anism. However, there is a major difference. Through the presence of xj' and 
Eq. (17.68), which are related to the fluxes inside the phases through Eq. (17.56), it 
is possible to make the cross coefficients change automatically as the growth conditions 
vary during a process. Furthermore, through Eq. ( 17.68) the cross coefficients of various 
components are related and the summation in Eq. (17.68) also contains a term for the 
component under consideration, i.e. for i — j, and it will also change with the growth con¬ 
ditions. Finally, it will also be easy to introduce a non-linear kinetic law for the cooperative 
part of the phase transformation by making the mobility depend on the velocity. 


Exercise 17.8 

Prove that the introduction of the processes defined by Eqs (17.60) to (17.63) actually 
kept the rate of entropy production invariant. 
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Hint 

One can add ( J„ — ^ Jjt j {D„ — D„) which is equal to zero. 

Solution 

^ J*D* = ^ - X, E ^kDk 


n-l 


n n 


f = l 


/=1 


i=\ k 


= E 

/=i 


« n 


Ji Di Ji Dfi Xi Di ^ ^ Jk X/ Dfi ^ ^ Jk 

k=\ k=\ 

n n n 

Ji Di - Dn'Y^ji Xi Di 

1=1 1=1 it=i 1=1 

n n n n n 

+ Dn'Y^ Jk'Y^Xi + jk'^XiDi =j, a. 


k=l 1 = 1 


il=l 1 = 1 it=l 1 = 1 


1 = 1 


17.7 Balance of forces and dissipation 

We shall now examine how the driving forces and dissipations of Gibbs energy are 
balanced in a simple case of diffusional phase transformation. The equation for diffusion 
by the vacancy mechanism will be applied. A limited mobility of the interfaces will also 
be considered. Svoboda et al. [36] has emphasized that this is a case where it may be an 
advantage to apply Onsager’s extremum principle from Section 5.9 because one cannot 
make any a priori assumption about the conditions at the migrating interfaces if there 
is friction in them and those conditions are usually required as boundary conditions for 
solving the diffusion equations inside the phases. We shall follow that procedure. 

We shall consider a binary case where all phases have almost constant compositions 
and a (3 phase is being formed from an initial interface between an A-rich a phase and 
a B-rich y phase. In a and y there will be no diffusion. The system is shaped as a rod 
with a constant cross-section of a and with the oc:y interface perpendicular to the length 
coordinate. Because the (3 phase has an almost constant composition, the fluxes of A or 
B can at each moment be approximated as constant through the whole length of (3. 

First we must And the rate of change of Gibbs energy of the whole system. Gibbs 
energy per area a of the rod is 




(17.69) 


where /‘•’is the length of the respective phase. The velocities of the interfaces are obtained 
from the time derivatives of D and the rate of change of Gibbs energy will be 


_ = E Gl— = G 

/ ^ “ J/cp 


,a/P 




|3/(X 


G^ 


,|3/Y 


G^ 


.,Y/P 


a 


(17.70) 
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Figure 17.4 Molar Gibbs energy diagram for a system with three phases. A will diffuse from the 
fxj (3 interface to the p/y interface and B in the other direction. P will grow into both oc and y. 


By inserting the velocities from Eqs (17.49) and (17.50) we can evaluate two driving 
forces for diffusion through the (3 phase, 9G/9 and 90/97^. 


1 9G 
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a dJl 
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-P 


.P 


(17.71) 


Figure 17.4 illustrates that this result can be expressed as A/xa = where 

the chemical potentials are evaluated for full equilibrium between the phases across the 
interface, as if there were no losses in the interface. The diagram shows that A/xa is 
negative and we have thus a positive driving force for diffusion of A in the direction 
from a to y. On the other hand, A/xb will be positive and the driving force for B would 
thus drive B in the opposite direction. 

The rate of dissipation of Gibbs energy for a process is given by Eq. (5.133) if the 
cross coefficients can be neglected. 


0 , = X.Ji = 


(17.72) 


We shall first apply this to the two individual diffusion processes. As explained below 
Eq. (17.6), for diffusion this is the dissipation per volume of the phase. We can easily 
integrate over the whole length of the (3 phase because the fluxes can be treated as 
constant, as already explained. The volume of the P phase is a ■ and the diffusion 
equation, Eq. (17.10), yields for diffusion of A, 

0A = fl/^^A/^AA = fl^^^A/^M- (17-73) 


We shall soon need the derivative with respect to the diffusion fluxes, e.g., 

1 90a _ 2/P7a 
« 97jj ~ mIx{ ' 


(17.74) 


The present problem would have been trivial if the two diffusion processes were the 
only ones to consider. However, we shall also consider friction of the migrating interface 
caused by a cooperative mechanism. For that process one would perhaps like to apply 
Eq. (17.4) but there is a problem because, according to Section 17.5, there are two 
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different velocities depending on what lattice is used as reference. The difference is 
caused by the two elements having different diffusivities in the (3 phase. The velocity 
relative to the lattice of the (3 phase is affected by the difference resulting in a net 
transportation of vacancies to or from the interface. However, there is no diffusion in 
the a phase and the velocity relative to that lattice is caused only by the atoms crossing 
the interface. We shall thus use from Eq. (17.49). Furthermore, there is a factor 
Fn, on the right-hand side of Eq. (17.4) which may also be different for the two phases. 
However, it was eliminated in Eq. (17.5) although the choice of Km in Eq. (17.4) has 
affected the value of the mobility M. The rate of dissipation of Gibbs energy due to the 
friction in the interface is thus obtained as 


= d-a/p = (-AGm /C) = 




(u“/P)2 = a 


,{V^ 



(17.75) 


Comparison with Eq. (17.73) shows that the thickness of the interface has been included 
in the mobility. Using Eq. (17.49) we can evaluate the derivatives with respect to the 
fluxes. 


a gjP K“ x“ - ■ 


(17.76) 


We get similar equations for the (3 /y interface. The complete dissipation function will 
be 


‘b — d’A + 08 + d’a/p + d’P/y 


(17.77) 


We can evaluate d^P/djf and dO/dJg and Onsager’s extremum principle, Eq. (5.141), 
yields two kinetic equations, 


9G _ 1 30 
djf ~ 2 djf ’ 


(17.78) 


where i is either A or B. In principle we can thus solve for and Jg . We can insert 
the right-hand side of Eq. (17.71), which is equal to A/ta according to Fig. 17.4, and of 
Eq. (17.74). By first omitting the effects of the friction in the interfaces we And 


- A/t-a = 


/PJa . 


- A/tb = 


/P/b 

mIxI 


(17.79) 
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These are well-known equations obtainable by classical methods. However, the result 
will be more complicated by including the effects from the interfaces given by Eq. ( 17.76) . 
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In the present case where (3 grows into both a and y, is negative and is 
positive. Equation (17.82) demonstrates that for weak effects of friction they may both 
be regarded as negative corrections to the driving force, — A/t-a, caused by deviations 
from local equilibrium at the interfaces. For stronger effects it may be more natural to 
regard them as dissipations of Gibbs energy as in Eq. (17.81). There may be a numerical 
problem because the contributions from the interfaces contain the velocities and they are 
functions of the fluxes. However, with computerized methods there should be no great 
problem. 

With this example we have demonstrated that even in a case with several processes 
that dissipate Gibbs energy it may be possible to formulate the kinetic equations directly. 


18 Methods of modelling 


18.1 General principles 

By ‘modelling’ we shall understand the selection of some assumptions from which it is 
possible to calculate the properties of a system. Sometimes it is possible to obtain a close 
mathematical expression giving a property as a function of interesting variables. In this 
chapter and the following ones we shall mainly concern ourselves with such models. 
However, in many cases the model cannot be expressed in a closed mathematical form 
but results can also be obtained by numerical calculations using some iterative method. 
When the iteration in some way resembles the behaviour of a real physical system one 
talks about ‘simulation’. Such methods are becoming increasingly more powerful thanks 
to access to more and more powerful computers. 

The purpose of modelling is two-fold. From a scientific point of view one likes to 
learn how nature functions. One way of gaining knowledge is to define some hypothesis 
resulting in a model and test it by comparing the predictions from the model with 
experimental information. Then, it does not matter much if the predictions are made 
by an analytical calculation or by some numerical method. From a more technological 
point of view one likes to predict the properties of a particular system in order to put it to 
efficient use in some practical construction or operation. Then it is often most convenient 
to have a model which yields an analytical expression. 

In the simplest case, modelling is just the selection of a mathematical form which has 
proved useful, whether it is based on some physical model or not. However, experience 
shows that a model is usually more powerful if it is based upon physically sound princi¬ 
ples. With such a model one can hope to make predictions outside the tested range with 
some confidence. 

The first question to discuss is what thermodynamic function to model. That question 
will be addressed in the next section. 

Exercise 18.1 

Figure 18.1 shows aP, V diagram for a pure substance at a high temperature where only 
gas and liquid exist. Above the critical point c there is no sharp difference between the 
two phases. It is thus tempting to try to apply a single mathematical model for both phases 
but it would then give values also for one-phase states inside the two-phase field, i.e., 
below the thick line. Such states would be metastable or unstable. The thermodynamic 
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properties of unstable states may be questioned but it seems reasonable at least to obey 
basic thermodynamic principles when constructing the model. 

The thin line represents an isotherm. Show that the model must be constructed in such 
a way that the two areas Ai and A 2 are equal. Actually, this is a way of identifying the 
equilibrium points, Li and gasi, on the curve from a model that extends over the whole 
range (sometimes called Maxwell’s construction). 

Hint 

Evaluate the change in Gibbs energy along the dashed line. It is an isothermal change and 
thus dG = VdP — SdT = VdP. Then remember that the Gibbs energy of Li and gasi 
must be equal because they represent two states of the same substance in equilibrium 
with each other at given values of P and T. 

Solution 

G(gasi) - G(Li) = / PdP = Ai - A 2 . But G(gasi) = G(Li). Thus, Ai = A 2 . This 
result demonstrates that satisfactory modelling is more than just choosing a mathematical 
expression. 


18.2 Choice of characteristic state function 

From a practical point of view we are most interested in models giving the Gibbs energy 
which has temperature and pressure as its natural variables. They are usually the most 
convenient experimental variables. On the other hand, the physical model itself may 
make a different choice more natural. An example is the effect of thermal vibrations of 
the atoms. The frequencies depend upon the forces between atoms which in turn, depend 
upon the atomic distances. In that case it is most straightforward to consider the effect 
under a constant volume in spite of the fact that the vibrations themselves tend to expand 
the system. It is thus natural to consider the Helmholtz energy. The formation of thermal 
vacancies is a very different case. There the physical picture is that an atom is removed 
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from the interior of a crystal and placed on the surface. The volume is thus increased by 
one lattice site. If the atomic distances are to be kept constant, it is now necessary to let 
the volume increase. It will thus be more straightforward to consider this process under 
a constant pressure and to work with the Gibbs energy. It may be emphasized that one 
should choose to model the internal energy only for a case where it is natural to consider 
entropy and volume as constant and that may be very rare. On the other hand, there may 
be cases where the internal energy and the volume are kept constant and one could then 
model the entropy. 

A different question is how to model the simultaneous effects of two different phe¬ 
nomena. It is true that the law of additivity applies to all the extensive state functions as 
far as contributions from different parts of the system are concerned. However, it must be 
remembered that the internal energy, volume or entropy of the whole system is then the 
sum of the values for the parts, whereas the variables T and P are often the same in all the 
parts and in the whole system. If there are curved interfaces between different parts then 
the parts may be under different pressures and it must be remembered that the variable 
P in the Gibbs energy for the whole system refers to the externally applied pressure. It 
may then be more straightforward to consider the Helmholtz energy but, even so, one 
must take into account the effect of the actual pressure inside each part because it affects 
the molar volume. 

The situation is quite different if each one of two phenomena applies to the whole 
system. Each phenomenon may contribute to the total pressure which may be regarded 
as the sum of two partial pressures but only if the two phenomena do not interact with 
each other. On the other hand, the two phenomena in this case refer to the same volume. 

In the present chapter the discussion of modelling will simply be limited to the use of 
Gibbs energy. 

Exercise 18.2 

What would be the most natural quantity to use in a model of evaporation of a solid? 

Hint 

Consider which state variables should be kept constant in order to leave the bulk of the 
solid unaffected by the process of evaporation. 

Solution 

It is not convenient to require that the volume should stay constant because then one 
must compress the solid to make room for the vapour. The bulk will be unaffected if the 
pressure is kept constant. One should thus model the Gibbs energy. 


18.3 Reference states 

As an introduction to our discussion of the modelling of the Gibbs energy it is instructive 
to examine some real cases. The Gibbs energy is always given relative to some reference. 
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Figure 18.2 The Gibbs energy of various forms of iron, given relative to the fee form at the same 
temperature and a pressure of 1 bar. 

As an example, if one inquires about the Gibbs energy for the various forms of pure solid 
iron one may find information on all the other forms relative to the fee form. Figure 18.2 
shows how these Gibbs energy differences vary with temperature at 1 bar. It is a striking 
feature that such curves are often rather straight but in some regions the curvature is 
strong. 

Since the negative slope of these curves is identical to the entropy difference between 
the two phases, we may conclude that the entropy difference is often rather constant. 
In regions of strong curvature there is a strong variation of the entropy difference and 
this should in turn be due to some special physical effect. The strong curvature in 
°Gp“ — °Gp“ above 1000 K is due to the magnetic transition in bcc-Fe with a Curie 
temperature at 1043 K. It is evident that in order to model this curve one must include 
a description of the magnetic contribution to the Gibbs energy. Furthermore, all the 
curves start out parallel to the T axis at absolute zero in accordance with the third law 
which states that all ordered forms of a substance should approach the same entropy 
at absolute zero. On heating from absolute zero, a difference in entropy between the 
various forms develops at fairly low temperatures resulting in strong curvatures. This is 
due to differences in the vibration frequencies, a factor which evidently must be taken 
into account in modelling these curves at low temperatures. These two physical factors 
(magnetic and vibrational) will be discussed in some detail in Chapter 19. Except for 
such specific physical phenomena the Gibbs energy difference is often described with 
fairly simple mathematical expressions. The use of a power series in T will be described 
in the next section. 

Before discussing the use of a power series it is useful to examine a different way of 
choosing the reference for the Gibbs energy. When representing the Gibbs energy for 
a substance as a function of T, one can use as reference the same substance at some 
constant T and P. As an example, Fig. 18.3 shows the Gibbs energy of graphite as a 
function of F at 1 bar, and three different curves are presented because three different 
references have been used. 

It is evident that changing the choice of reference does not always displace the curve 
vertically; the slope may also be affected. This is due to the fact that Gibbs energy may 
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AGc=G-H(0)+rS(0) 



Figure 18.3 The Gibbs energy of graphite, given relative to various references. The pressure is 
Ibar. 


be regarded as composed of an enthalpy part and an entropy part and neither of these 
quantities has a natural zero point. In reality, one must define references for both. This 
can be done by choosing graphite of some temperature, e.g. 0 or 298.15 K. The quantities 


plotted with these choices are 

A°Gc = °Gc{T)-°Hc{0)+T°Sc(,0) (18.1) 

A°Gc = °Gc(T) - °//c(298)+ 7’°5c(298), (18.2) 

where 298.15 K has been abbreviated as 298. The slope of the curves is obtained as 

dA°Gc/dr = -°SciT) + °5c(0) (18.3) 

dA^Gc/dT = -°SciT) + °5c(298). (18.4) 

These are both satisfactory results. 


It is also possible to define the references for H and S using different states. A rather 
popular choice is the following 

A°Gc = °Gc(T) - °//c(298) + 7’°Sc(0). (18.5) 

It is usually combined with the convention to set ‘’>Sc(0) to zero. The last term is thus 
omitted. Furthermore, °//c(298) is often chosen as the value for the element in its most 
stable form at 298 K and 1 bar, a quantity which is sometimes denoted by 
element reference. This is why the third curve in Fig. 18.3 is identified as °Gc — 

When no reference entropy is given, it means that one has in fact chosen °5', (0) and set 
this quantity to zero. In any case, it is not necessary to decide on the choice of reference 
until one wants to put in numerical values. In the present text we shall use the notation 
and it mainly serves the purpose of reminding us that for each element one should 
normally decide on a particular choice and then stick to it. However, it is only after one 
has started to put in numbers that one must not change the reference. 
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Before leaving the discussion of reference states we should mention one more alter¬ 
native. One sometimes uses G(298) as reference for G{T). However, G(298) is just a 
number and could be interpreted as a reference for enthalpy chosen in such a way that 
A°Gc = 0 at 298 K when °5c(0) = 0 is the reference for entropy. This alternative may 
lead to misunderstandings. 

For compounds we shall use the weighted average of for the components, 

(18.6) 

and thus plot a quantity AGm which is defined as Gm — . The v, parameters are the 

stoichiometric coefficients for the substance, i.e. the number of moles of each component 
i in one mole of the substance. 

Exercise 18.3 

Show how one can calculate the change of Gibbs energy on heating a substance from 
273 to 373 K under a constant pressure of 1 bar. Assume Cp has a constant value. 

Hint 

Start by evaluating the changes in H and S separately. 

Soiution 

H"-H' = /CpdT = lOOCp; S" - S'= /(Cp/r)d7’= Cp ln(373.15/273.15) = 
0.312Cp; G"-G' = //"-373.155'"-//'-1-273.155' = //"-//' - 373.15(5" - S') - 
1005' = lOOCp - 373.15 ■ 0.312Cp - 1005' = -16.4Cp - 1005'. 

We thus find that it is necessary to have a numerical value of 5 at some temperature. 
It is not sufficient to be able to calculate the changes in H and 5. The change in G also 
depends upon the choice of reference for 5. 


18.4 Representation of Gibbs energy of formation 

The molar Gibbs energy of formation of a stoichiometric compound 9 from the pure 
elements at any temperature and pressure is obtained by combining expressions for the 
compound and the component elements, respectively, if they are available, 

A°G^ = ‘>G^-Ev,°G“. (18.7) 

This quantity is usually regarded as the standard Gibbs energy of formation of 0 and was 
illustrated in Fig. 7.3. The pressure is chosen as 1 bar but any one temperature can be 
chosen. Often one evaluates this quantity at the actual temperature of interest. °G^ for 
the compound can be given for any type of formula unit, v, denotes the stoichiometric 
coefficients of the compound according to the formula unit chosen and °Gf usually 
represents Gm for pure element i in the stable state at 1 bar and the temperature chosen. 
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The quantity which refers to a particular temperature and pressure does not enter 
into the equation and one could thus describe experimental information on A° without 
involving . However, in order to evaluate °G^ from a tabulated value of A°G^ we 
must introduce through the following modification of Eq. (18.7) by the use of 
Eq.(18.6), 

°G^ - = A^G^ + Eu, (°G“ - . (18.8) 

The temperature dependence of ° G“ — may be known for all the components 
through mathematical expressions, e.g. power series in T, and stored in that way in a 
data bank. For the 0 compound one may thus store A°G^ and the set of Vi values, 
or one may store an expression for the temperature dependence of the whole right- 
hand side of the equation, i.e. of “G^ — . A drawback with the first method is 

that one must also store information on the particular state a for each element that 
A°G^ refers to. Furthermore, A°G^ will contain all the peculiarities of the states of the 
component elements and may thus require a complicated mathematical representation. 
The second method may thus be more convenient. It may be argued that for many 
compounds the properties are only known in a narrow range of temperatures and could 
thus be adequately represented by A°G^ using a few parameters. On the other hand, 
the representation of “G^ — provides a better means of extrapolation because it 
only involves the temperature dependence of the compound itself. It thus seems that 
this second method should be recommended for general use although the first method 
may occasionally be used, especially if the experimental information is meagre. One 
may then use the Neumann-Kopp rule stating that the heat capacity of a substance can 
be estimated as an average of the values of the components. This leads to the simple 
expression 

A?G^ = ^ + .S7’. (18.9) 

In the field of oxides it is common to talk about the Gibbs energy of formation of a 
complex oxide from its component oxides and apply the same type of expression 

^o^complexoxide _ o^complexoxide _ ^^ o^componentoxide 

What has here been said about compounds also applies to various states of a pure element. 
Using a different notation for this case we can write the equation as, 

°Gf - + °Gf - . (18.11) 

The quantity A)! Gf is the Gibbs energy of formation of (3 from a and is often called 
lattice stability because it represents the stability of the element in a kind of lattice 
compared to a reference. In view of the discussion above it is recommended that °Gf — 
be stored rather than A°Gf^“ = °Gf (T) Gf{T). 

Solution phases differ from stoichiometric phases by having variable composition 
instead of the constant stoichiometric coefficients v,. As a consequence, it is not practical 
to store the properties of solution phases as Gm — . It is more convenient first to 

compare with the reference states chosen for the components at the same T and P. 
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Usually one chooses the pure components in the same structure as the solution, the 
so-called end-members, and the quantity thus defined for the solution is the Gibbs energy 
of mixing 

= G“(x,) - (18.12) 

G“(x,) - = “G“(x,) + Ex,- (°G“ - . (18.13) 


Exercise 18.4 

From a database using //Ser reference, we get the following Gibbs energy values in 
J/mole of atoms at 1000 K: Forbcc-Cr-36 694, for C as graphite - 12 659, for CryCa - 
47 633. Calculate the standard Gibbs energy of formation of CryCs at 1000 K. 

Hint 

We must trust that a database is self-consistent and always uses the same references, 
whether H or another kind. We can thus forget what references this particular database 
uses. 

Solution 

AOGCr7C3 ^ 0(5Cr7C, _ 0.7//®fR _ 0.3//SER _ 0.7°G!5,“ 4 - 0.7//®ER _ q jojjgraphite 

- 0.7°G|^“ - 0.3‘’G^'^'’“" = -18150 J/mol. 


18.5 Use of power series in T 

Before discussing more sophisticated models for various types of substances, it may be 
useful to consider the use of a power series in T and P. Let us start with terms in T. Using 
an ordinary power series we get 

G^-^a + bT+ dT^+ ■■■ (18.14) 

Cp^-Td^G^/dT^ ^-2dT+ ■■■. (18.15) 

Comparison with experimental data shows that this expression for Cp is not very sat¬ 
isfactory and the addition of higher-power terms like to Gm does not improve the 
situation much. There are strong experimental indications that one should first of all add a 
constant term in Cp in order to describe information from well above room temperature. 


That can be done by adding a term in T In T to Gm: 

G^- ^a + bT+ cT\nT + dT^ (18.16) 

Sr^^b-c-clnT -2dT (18.17) 

H^- ^a-cT -dT^ (18.18) 

Cp ^ -c-2dT. (18.19) 
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It could be suggested that we should have written the new term as cT ln(r/ Tq) in order 
to make the argument dimensionless. However, it is generally agreed to express T and 
To in kelvin and to include — cTln Tq in the bT term. 

We may conclude that in the expression for a quantity, representing a contribution 
to the Gibbs energy, one should normally use cT\nT as the first term after a and bT. 
This may simply be regarded as a mathematical model for Gibbs energy which has 
proved itself useful. It may also be possible to justify the T\nT term by a physical model 
predicting that the leading term in the heat capacity should be a constant under some 
conditions. 

When higher-power terms are needed it may seem natural to continue with a term, 
possibly followed by even higher powers. However, the coefficients are usually fitted to 
information from room temperature and up and sometimes one likes to extrapolate to 
temperatures above the experimental range. Terms in and may then give difficulties 
because they increase rapidly with temperature. For this reason, it is often preferred to use 
T~'^ instead of T'^. Of course, T~^ will give the same kind of difficulty in extrapolations 
below room temperature. However, the power series is already quite inadequate at low 
temperatures because of the T\nT term. It is thus necessary to use at least two different 
mathematical descriptions, one for low temperatures and one for high. The description 
for low temperatures will be discussed in Chapter 19. For practical reasons, it would 
often be advantageous to choose 298 K as the break point. It must be noticed that special 
care must be taken to make H^, and Cp continuous at the break point. 


18.6 Representation of pressure dependence 


Let us now define a mathematical model for the pressure dependence by adding terms 
in P to the power series representation of the Gibbs energy of a substance 

G„ - ^a + bT + cT\vlT + dT^ + ... + eP + fTP + gP^ + .... 

(18.20) 

It yields the following expressions for other quantities, if the power series is truncated. 


Cp = -c- 2dT 


V^ = e + fT + 2gP 
Sra^-b-c-c\nT -2dT - fP 
Hra - ^a-cT-dT^ + eP + gP^ 

Tv - = a + bT + cT\nT + dT^ - gP^ 

Um - ^ a - cT - dT^ - fTP - gP^ 




f 


Kt = -2g/ Vm = 


e + fT + 2gP 
-2g 


e + fT + 2gP 


(18.21) 

(18.22) 

(18.23) 

(18.24) 

(18.25) 

(18.26) 

(18.27) 

(18.28) 


If we only use Gm terms up to P^, we can invert V^iP) to P{Vm) and thus replace 
the variable P and express the Helmholtz energy, F^n, as a function of its natural 
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variables: 

^ a + bT + cT InT + dT^ - {e + fT - (18.29) 

On the other hand, we cannot replace Tby an expression in terms of 5^ if we use terms 
higher than bT. In general, it is thus impossible to get a closed mathematical expression 
for Hyn or Uyn as functions of their natural variables, which are (^m, P) and (5^, Fn,), 
respectively. 

From Fm we get 

Cv = -T{d^F/dT^)v = -c - 2dT + fP/lg. (18.30) 

The term gP^ in Gm causes severe difficulties at high P. From the expression for it 
is evident that g must be negative and Fm will go through zero at some high P, a result 
which is non-physical. Like the power series in T, a power series in P can thus be used 
only in a limited range. 

As an example of the many alternative models suggested for the representation of 
the P dependence up to very high P, the following expression may be mentioned for a 
special reason 

Gm - ^ a + bT + cT\nT + dT^ + A[il + nPRy-^^" - 1] 

xexp(Q;or + 0.5o!ir2)/A:(« - 1). (18.31) 

It yields the following expression for the molar volume, which is a form of an equation 
named after Murnaghan [37]. 

VyniT, P)^ Ail + nPK)-^^" expiaoT + 0.5ai T^). (18.32) 

It is evident that the parameter A is formally equal to the molar volume at zero T and P. 
Furthermore, it can be shown that K is equal to the isothermal compressibility at zero 
pressure and aQ + a\T can be used to represent the thermal expansivity. This model cor¬ 
rectly predicts that the volume should decrease monotonously with increasing pressure 
but the volume is predicted to approach zero at infinitely high P, which is not realistic. 
To compensate for this one may add a constant Fq to the expression for Fm(7’, P), which 
means that one should add a term VqP to the Gm expression: 

G„ - = a + bT + cTlnT + dT^ + VqP + [(1 + - 1] 

X exp(ao7’ + 0.5ai T^)/Kin - 1). (18.33) 

The interesting property of Murnaghan’s expression for Vy^iT, P) is that it can be ana¬ 
lytically solved for PiT, Fm), 

PiT, Vyy,)^{A"iVyy,-Vor"exp[niaoT + 0.5aiT^)-]-l}/nK. (18.34) 


This is thus a rare case where Fyy^iT, F^) can be derived analytically from Gn,(T, P), 

Fyy^iT, Vyy,) = G„ - F F^ = + u + bT + cT Ivi T + dT^ 

, A^iVyy,- Voy-" 


■ exp[n(ao7’ + O.SaiT )] 

Vyn-Vo 


Knin - 1) 

A , 

•exp(aoF -b O.Sai T^)-t- 


Kin - 1) 


Kn 


(18.35) 
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Many models for the effect of P are formulated as an equation for P as a function of 
Vm- Integration yields an expression for the Helmholtz energy. If the equation can give 
the same P value for two different values of V^, then it is, in principle, impossible to 
invert the equation to get Vm{T, P) and to get the Gibbs energy by integration. There 
are substances which can thus be modelled by the use of the Helmholtz energy but not 
by using the Gibbs energy which will always give a unique for each P. The critical 
phenomenon at the gas-liquid transition is a case which cannot be modelled by the use 
of a Gibbs energy expression. 

Exercise 18.5 

Show that K in Murnaghan’s equation is equal to the isothermal compressibility at 
zero P. 

Hint 

Equation (2.37) gives kt — —{dV ldP)Tl V which is equal to —{dVm/dP)T/ or 
-(d\nVJdP)T. 

Solution 

lnVm^\nA- (1 /«) ln{l + nPK) + aoT + O.Sai T^; kj = (l/«) • 1/(1 + nPK) ■ 
nK — K/{\ + nPK); kj K when P 0. However, this is no longer true if we 
add a constant Vo to Vm- 


18.7 Application of physical models 

When a particular physical effect can be identified, it could be better described with 
some special mathematical expression than with a power series. The power series could 
still be retained for the purpose of describing other effects occurring simultaneously. We 
may thus divide the molar Gibbs energy into two parts, one due to the special physical 
effect, Gm, and one describing a hypothetical state without that effect, 

(18.36) 

+ G;^,. (18.37) 

We may apply some special expression for Gm and a power series for G|jj — P[^^ and 
adjust the values of a, b, c, etc., to give a satisfactory representation of the experimental 
information on Gm — 

In the following chapters we shall examine a large number of different substances or 
phases and discuss mathematical models based upon some information on their physical 
or structural properties. The superscript ‘p’ in Gm will sometimes be replaced by letters 
referring to the particular effect under consideration. 
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18.8 Ideal gas 

In order to demonstrate the principles of modelling, we shall now consider gases. The 
simplest model of a gaseous element A is defined by the following expression, 

G^^°GAiT,Po) + RTln(P/Po). (18.38) 

This expression is defined for one mole of gas molecules. “GaCT, Pq) is the value of at 
any temperature but at a reference pressure usually chosen as Pq = 1 bar = 100 000 Pa. 
‘’Ga(T, 1 bar) is usually expressed as a power series K{T), including the term —RTlnPo 
which is equal to — fJT In 10^ if one uses the SI unit, pascal (Pa). 

Gm-^ K(T)+RT In P. (18.39) 

It should be remembered that one must express P in the term RT In P in the same unit 
that was used in evaluating K{T). 

Using the standard procedures we find that this mathematical model yields 

Vrn = RT/P (18.40) 

RlnP (18.41) 

= KiT)+ RT In P - PV^ = K(T) - RT + RT In P (18.42) 
Ura - = K{T) - RT + RT In P + TS^ = K(T) - RT 

+ RT\nP- TK\T)- TR\nP ^ K{T) - RT - TK\T), (18.43) 

where K' — AK/AT. This is a very useful model because it has been found that many 
gases have an internal energy which is a function of T but varies very little with P or V 
under constant T, and they also satisfy the expression for Vm very well. In fact it seems 
that all gases approach this model at low enough pressures. 

This model is regarded as the model for an ideal gas and PVm — RT is called 
the ideal gas law. It is usually written for N moles of gas molecules (not N moles of 
atoms), 


PV^NRT, (18.44) 

We can easily express the Helmholtz energy as a function of its natural variables 

Fm - = K{T) - RT + RT\n{RT/ Vm). (18.45) 

It is sometimes convenient to express R(T) as a power series in T and from Section 18.5 
we remember that it should include a T In T term. We may thus write the model for an 
ideal gas as 

G,„ - ^a + bT + cT\nT + dT^ + eT^ + ■■■ + RTXnP. (18.46) 
and by standard procedures we obtain 


Sm — —b — c — clnT — 2dT — ■ ■ ■ — R\n P 
Vm^RT/P 


(18.47) 

(18.48) 


412 


Methods of modelling 


^ a + {b - R)T + cT InT + dT^ + eT^ + ■ ■ ■ + RT \n P (18.49) 


= a - cT - dT^ - 2eT^ - (18.50) 

Cp ^ -c-2dT -6eT^ - (18.51) 

^a-ic+R)T - dT^ - 2eT^ - (18.52) 

Cy ^ -c- R-2dT -6eT^ - ^ Cp - R. (18.53) 


Sometimes one defines an ideal classical gas by further requiring that Cy should be 
independent of T, which means that d, e and all higher coefficients must be zero. 

For monatomic gases the ‘ideal classical value’ of Cy is 1.5i? and for diatomic gases 
it is 2.5i?. Values found experimentally for diatomic gases confirm that they can often 
be approximated as ideal but not as ideal classical. 

Exercise 18.6 

A thermally insulated container has two compartments of volumes V\ and F 2 . A gas is 
contained in V\ but V 2 is empty. Suddenly, the wall between the two compartments is 
removed. Calculate the change in T of the gas when it has come to rest in the whole 
volume. Assume that the gas is ideal. 

Hint 

There is no exchange of heat or work with the surroundings. 

Solution 

The internal energy has not changed because there was no interaction with the surround¬ 
ings. Since the internal energy is only a function of T and not of P, we realize that Thas 
not changed. 


18.9 Real gases 

The properties of a real gas can sometimes be approximated by a model obtained by 
adding a power series in P to the ideal gas model in Eq. (18.39), 

= K{T) + RTlnP + LP + MP^ + NP^ + ■■■ (18.54) 

where L, M, Vetc., may depend on T. By standard procedures we obtain 

RT/P + L + 2MP + 1>NP^ ■■■ (18.55) 

F’m - - P= K{T) + RTXvlP - RT - MP^ 

-2NP^ -. 


(18.56) 


18.9 Real gases 


413 


It is evident that the expression cannot be inverted to P(Vjn) and it is thus 
impossible to derive an analytical expression for F^{T, Fm). However, by using only 
the LP term from the power series one obtains an expression for F^ which can be 
inverted 


P^RT/iV^-L). (18.57) 

We could then express F^a in its natural variables, 

R Y 

F^-^ K{T)-RT + RT\n -. (18.58) 

Fm R 

A gas obeying this model is sometimes called a slightly imperfect gas. 

It is sometimes convenient to treat real gases by introducing a new quantity/ called 
fugacity, through the expression 

Gra-^ kR(T) +RT\nf, (18.59) 

where KR(T) has been chosen in such a way that / approaches P for low P. Using this 
concept one can temporarily treat any gas as if it were ideal and postpone the introduction 
of its real properties until later. Sometimes one introduces the fugacity coefficient,//F, 
and it is evident that it approaches the value 1 at low P. However, if this approach is 
applied to a gas with molecules, e.g. O 2 , it should be realized that there may be some 
dissociation into atoms O 2 —>• 20 which would increase the pressure. This effect would 
be more pronounced at low pressures. The concept of fugacity should thus be applied 
to each gas species separately but it must then be combined with a calculation of the 
equilibrium contents of the species. 

So far we have based the modelling of gases on the Gibbs energy, using T and 
P as the variables. However, it is sometimes more convenient to use T and Vm as 
the variables and thus to define the model using the Helmholtz energy. One may for 
instance define a model with the following expression where K{T) is not the same as 
before, 

F^ - = K{T) + RT[ - In F„ + B 2 I + ■■■], (18.60) 

which gives 

P = RT[l/ F„, + B 2 / + B2/VI + -- ■]. (18.61) 

where B 2 , B^, etc., are called virial coefficients. There is no exact relation between these 
coefficients and those introduced through the Gm expression, but in order to compare 
them we can write the expressions in the following forms 

PVm^ RT + LP+ 2MP^+ 3NP^+ ■■■. (18.62) 

PVm^ RT + RTB2/Vm + RTB3/Vl + ---. (18.63) 

For small values of the coefficients, we may first approximate l/Fm by P/RT. By 
introducing this in the second term in Eq. (18.63) and dropping the last term we get 


RT + RTB 2 P/RT ^ RT + B 2 P. 


( 18 . 64 ) 
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We can use 

l/Fm = \/(RT/P + B 2 ) = (PIRT)/(\ + B 2 P/RT) = P/RT - B2iP/RTf. 

(18.65) 

as a better approximation. By introducing this we get 

PV^^ RT + B 2 P + (Bi - Bl)P^/RT, (18.66) 

when omitting higher-order terms. Comparing with Eq. (18.62) we may thus approximate 
L as B 2 and Mas (^3 — B\)I1RT. 

Another model based on Fm{T, Fm) is the following 

^ -ajV^- RT\n{V^-, - b). (18.67) 

It gives 

P = -a/Vl + RT/{V,-^-b), (18.68) 

which can be rearranged into 

(B + fl/F2)(F^-6) = 7?r. (18.69) 

This expression was proposed by van der Waals. The terms a/V^ and —b may be 
regarded as corrections to the ideal gas law. This expression correctly predicts that there 
is a critical point below which a system decomposes into a liquid and a gas. However, 
it does not describe real systems with any accuracy. Many improvements of the van der 
Waals equation have been suggested but they will not be discussed here. 

Exercise 18.7 

Derive an expression for the fugacity of a gas obeying the van der Waals equation of 
state. Then calculate the fugacity coefficient,//P. 

Hint 

^ + PV^^K{T) - a/V^ - RT\n{V^ - b)- 

(i/Vm + RTV^/{V^ — b) should be compared with Gm — {T) + RT \n f. 

At small P, and thus large V^, the two expressions should be equal if/is replaced by P. 
For large Fm we find that Gm — Fl^^^ goes towards K{T) — RT \n RT -t-TJTlnP-t- 
RT. We should thus identify Kf{T) with K(T) - RThiRT + RT. 

Solution 

For any P we can write K(T) - RTXnRT + RT + RTXnf^ K{T)2a/ - RT 

Xn(V^-b) +RTVJ{V^-b) and get RTXnf^-RTXn[{V^-b)/RT] + RTbl 
{V^-b)-lalV^. 

This yields / = 7?r/(Fn, — 6) • exp[ 6 /(Fm — 6) — 2fl/7?rFn,]. By dividing with 
P^-a/Vl + RT/{V^-b) we finally find flP^[X-a{V^-b)/RTVlV- 
exp[6/(F„-6)-2a/i?TF„]. 


18.10 Mixtures of gas species 


415 


18.10 Mixtures of gas species 

Gases dissolve in each other so readily and with so little interaction that the resulting 
phase is regarded as a mixture of the component species (free atoms, molecules and 
ions). In principle, it may also be regarded as a solution. We shall first discuss a mixture 
of several species, each one of which forms an ideal gas when pure. Letj^. be the fraction 
of species k and thus '^yk — 1 ■ Let us consider a mixture of one mole of species. Each 
gas will fill the complete volume V, but in line with the ideal gas concept we shall assume 
that there is no interaction between them. We shall thus assume that the ideal gas law 
applies to the mixture, PV^ — R T, and that the chemical potential of a component k, fik, 
has the same value it would have, had it been alone in the same volume V. The pressure 
of that component would then be Pk — ykRT /V — ykP where P is the pressure of the 
mixture 


fik = GUk) = °GkiT, Po) +RT In Pk 

= + Kk{T) + RT In Pk = + Kk{T) + RTlnyk + RT\nP, 

(18.70) 

and we get for the mixture 

Gn, = = ^y°Gi{T, Po) + In P, 

= + Y.yiK,{T)+ RTT,yi\ny, +RTXnP (18.71) 

Gm - = T.y,Ki{T) + PPlnP + PPEy,- \ny,. (18.72) 

The last term may be regarded as the contribution from the mixing of different molecules. 
It is proportional to T and is thus of pure entropy character. — R Ey, In _y, may be regarded 
as the ideal entropy of mixing. 

For a mixture of ideal gases it can be imagined that gas k actually has the pressure Pf. 
in the gas mixture and that the total pressure of the mixture is the sum of the pressures 
of the individual gases. We have thus used 

EP, = Ey,P = P. (18.73) 

P^. is regarded as the partial pressure of gas k in the mixture. It is interesting to note 
that the expression for ideal entropy of mixing appears in Eq. (18.72) as a direct result 
of the model. For real gases it is no longer possible to define the partial pressure in 
a strict sense but it is common to use this concept and the relation P, = y, P even 
in such cases. As a first attempt to model Gm for a mixture of real gases, one could 
add the terms for slightly imperfect gases in the form E_y,Z, P, which can be written 
as E vfL, P The second power ofy, indicates that these terms describe the interaction 
of molecules with other molecules of the same kind. It would be natural also to add 
terms representing interactions between different kinds of molecules, EE_v,_VyZ,y P. 
We thus get 

Gm - = Ej,W,(P) + PPlnP + PPEj,- Iny, + P'E'Ly.yjLij (18.74) 
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It is interesting to calculate what pressure, P' , the same amount of gas k would have if 
it were alone in the same volume. For pure k we get 

°Gk - = K^{T) + RT\nP' + P'L^k- (18.75) 

The molar volume would he RT / P' + and the volume of the actual amount would 

be 

V ^yk{RT/P' + L,k). (18.76) 

However, this is supposed to be equal to the molar volume of the mixture, 

y^(RT/P' + La) = RT/P + ^YytyjL.j. (18.77) 

We thus find 

\/P' = l/ykP + [T.YyiyjLij - ytLkk) /RTyt 

= 1/A + {T.YyiyjLij - ykLkk) /RTyk- (18.78) 

We have here expressed y/^P through the partial pressure and it is evident that it is no 
longer equal to the pressure of the same amount of pure k, unless all the interactions are 
zero. The concept of partial pressure is thus less useful for real gas mixtures than for 
ideal ones. The concept of fugacity is more useful. For a component ^ in a mixture it is 


defined from 

yi,- ^ Kk{T) + RT\nfa (18.79) 

where .^^^(T) is formulated in such a way that approaches yj^P for low P. In order to 
evaluate the fugacity from a particular model one must first derive an expression for 
from the model. From Eq. (18.74) we get 

/X, - ^ ^ RTlniyuP) + P [2yk^L,j - , (18.80) 

and for the fugacity coefficient we obtain 

fk/Pk = fk/ykP = ex^[P{2yk^Lkj - EEy,y,L,y)/i?r]. (18.81) 

For an ideal gas mixture we get 

fk/Pk = fk/ykP = 1. (18.82) 

A similar model based upon the Helmholtz energy is generally written as 
P = RT[\I 

= RT[l/ A + (ST/A,- + " (A, + Bjj)/2))/ V^/] (18.83) 

and it is often found that Ay — {Bn + Bjj)l2 is small. 

Exercise 18.8 


Examine a slightly imperfect gas with two kinds of molecules, A and B. Is there any rela¬ 
tion between the L coefficients which would make the fugacity coefficients independent 
of the composition? 
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Hint 

Use Eq. (18.81). For a binary system only one composition variable is independent, 
sayjB- 


Solution 

InC/A/^fA) = {P/l^T) ■ — yj^L^A — 2>’a>’b^ab — Fb^bb) = 

(P/RT) ■ [Laa - (Paa + Pbb - 2Z.ab)Fb]- We thus find that Laa + Pbb - 21 ab = 0 
makes /a/F’a independent of composition. For symmetry reasons, it also makes /b/Pb 
independent of composition. 


18.11 Black-body radiation 

It is illustrative to compare the ideal gas behaviour with the properties of black-body 
radiation and with an electron gas. For the former we may start from a result from 
quantum mechanics saying that the energy of black-body radiation is proportional to the 
volume and F"*. The constant of proportionality, a, is called the Stefan constant and it 
has a value of /ISc^h^ — 7.57 • 10“'® J/m^K'^, where k is Boltzmann’s constant, 
c is the speed of light and h is Planck’s constant. 

U^aT^V. (18.84) 

However, in order to derive other quantities we need U{S, V). By simple manipulations 
we obtain 

/dU\ , 

(18.85) 

T 

S= y ^dF= F^=35'/4aK (18.86) 

0 

U{S, V) = ai-iSIAaVf^V ^ {'iS/AfP/{aVf'\ (18.87) 

We have thus derived a characteristic state function for black-body radiation and can 
now calculate any thermodynamic quantity. 

1 4 

F =U - ST =--aT^V (18.88) 

P = - = -(35/4)'/" ■ ^(fl F)-4/3 = l(3S/4u F)4/3 = ^-aT^ (18.89) 

1 4 

PV = -aT^V (18.90) 

G^U+PV-TS^aT*V+ -aT'^V - -aT'^V = 0. 

3 3 


(18.91) 
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The last result may seem surprising but is natural because P and T are not indepen¬ 
dent variables in the particular case of black-body radiation. Consider a container con¬ 
taining no matter and with its walls kept at a certain temperature T and an external 
pressure P is applied, then the container will collapse if P > aT'^/h and all the radi¬ 
ation will vanish. If P < then the container will expand indefinitely and new 

radiation will be created with no limitation as long as the walls are kept at the same 
temterature. 

Exercise 18.9 

Derive an expression for the isothermal compressibility of black-body radiation. 

Hint 

It may be easier to derive {dP/dV)T than {dV/dP)T. 

Soiution 

We get Kf — —(1/ Km) • (9 Vml^P)T — — (1/ K) ■ {dV/dP)T from the definition. From 
P — aT^ I2> we get (dP/d V)j- = 0 and {dV/dP)T = oo and Kt = oo. This is in com¬ 
plete agreement with the last two sentences in the text. 


18.12 Electron gas 


The heat capacity for the electron gas in a metal is often given as 


Cv — YeP- 


(18.92) 


In real metals, the coefficient ye has different values at low and high T and a single 
expression cannot be used for the whole range of T. The low-T value is often about 
1.4 times the high-T value. However, is independent of T in a free electron gas. We 
shall now examine the properties of such a gas. Its y^ value depends upon the density 
which can be expressed through Kn- According to the electron theory, y^ is actually 
proportional to Vm ■ For one mole of electrons we obtain 


Dm 


Sm 


T 


j CKdr = f/m(0K)+yeTV2 

0 

T 


j ^dT = y,T 


TSm = Dm(OK) - y,T^/2. 


(18.93) 


(18.94) 


( 18 . 95 ) 
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In order to derive an expression for we must calculate P from as a function of T, 
Vm- Then we must remember that the electron theory predicts that /g is proportional to 
and we should treat j/g/ as a constant 


P 






G^^F^ + PV^^ i7„,(0K) - y.T^I2 + = C/m(0K) - 


(18.96) 

(18.97) 

(18.98) 


We have neglected to discuss the possible dependence of t/m(0 K) on but that could 
only contribute a T-independent term in Gm- 

If we want to apply the treatment of an electron gas to a metal we should realize 
that there is a strong interaction between the electrons and the ionized atoms which 
more or less eliminates the pressure of the electron gas. It is thus common to give their 
contribution to Gm as —y^T'^jl. 

It should be realized that published values of yg for metals refer to one mole of 
atoms, and not electrons. The values of y^ are relatively small and its contribution to 
Cy only grows proportional to T. Even though it predominates at very low T it will 
soon be negligible in comparison with the contribution from thermal vibrations of the 
atoms which initially increases proportional to . However, at very high T the latter 
contribution levels off at the value of 37? and the electronic contribution again becomes 
important. 


Exercise 18.10 

Estimate the ratio of the electronic contribution to Cy of pure Ni and the contribution 
from thermal vibrations at the melting point, 1728 K, if yg = 54.4 ■ 10“'* J/molK^. 


Hint 

Suppose the temperature is so high that the vibrational contribution can be approximated 
as 3R and the yg value may be taken as the tabulated value divided by 1.4. 


Soiution 

(54.5 ■ 10-V1-4)1728/3 • 8.3145 = 0.27. 
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19.1 Introduction 

In this chapter we shall model the thermodynamic effect of some physical phenomena. 
In each case we shall start by defining an internal variable representing the extent of the 
physical phenomenon to be discussed. We shall proceed by deriving an expression for 
one of the characteristic state functions in terms of the internal variable together with a 
set of external variables. The choice of characteristic state function depends upon what 
set of external variables is most convenient. Then we shall calculate the equilibrium 
value of the internal variable by putting the driving force for its change equal to zero. 
Finally, we shall try to eliminate the internal variable by inserting the expression for its 
equilibrium value in the characteristic state function. 

Our derivation of an expression for the characteristic state function will usually be 
based upon two separate evaluations, one concerned with the entropy due to the disorder 
created by the physical phenomenon and the other concerned with what may be called 
the non-configurational contribution. The entropy will be evaluated from Boltzmann’s 
relation which is here preferred because it is felt that it gives a better physical insight 
than the more general and elegant method of statistical thermodynamics based upon the 
use of partition functions. The purpose of statistical thermodynamics is to model the 
thermodynamic properties of various types of systems from statistical considerations 
on the atomic level. The relation proposed by Boltzmann can be derived from such 
considerations. 


19.2 Thermal vacancies in a crystal 

We shall start by considering vacancies in a crystal of a pure element. A convenient 
internal variable would be the number of vacancies, Ava, in a crystal with N atoms. This 
internal variable is sufficient for defining the contribution of the vacancies to the internal 
energy if it is assumed that the interaction between the vacancies can be neglected. This 
may be a reasonable approximation for low contents of vacancies and we shall construct 
a model from this approximation. 

The state with Ava vacancies can be realized in a number of ways by placing 
the vacancies in different arrangements on the lattice sites. The number of different 
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arrangements is 


(jV + A^va)! 
A^IA^Va! 


(19.1) 


since there must be N + Ny^ lattice sites and we cannot distinguish between two atoms, 
nor between two vacancies. From Boltzmann’s relation we can now calculate the contri¬ 
bution to the entropy from the vacancies and we can use the following approximation if 
we consider a system where N and A^va are both large numbers, 


AS/k = In IF = ln(A^ -F A^va)! - In A^! - In A^va! 

= (A^ + A^Va) ln(^ -F iVva) -N\nN-Ny, In Ny, 

Ny, 


= -A^ln- 


N 


N+Ny, 

= -N { ln(l - yva) + 


- A^va In 


FVa 


1 — FVa 


A^+A^Va 
Inyva 


(19.2) 


where jva = A^va/(A^ + A^va), the fraction of sites that are vacant. 

When choosing a characteristic state function we should realize that it is very awkward 
to treat the energy of a vacancy, u, as a function of 5m and Vm or of T and Km because Kn 
is usually defined for one mole of atoms, not lattice sites. Thus Kn will naturally increase, 
or the lattice must be compressed, when a vacancy is introduced by the creation of a new 
lattice site. It is most convenient to treat u as a function of T and P and we should thus 
choose G as our characteristic state function. In order to be rigorous in the derivation to 
follow, we should actually introduce a Gibbs energy of formation of a vacancy, g, instead 
of the energy, u, and obtain for the contribution due to Ny^ vacancies, when added to N 
atoms. 


AG = Ny^g + kNT 



N 

N + Ny, 


Ny 

Iv 


In 


Ny, \ 

N + NyJ 


(19.3) 


The quantity g may be regarded as the non-configurational Gibbs energy per vacancy. We 
have thus achieved our first goal. It is worth emphasizing that we managed to derive an 
expression for AG without introducing any further internal variable. Before proceeding 
it is important to realize that Ny^ is in fact an internal variable because we do not need 
an external reservoir from which to take vacancies. Alternatively, we may imagine that 
we have an external reservoir of vacancies with a chemical potential equal to zero. We 
may thus regard g as the non-configurational Gibbs energy of formation of a vacancy or 
of dissolution of a vacancy from an external reservoir. 

We have found an expression for the contribution to the Gibbs energy from a given 
number of vacancies, Ava. It can be used to evaluate the equilibrium number of vacancies 
under constant T and P. If there is a mechanism, or ‘reaction’, by which vacancies can 
form, then there should be a spontaneous change as long as the driving force for change 
is positive. Assuming that g is independent of Ava under constant T, P and A, we obtain 
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by expressing the extent of reaction with A^va. 


D = (dG/d^)r,P,!, ^ idG/dNy,)T,P,N 

-1 1 . Ny, 


^g + kNT 
— g + kT\n 


— In- 


N + Ny, N N + Ny, 

^Va I ; T 1 

= g + A:rinyva- 


^ J_ 

N ■ TVva 


Nyn A^Va 

-In- 

N N + Ny, 


(19.4) 


A^ + A^Va 

By putting this equal to zero we obtain, for the equilibrium number of vacancies, 

j^va = expC-g/^r). (19.5) 


This is an expression characteristic of so-called Boltzmann statistics. It reveals how the 
fraction of vacant sites varies with temperature. The higher the temperature, the larger 
the fraction is. This is why such vacancies are often called thermal vacancies. 

If we instead focus our interest upon the number of vacancies per mole of atoms we 
obtain, for its equilibrium value. 


eq 

Tva 


-''Va 


1 


eq 

Tva 


N expig/kT) - 1 


(19.6) 


This kind of expression is usually connected with the so-called Bose-Einstein statistics. 

In the present case it will be possible to eliminate the internal variable at equilibrium 
and obtain the contribution of thermal vacancies to the Gibbs energy. 


AG = Ny,g + kTN\n{l- + kTNy, Iny^^ 

= Ny,g + kTN In (1 - -h kTNy^i-g/kT) 

= kTN In (1 - = -kTNy^^. (19.7) 


For a system containing one mole of atoms, i.e. with A^ equal to Avogadro’s number, we 
obtain AGm = —RTy^, a value that is negligible in most contexts. 

For a typical metal we can estimate the value of g from Eq. (19.5) using the information 
that the fraction of vacant sites is between 10“^ and 10“^ close to the melting temperature, 
Tm.p.. We thus obtain g/kT^.p. — 2.3 ■ (3 to 4) = 8. 

The result of Eq. (19.7) is surprisingly simple. It gives the complete information on A G 
at equilibrium as function of T and, if one is only interested in thermodynamic properties 
at equilibrium, this expression will be sufficient. On the other hand, the number of 
vacancies may itself be of importance because of effects on other properties like volume 
or difffisivity. The model can even be applied for evaluating AG when the number of 
vacancies differs from the equilibrium number. In such cases one must use the basic 
equation of AG as a function of T and Ava. One may, for instance, be interested in the 
process by which the number of vacancies could approach the equilibrium value. There 
are many possible mechanisms. If the actual number of vacancies is much higher than 
the equilibrium value, then the driving force could be large enough for the nucleation 
of a pore. If it is lower, mechanisms involving condensation on dislocations could still 
operate. For such considerations it is essential to know the driving force. Eliminating g 
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between Eqs (19.4) and (19.5) we obtain 

D = kT In - kT Inyva = -kT In (jva/jv!) (19-8) 

This is the driving force for the formation of a new vacancy. The driving force per mole 
of disappeared vacancies is obtained as 

Z) = f?rin(yva/Tva) (19.9) 


Exercise 19.1 

Consider a pure metal A with an equilibrium amount of vacancies. Derive an expression 
for the chemical potential of vacancies. 

Hint 

We need an expression for the total G and should then start from pure A without any 
vacancies. That G is proportional to N, say Ng^- 

Solution 

G = AgA + Avagva + kNT{\n[N/{N + Ava)] + (Ava/A) ln[Ava/(A + Ava)]}; Mva 
= 3G/9Ava = gva + ^Ar{-1/(A +Ava) + (l/A)ln[Ava/(A +Ava)] + (Ava/A) 
(1/Ava) - (Ava/A)[l/(A + Ava)]} = gVa + kT ln[Ava/(A + Ava)] = gva + kT In Jva. 
At equilibrium we get from Eq. (19.5): /xva = gva — gva = 0. 


19.3 Topological disorder 

Even though the structure of a melt may intuitively be imagined as completely disordered, 
in reality the short-range arrangement of the atoms in a liquid metal is rather similar to 
that in the crystalline state. It may thus be useful to describe the liquid as a crystalline 
phase with so much disorder that all the long-range order has been destroyed. In this 
connection one talks about topological disorder. A very simple and crude model of 
the topological disorder in a liquid metal is based upon the assumption that the amount 
of thermal vacancies increases discontinuously during melting. This model can be sup¬ 
ported by many semi-quantitative considerations involving such properties as density, 
compressibility, thermal expansion and diffusivity. X-ray measurements have indicated 
that the coordination number in liquid metals is about 11, as compared to 12 for the 
close-packed fee and hep structures. This result immediately suggests that the vacancy 
concentration would be about 1/12, i.e. 8%. 

This value compares favourably with a value we obtain by evaluating how many 
vacancies can form when the heat of melting is added to the solid. According to Richards’ 
rule the entropy of melting is approximately R and the heat of melting is R r^.p . With 
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the approximate value of 8 for g/kT^^.p. given above, we get 


A^Va = RTjn.p./g — RTm.p./^kTjn.p. 


JVa = 


A^Va 

A^ + A^Va 


1 

- = 11 %. 
9 


N/% 


(19.10) 

(19.11) 


It does not compare so nicely with a value obtained from the entropy of melting 

N Nv 

AS/k^-N\n -iVvaln- ^-^ = R/k = N (19.12) 

' iV + iVva A^ + ^Va 

ln(l-yva)+7^^1nyva = -l. (19.13) 

1 - yva 

By solving this equation numerically one finds approximately yva = 1/3 or 35%. It is 
evident that this simple model is too crude to give a quantitative description of melting. 

At the melting point of a metal, Cp is often larger in the melt than in the solid. This 
difference grows for the undercooled melt and the difference in entropy between the two 
phases will thus decrease with decreasing temperature. Extrapolations have indicated 
that one may approach a temperature below which the undercooled melt would have 
lower entropy than the crystalline solid. This is regarded as impossible and is called 
Kauzmann’s paradox [38]. It has instead been suggested that the liquid has turned amor¬ 
phous on cooling to the temperature where the difference in entropy disappears. Below 
that critical point the amorphous solid is assumed to have almost the same entropy as 
the crystalline solid. Experimentally one has observed a so-called glass transition where 
the liquid turns extremely viscous and it has been related to the temperature defined by 
equal entropy. According to this picture, the topological disorder in the amorphous solid 
should be very limited. It is not sufficient to make the phase liquid and it has rather low 
entropy. On heating above the glass transition temperature a large amount of defects are 
created. They make the amorphous phase more liquid and contribute to the entropy and 
heat capacity. An increasing amount of defects are created as the temperature is raised 
towards the melting point. From the thermodynamic point of view, the melting of the 
amorphous solid is thus a gradual process which continues to or even continues above 
the melting point. Figure 19.1 illustrates this behaviour schematically. 


Exercise 19.2 

Estimate the difference in // at 0 K between the amorphous and crystalline states of a 
metal from the following simplifying assumptions. The two states have the same entropy 
at 0 K. Up to Fgiass the two states have the same Cp. Fgiass falls at F^.p./d and above 
Fm.p./3 the difference in Cp is linear in T. Let ACp = 0 at F„i.p.. 

Hint 

Estimate the difference in enthalpy and entropy at Fm.p. from Richards’ rule, 
AH^/Tjn.p. — A5ni = R. The assumptions give AS^ — 0. at T^.p./3. 
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Figure 19.1 Schematic diagram comparing the heat capacities of a crystallized metal and its 
amorphous state. 


Solution 

ACp — a + bT where a + — 0. A second relation between a and b is obtained 

by integrating for the entropy between T^.p./d and T^.p.: i? = J{ACp/T)6iT — 
a ln3 + (2/3)b7’m.p.; a = i?/(ln3 — 2/3) = 2.3 jR; b =—2.3f?/T^.p.. A/Z^ changes 
between and T^.p. by / ACpdT = + Q.5b(T^^ - 7’^p/9) 

= 2.3Z?r^.p.(2/3 - 4/9) = 0.51Z?r^.p.. 

Thus we get, at 7 Iti.p./ 3 as well as at OK, A/4i = ^Tni.p. — O.SlZJTnjp. = 0.49Z?rm.p . 


19.4 Heat capacity due to thermal vibrations 

According to quantum mechanics, the energy of heating can be added only as quanta. 
For an harmonic oscillator of frequency v, the magnitude of the quanta is bu where h 
is Planck’s constant. Einstein constructed a simple model of a crystal by assuming that 
each atom vibrates independent of all the others and has three directions of movement. 
A crystal with N atoms could thus be regarded as consisting of 3 A linear oscillators, 
all of them with a frequency v. The question, how many quanta such a crystal should 
have at equilibrium, is closely related to our previous question how many vacancies a 
crystal should have at equilibrium. If there are n quanta, the energy increase is A C/ — nhv 
compared to the conditions at absolute zero. In order to evaluate the entropy contribution 
we must find in how many ways n quanta can distribute themselves on 3 A oscillators. By 
numbering the oscillators ai fl 2 «3 ■ ■ ■ « 3 v and the quanta ^2 ^ 3 ... we can describe 
a particular distribution by first giving the number of a certain oscillator and then the 
quanta which are placed there, e.g. <24 ug ^2 a\ k-^ k^^ a-j .... If all the permutations 
of these elements represent possible distributions there should be (3 A + «)! different 
distributions. However, we must start with an oscillator and the first factor should thus 
be 3A instead of 3A + u. Furthermore, it would be impossible to distinguish between 
many of the distributions since all the oscillators are identical and so are all the quanta. 
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The number of distinguishable distributions is thus 


3N {3N + n)\ 
3N + n {3N)\n\ 


(19.14) 


This is almost identical to the result for thermal vacancies except for the first factor, 
which is of no importance for large N and n when we take the logarithm, and except 
for the fact that N has been replaced by 3N. We can thus use the final result from the 
previous derivation but this time we shall apply it to the Helmholtz energy because the 
frequency, and thus the energy hv, will vary with the distance between the atoms, i.e. 
the volume. Thus we should like to keep the volume constant. We obtain 

/ 3N n n \ 

^F = nhv + 3kNT{\n -+ —In- . (19.15) 

\ 3N + n 3N 3N + n) ^ ’ 


The equilibrium number of quanta under constant Tand Fis obtained from 9 A 7^/9 « = 0, 

= exK-Au/^T). (19.16) 

3N + n 

Again it will be possible to eliminate the internal variable at equilibrium and we find 


t^F = 37?rin[l - exp(-Ay//S:r)]. 


(19.17) 


By standard methods we can calculate the heat capacity due to thermal vibrations, 


Cv = -T{d^^FldT^)v = 37? — 


hv 


Qyvp(hv/kT) 


kT J {eyvp{hv / kT) — 1] 


2 ■ 


(19.18) 


The only parameter characteristic of the particular material under consideration is the 
frequency, v. It always appears in the dimensionless combination hv/kT. The combina¬ 
tion of constants A y/7: is of the dimension temperature and we can thus introduce a new 
material constant instead of the frequency, the Einstein temperature 0 = hv/k. 


Cv = 37?(©/7’)2.exp(©/r)[exp(©/r)- if. (19.19) 


There have been many attempts to improve Einstein’s model by removing the assumption 
that the atoms vibrate independent of each other. An elegant method was proposed by 
Debye. If the atoms cooperate when they vibrate, it means that the vibrating units are 
larger and the frequency should be lower. For each possible frequency, one should be 
able to apply Einstein’s model and by a summation over all the frequencies one may 
obtain the proper result. Debye considered a whole spectrum of oscillators down to the 
mechanical vibrations of the crystal. His spectrum thus extends all the way from the high 
frequency of individual atoms and down to the acoustic range. He further assumed that 
the number of oscillators is still 3 A and that they distribute themselves over the range of 
frequencies proportional to v^. From Debye’s model one does not get Cy as an analytical 
expression of T but Cy is now available in tables using the parameter x — @/T where 
© is equal iohv^^/k and Umax is the maximum frequency, i.e. the vibrational frequency 
of an atom. One often tabulates not only Cy but also S and U. Debye’s model agrees 
fairly well with measurements for many materials. © is evaluated as a material constant 
to give the best agreement between model and experiment. 
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Figure 19.2 Comparison between the Einstein and Debye theories of Cy made at temperatures 
given relative to the characteristic temperature 0, as defined in each theory. In addition, the thin 
line is for Einstein’s theory plotted versus 0.71 T/@. 

We can calculate Cp from Cyhy means of the Gruneisen constant. With the approx¬ 
imate value y = 2 we would get from Eq. (2.38) 

Cp^Cv(\+2aT). (19.20) 

5 as a function of T at constant volume is obtained by integrating Cy/T. On the other 
hand, if one should like to have iS as a function of T at constant pressure it could be 
obtained by integrating Cp/T which yields 

S ^ S{x) + 2aU{x), (19.21) 

if a is a constant. Furthermore, after some manipulations one obtains approximately 

H = U{x) + {5/2)RaT^ + (9/8)R& + H„. (19.22) 

Notice that Ho is obtained as an unknown constant of integration, and it represents the 
cohesive energy. The term (9/8)i?0 comes from quantum mechanics which says that a 
linear oscillator of frequency v has a zero point energy of hv/2. 

A comparison between Einstein’s and Debye’s models is given in Fig. 19.2. Both 
models predict a Cy value of 3R at very high temperatures but the diagram seems 
to indicate that the theories give quite different results up to fairly high temperatures. 
However, if 0 is regarded as an empirical constant, to be evaluated from experimental 
information, then the two models would work with different 0 values. These empirical 
constants are called Einstein’s and Debye’s temperatures. Reasonably good agreement can 
thus be obtained from high down to fairly low temperatures and for many applications it is 
reasonable to use the equations derived by Einstein. The value of the Einstein temperature 
can be estimated from tabulated values of the Debye temperature by multiplication with a 
factor. The factor is slightly different depending on which quantity one is most interested 
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in. For heat capacity, internal energy, entropy and Helmholtz energy one should use the 
values 0.77, 0.73, 0.71 and 0.72, respectively. The thin line in Fig. 19.2 shows how well 
Einstein’s theory agrees with Debye’s if the same temperature scale is used but different 
0 values. The difference is negligible above O.30d. 

The fact that Cy approaches the same value of 37? at high temperatures, independent 
of the material constant 0, does not mean that all crystalline substances would have the 
same stability at high temperatures. For a given element with two possible structures, 
the structure with the highest S value will increase its relative stability towards high 
temperatures more than the other one. The S value is the result of integration over Cy jT 
from absolute zero. S will thus be larger, the faster Cy approaches the asymptotic value 
of 37?, i.e. the lower 0 is. A difference in Cy between two structures at low temperatures 
will be very important at high temperatures because T appears in the denominator of the 
integrand. A structure with a low 0 will thus have high stability at high temperature. 
The fact that the S term dominates over the U term in F at high temperatures can be 
demonstrated by a calculation for some temperature Ti. 


F = 


U - TiS = Uo+ f ' CdT - 

Jo 


Ti [ ' (C/T)dT 
Jo 


= f/o- f \c(Ti-TyT]dT. 
Jo 


(19.23) 


The integrand is always positive since C and T\ — T are both positive. We can make a 
similar calculation for G and obtain a similar result. 

At low temperatures where T 0 one would obtain, according to Einstein 


Cy = 37? 



(19.24) 


This would imply that Cy decreases rapidly as one approaches the absolute zero. Exper¬ 
iments showed a slower decrease and that was the reason why one wanted to improve 
Einstein’s theory. Debye’s theory instead yields the following expression at low tempera¬ 
ture, and it agrees fairly well with experiments if the electronic contribution is subtracted 
for metallic conductors. 


Cy = 234R{T/@f. 


(19.25) 


Exercise 19.3 

From Debye’s theory, derive the term in 7/ originating from the zero-point energy. 

Hint 

First neglect the difference between U and 77. According to Einstein, the zero-point energy 
for all oscillators is the same, yielding AU — 3N{hv/2) — 3Nk • 0/2 = (3/2)7?0. 
However, according to Debye there is a distribution of frequencies z(v) — Kv^ and 
3N = fziv)dv = fKv^dv = Kvl^J3 and thus K = 9N/vl^^. 
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Figure 19.3 Schematic diagram showing the variation of the saturation magnetization as a 
function of temperature. 

Solution 

A// = AC/ = Sihvjl) ■ z(y)du = /(/ty/2) ■ (9/V/yLj • v^dy = (9/V/y^,J ■ 

= (9/8) ■ Nk(hv^,Jk) = (9/8) ■ /?0Debye. 

19.5 Magnetic contribution to thermodynamic properties 

The atoms in a ferromagnetic substance contain unpaired electron spins which give each 
atom a certain magnetic moment. It can have different directions and will thus give rise 
to magnetic disorder. According to the localized spin model of magnetism, a disordered 
arrangement gives a contribution to the entropy which can be evaluated from Boltzmann’s 
relation. Due to its simplicity we shall only use this model. W is the number of different 
arrangements for the whole system. Let w be the number of possible directions for each 
atom. If the direction of each atom in the disordered state is independent of all the others, 
we can write W = for one mole of the substance. Thus 

S — kXnW — k\nw^ — kN \vLW — RXnw. (19.26) 

According to quantum mechanics, 

w = ^+1=25 + 1, (19.27) 

where /I is the number of unpaired electron spins and s is the resulting spin. For a free 
electrons = 1/2. 

There is a critical temperature, the Curie temperature 7c, below which the spins will 
position themselves parallel to each other in a ferromagnetic substance. For a perfectly 
ordered state, the above contribution to the entropy should disappear completely but, in 
practice, there will be some disorder left. However, it will disappear as one approaches 
absolute zero and the saturation magnetization will thus increase (see Fig. 19.3). The 
degree of magnetic order can be measured by measuring the saturation magnetization. 
Note that an externally applied magnetic field usually does not change the ordering 
appreciably. It simply makes the magnetization of the various magnetic domains align 
along one direction. From the saturation magnetization at low temperatures, one can 
get direct information on the magnetic moment of the atoms, i.e. the values of s and p. 
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Figure 19.4 Heat capacity (Cp) of bcc-Fe. Notice that a considerable part of the magnetic effect 
occurs above Tq. 

The magnetic moment per atom is usually given in units of Bohr magnetons which is 
identical to 2s, i.e. to /I according to our simple model. Such measurements indicate that 
P is seldom an integer. This casts some doubt on the localized spin model and one may 
wonder if the entropy of magnetic disorder can be evaluated as shown above. Despite 
this, the method is often used and may be regarded as a convenient approximation. 

The disordered state above the Curie temperature is called paramagnetic. It is evident 
that it has a high entropy and should thus grow even more stable at higher temperatures. 
The reason why the ferromagnetic state becomes stable below a critical temperature must 
be a lower energy for that state. When the disorder increases as the temperature is raised, 
energy must thus be added and the magnetic transformation is revealed in the curve for 
the heat capacity (see Fig. 19.4). 

The curve shows that the transformation occurs gradually up to Tq but a small part 
of the order still exists at Tq. It does not disappear until well above Tq and it thus yields 
a contribution to the heat capacity above Tq. We can evaluate the magnetic enthalpy 
by integrating the abnormal contribution to the curve. As always, the transformation 
temperature is determined by the balance between enthalpy and entropy. This is best 
demonstrated by approximating the magnetic transformation (which is actually a second- 
order transition (see Section 15.1)) with a sharp transformation. For such a transformation 
we have 


AG ^ AH-TAS. (19.28) 

With AG = 0 we find a transformation temperature F* = AH/AS. The larger the 
energy gain is at the magnetic ordering, the higher the transformation temperature will 
be. 

Figure 19.5 illustrates the difference in the Gibbs energy between the most stable 
state at each temperature, and the completely disordered state. The slope of the 
curve at low temperature gives the entropy decrease due to complete order of the spins. 
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Figure 19.5 The effect of magnetic ordering on the Gibbs energy of bcc-Fe. The reference state is 
the completely disordered state at each temperature. 

The thin line gives the difference between the completely ordered and the completely 
disordered states at each temperature. The intersection with the abscissa gives the tem¬ 
perature, T', for the hypothetical, sharp transformation. In reality, the ferromagnetic state 
is stable to a higher temperature, 7c, because it lowers its Gibbs energy by disordering 
gradually. 

Exercise 19.4 

Evaluate p for bcc-Fe from an estimate of the magnetic entropy of bcc-Fe using 
Fig. 18.2. 

Hint 

The sharp bend in the curve for °Gp“ — °Gp“ is due to the magnetic entropy of bcc-Fe 
and is not influenced by the magnetic entropy of fcc-Fe which changes at much lower 
temperatures. 

Solution 

The slopes for the paramagnetic and ferromagnetic states can be estimated where the 
curve is reasonably flat. We obtain A5 = - °G|‘^)/d7’ -f d(°Gg.™” ‘’“ - 

'’G^'VdT = 2.4-h 9.1 = 11.5 = 1.47? = 7? ln(yS -t- 1); ,6 = 3. 

19.6 A simple physical model for the magnetic contribution 

The magnetic disorder remaining below the Curie temperature can be treated in about 
the same way as we treated vacancies. We have already discussed the contribution to the 
entropy. In order to develop a complete model for the magnetic transformation we must 
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also formulate the contribution to the enthalpy. The calculations will be especially simple 
if the magnetic moment of the atoms is 1 /2 since this value gives two possible orientations 
with a spin difference of 1, according to the requirements of quantum mechanics. Let us 
suppose that n atoms in a system of totally N atoms have their spins directed opposite 
to the majority which consists of N — n atoms. We may guess that the extra energy 
connected with the misorientation of the n atoms can be represented by the following 
simple expression, 

A// = Wl«(Af-«) = Wlx(l-x)A^^ (19.29) 


where x represents the fraction of atoms with the wrong orientation, x — n/N. This 
expression gives A// a maximum at x = 1 /2, i.e. for the disordered, demagnetized state. 
Since x = 0 represents the fully magnetized state, we can write 

A// = x(l-x)■4A//‘*‘^ (19.30) 


where A//*® is the enthalpy increase on complete disordering. 

Let us now turn to the configurational entropy. The two types of atoms can mix with 
each other in a number of ways. 


W = 


N\ 

n\{N -n)\' 


(19.31) 


Boltzmann’s relation will thus yield 


/S^S/k = InA^! - ln«! - ln(W - «)! = N\oN -n\nn - {N - n)\r\{N - n) 

(19.32) 


n N — n 

— —win- (N — n)\n - 

N ^ ’ N 


n n 

AS/R =-In — 

' N N 


N — n N — n 

In —7^— = —X Inx — (1 — x) ln(l — x). (19.33) 


N N 

By combination of AH and AS we obtain for the Gibbs energy of disordering 


AG = x(l - x) • + RT[x Inx + (1 - x)ln(l - x)]. 


(19.34) 


We want to determine the equilibrium value of x under constant T and P and shall thus 
consider a process by which x is increased. By identifying x with an internal variable § 
we obtain, at equilibrium. 




dAG 

dx 


= (1 - 2x) • A AH 


dis 


/ X 1 — X \ 

+RT I Inx 4-ln(l — x)-) 

\ X 1 - X/ 


= 0 


In 


= -(1 - 2x) ■ AAH'^^^/RT. 


(19.35) 

(19.36) 


The solutions of Eq. (19.36) are plotted against temperature in Fig. 19.6. Below a 
critical temperature there are two identical states, X 2 = 1 — xi. They represent ordered 
states but the degree of order varies from perfect at absolute zero (x = 0 or 1) and 
decreases gradually as the temperature is raised. Finally it disappears completely at 
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Figure 19.6 Magnetic ordering as a function of temperature according to a simple model, x = 0.5 
represents the disordered state. The dashed line represents unstable equilibria. 

the critical temperature where x = 0.5. The states above the critical temperature are 
disordered because x = 0.5. The value of the critical temperature is obtained by inserting 
the value of x = 0.5, which primarily yields 0/0. The limiting value is obtained as 

_ 2x- I _ 2 

“ R ln[x/(l -x)] ~ R 1/x + 1/(1 -x) 

4^^dis 

=-2x(l-x) = (19.37) 

R 

Above the critical temperature there is only one solution showing that the disordered 
state (x = 0.5) is the stable state. The equation also has the solution x = 0.5 below the 
critical temperature but there it represents an unstable state. That is why it was there 
drawn with a dashed line. The fact that the disordered state is unstable there, can be 
tested with a stability condition from Eq. (6.54). We obtain negative values for x = 0.5 
and r < 7c = 2AH^'^R, 

=-2-4A7/‘^'* + 7?r[l/x + l/(l-x)] 

=-8A77‘‘‘" + 47?7’< 0. (19.38) 

Let us now assume incorrectly that the magnetic transformation is a sharp one and that 
a completely disordered state becomes completely ordered at T'. The entropy of the 
completely disordered state is AS*^'® = 7? In2 and for a sharp transformation we should 
thus have expected the following transition temperature, 

T* = A7/‘^‘7A5‘^'* = A7/‘*‘7Rln2 = 1.44A77‘‘‘7R = 0.727c. (19.39) 

The fact that Tc is higher than 7’* was illustrated in Fig. 19.5. That result demonstrates 
that the possibility for some of the atoms to disorder within the ordered state increases 
the stability of the ordered state and raises the transformation temperature from the value 
predicted for a sharp transformation. On the other hand, it should also be pointed out 
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that the stability of the disordered state is increased by the existence of some short-range 
order which has not been considered in our model. This is the factor that produces the tail 
above the Cp maximum which was shown in Fig. 19.4. It makes the difference between 
Tc and P smaller than indicated by the above model. 

The model we have used here for the magnetic order-disorder transformation is based 
upon the assumption that each individual atom has its own magnetic moment. This is 
called the localized spin model and is regarded as a rather crude approximation. Mag¬ 
netism can be treated in a more satisfactory way by the electron band theory. However, 
it is much more complicated and thus difficult to apply, in particular at high temperature 
and in alloys. 

Exercise 19.5 

Use the Cp curve in Fig. 19.4 to evaluate the enthalpy of magnetic disordering. Then 
estimate the number of unpaired electrons in bcc-Fe. 

Hint 

The number of unpaired electrons could be estimated from the magnetic entropy which, in 
turn, could be evaluated from the enthalpy and the estimated transformation temperature 
for a sharp transformation. 

Solution 

A rough graphical integration yields = 7000J/mol. We know Tq — 1043 K and 
accepting the result of the simple model we can estimate F* = OJITq, and thus we get 
= 7000/(0.72 ■ 1043) = 9.3; ln(;S + 1) = AS/R = 1.12; 

yS = 2.1. 

19.7 Random mixture of atoms 

Before leaving the discussion of models of disordering phenomena we should mention 
disorder in solution phases. Actually, most substances can have a variable composition 
and we shall call such substances solution phases. On the atomic scale they consist of a 
mixture of different species, in the simplest case atoms. In a crystal the atomic sites are 
arranged in a regular pattern, a lattice, but the distribution of different kinds of atoms 
on the sites is generally determined by chance to some extent. This situation is often 
described as chemical disorder or configurational disorder. For a complete description 
of such a case one needs a model with an internal variable representing the degree of 
order. Such a model will be further discussed in the Chapters 21 and 22. In order to 
prepare for that discussion it is convenient now to discuss the entropy of solution phases 
with the maximum chemical disorder, so called random mixtures. The degree of order 
can be used as an internal variable but will not be introduced until later. 
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Figure 19.7 (a) Gibbs energy of mixing for an ideal, binary solution, (b) Variation of a chemical 
potential in the same solution. In both cases the values have been normalized by dividing 
with RT. 


Let us consider a substance where all the sites are equivalent. Since all the various 
atoms dissolved in the substance can substitute for each other, such a substance is called 
a substitutional solution. The number of different ways in which A^a atoms of A, 
atoms of B, Nq atoms of C, etc., can be arranged is 


W = 


N\ 

Na\Nb\Nc\...' 


(19.40) 


This randomness will give the following contribution to the entropy of the system accord¬ 
ing to Boltzmann’s relation. 


AS/k = In IT = In A! - E In A,-! 

= Ain A - EA, In A = -AE(A/A)ln(A/A) = -AEx,- Inx,-, 

(19.41) 


since A is equal to EA, and x, = A,/A. 

We may construct a model for an ideal substitutional solution by requiring that there 
is no energy change on mixing the atoms. The only effect on the Gibbs energy would 
come from the configurational disorder, 

AG =-7’A5= A/tTEx/lnx,, (19.42) 


where A is the number of moles of atoms. Let us consider an ideal system with one mole 
of atoms. Using Eq. (4.6) we obtain 


AGm = —TAS — N^kT'Zxi Inx, = RTY,Xj Inx, 


A/Xy — AGm“f- 


9AGm 9AGm 

-Ex,- 

dxj dxj 


RT\n Xj. 


(19.43) 

(19.44) 


Figure 19.7 gives AG^ and A/xb for an ideal, binary A-B system. It is worth emphasizing 
that A/xb goes to — oo as xb goes to 0. As a consequence the A G^ curve should be vertical 
at its end-points. However, this tendency starts to develop so close to the end-points that 
it is hardly discernible. 
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In the model for an ideal solution there is no internal variable because the situation 
has been completely fixed by the assumption of random mixing. The situation will be 
different if all the arrangements do not have the same energy. The disorder will then be 
incomplete and one can introduce internal variables describing short- and long-range 
order. This phenomenon will be described in Section 22.6. However, there is a class of 
solution phases where all the sites are not equivalent and they may be, at the same time, 
close to random in one sense and well ordered in another. They will be discussed in the 
next sections. 

Exercise 19.6 

An A-B-C alloy is prepared by mixing xq moles of pure C with 1 - xc moles of an 
A-B alloy. Calculate (a) the entropy of mixing in 1 - xc moles of the initial A-B alloy, 
(b) the entropy due to the mixing of C into the A-B alloy and (c) the sum of the two 
contributions. 


Hint 


The A content of the initial alloy can be expressed as xa/(xa + xb) if xa and xb refer to 
the final, ternary alloy. The effect of mixing C with a mixture of A -|- B is the same as the 
effect of mixing C with a single element which could very well consist of two isotopes. 
Remember that xa + xb = 1 — xc. 


Soiution 


A5(a) = (1 - Xc) • {xa/(xa + xb) ■ ln[xA/(xA -f xb)] -b xb/(xa -b xb) • ln[xB/(xA -b 
•*b)]} = Xa InxA -b Xb InxB - (xa -b xb) ln(xA -b xb); A5(b) = xc Inxc -b (1 - xc) 
ln(l - Xc) = Xc Inxc-b (xa+xb) ln(xA -b xb); A5(c) = XAlnxA -b XBlnxB-b 
xc luxe. 


19.8 Restricted random mixture 


Many crystalline phases have more than one family of sites. It is convenient to describe 
such phases with the use of sublattices and the state may be defined by giving the site 
fractions (see Section 4.8). 



(19.45) 


If the atoms in one sublattice are mixed with each other at random, they give the following 
contribution to the entropy 



(19.46) 
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Since entropy is an extensive property which obeys the law of additivity, one could add 
the contributions from the individual sublattices, 

(19.47) 

5 i 

This expression holds for one mole of atoms if there are no vacant sites, is then defined 
as /N, the fraction of all sites belonging to the 5 sublattice, and Ea* is unity. One 
may instead like to consider one mole of formula units where the formula is written with 
integers for all . Then Ea^ is the number of atoms per formula unit. 

This may be regarded as an ideal solution model for the particular type of crystalline 
structure. If all the elements can go into all the sublattices with the same probability, this 
model reduces to the previous ideal solution model because y- is then identical to x,. 

Exercise 19.7 

Consider a so-called Laves phase with two components each on two sublattices, (A, B)i 
(C, D) 2 . Calculate the entropy of mixing assuming random mixing within each sublattice 
for equal amounts of A and B and also for C and D. Compare with the ideal entropy of 
mixing when all four components are mixed randomly with each other. 

Hint 

Consider 3 moles of atoms, 0.5 of A, 0.5 of B, 1 of C and 1 of D. 

Solution 

AS/R = -1 ■ (0.5In0.5-h 0.5In0.5)-2 -(0.510 0.5-^0.510 0.5) = -h3In2 = 2.08. 
For an ideal solution we get 

AS/R = 3[(l/6) ln(l/6) -h (1/6) ln(l/6) -t- (2/6) ln(2/6) -f (2/6) ln(2/6)] = 3.99. 

19.9 Crystals with stoichiometric vacancies 

A binary crystal can vary in composition even if each component is restricted to its own 
sublattice. An example is wiistite which has separate sublattices for Fe and O. The Fe 
sublattice can have vacant sites and we should thus write the formula as (Fe,Va)iOi. We 
shall call such vacancies stoichiometric vacancies because in the simplest case, their 
number is fixed by the stoichiometric imbalance between the amounts of the elements. 
The entropy of disorder in a crystal with any kind of vacancies is given by the expression 
already discussed, if the vacancies are distributed at random on a sublattice. The vacancies 
are then treated as the atoms of any element and one must define their site fraction, 

On the other hand, the vacancies are not included in the mole fractions x, which give 
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the composition of the crystal. Consequently, when evaluating x fromy, one should not 
include the vacancies in the summation. We can give the equation as 

On the other hand, it is not always possible to calculate the y values from the overall 
composition given by the set of x values. If each element is dissolved in one sublattice 
only, then we can still evaluate the site fractions from the composition of the crystal 
provided that there is at least one sublattice without vacancies. First we can identify that 
sublattice as the one having the largest value of Ex*/a*. Let us denote that sublattice by 
r. The site fractions in any sublattice t are then given by 

yj = xja’’fa' ^xj'. (19.49) 

i 

If Ey' in any sublattice is less than unity then the difference from unity gives the site 
fraction of vacancies 



E' 


Tva 


(19.48) 


Tva=l-E^’^'- (19.50) 

i 

This relation illustrates why they are called stoichiometric vacancies. The amount of 
stoichiometric vacancies does not change directly with the temperature but there may 
be an indirect effect if the phase is in equilibrium with another phase. The composition 
may then vary by an exchange of atoms between the phases. The amount of vacancies 
can also vary if the composition of the other phase varies by an action from the outside. 
A typical example is an oxide in equilibrium with an atmosphere of variable Po,- 

Exercise 19.8 

We know the composition of an oxide by chemical analysis as xy = 0.252, xpu = 0.094 
and xq = 0.654. Calculate the site fractions under the assumption that the oxide is a 
so-called stoichiometric phase with only a small deviation from stoichiometry. 

Hint 

Suppose that U and Pu occupy one sublattice and O another. The number of sites can 
then be estimated from the number of atoms supposing there are no vacancies. Vacancies 
can then be assumed on one sublattice for stoichiometric reasons. 

Soiution 

Xu -F xpu = 0.346; xo/(xu -F xpu) = 0.654/0.346 = 1.89. This is close to 2. We may 
thus assume that the formula is (U,Pu)i(0,Va)2 and we find yo = 0.654 ■ 1/2 • 0.346 = 
0.945; yva = 0.055. 
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19.10 Interstitial solutions 


Phases with two or more sublattices are often called compounds or intermediary phases, 
or intermetallic phases when appropriate. Such compounds may be strictly stoichiometric 
or may show a deviation from stoichiometry, caused by defects. One such defect is the 
vacancy. A related case is the interstitial solution where some solute atoms dissolve in 
a crystalline solvent by going into interstitial sites that are initially empty. These sites 
form a sublattice. An example is the solution of carbon in the bcc modification of iron, 
so-called ferrite or a-Fe. The formula can be written as Fei(Va,C) 3 . The entropy of 
interstitial solutions can be treated with the method discussed in the preceding sections. 
A more complicated case occurs when an element goes mainly into ordinary lattice sites 
but some of its atoms go into interstitial sites. 

In Section 4.8 we found that it was possible to derive an expression for the chemical 
potential of a compound in a stoichiometric phase but not for the chemical potential of an 
element. The situation is different for a phase with vacancies. For the interstitial solution 
of C in a-Fe we can by standard methods derive expressions for /rpeCs MFeVa 3 • We 
can thus evaluate fic from 

1 1 1 

^(^FeCs — MFcva,) = + Me — ~ MVa = MC “ MVa = MC- (19.51) 

because we can usually assume that the chemical potential of vacancies is zero. Assuming 
random mixing of carbon atoms and vacancies we obtain the following contributions to 
the entropy of mixing, the Gibbs energy of mixing and the chemical potential of carbon 


AGm 

Amc 


-3i?(yva Inyva + Tc Inyc) 
3i?r(jva Inyva + yc Inyc) 

A/rc A/zva — ^ ^AGm - 


(19.52) 

(19.53) 


3AG„ 

dye 


-E- 


9AG„ 

9y, 


- AG„ 


9AGn, 


1 /9AG„3 

9AG,„\ 

9yva 

^ ' dy, ) 

3 V 9tc 

9yva / 


1 vc Vr 

- ■ 3RT\n— = RT\n ^ . 

3 y va 1 - yc 


(19.54) 


Interstitial solutions will be further discussed in Section 21.2. 

It is important to notice that the deviation from stoichiometry of a compound may also 
be caused by some atoms going into sites of the ‘wrong’ sublattice (in that connection 
called anti-sites) or into interstitial sites. 


Exercise 19.9 

The interstitial solution of carbon in fee- and bcc-iron can be represented with the formula 
(Fe)i(Va,C)i and (Fe)i(Va,C) 3 , respectively. The martensitic transformation from fee to 
bcc is very rapid and carbon is not able to take advantage of the additional interstitial 
sites. Estimate how much larger the driving force for the martensitic transformation 
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would have been if carbon could be distributed among all the sites available in bcc-Fe. 
Make a numerical calculation for an Fe-C alloy with a molar content of 0.02 C. 

Hint 

For simplicity, suppose that the redistribution of carbon atoms has an effect on the Gibbs 
energy through the ideal entropy term only. Consider a system with one mole of Fe atoms 
and thus zc = 0.02/0.98 = 0.0204 moles of C atoms. 

Solution 

AG = 37?7’[(zc/3)ln(zc/3) + (1 - zc/3)ln(l - zc/3)] - i?r[zc Inzc + (1 - zc) 
ln(l - zc)] = 0.1219+ 0.0996) = -Q.223RT. The driving force would inc¬ 

rease with 0.223RT. 


20 Mathematical modelling of 
solution phases 


20.1 Ideal solution 


The thermodynamic properties of some solutions were illustrated graphically in 
Section 7.1 and some mathematical expressions were also given. We shall now give 
a more thorough discussion. In Section 18.7 we mentioned the possibility of modelling 
a special physical effect, p, in a substance and defining the remaining part of the Gibbs 
energy as the property of a hypothetical state, h, which does not have that physical effect. 



( 20 . 1 ) 


This approach can also be applied to solution phases. The most important application 
is the treatment of the thermodynamic effects of mixing the atoms in a solution. The 
hypothetical state would then be a so-called mechanical mixture of the pure components 
at the same temperature and pressure. 



( 20 . 2 ) 


The physical effect, Gm would here be the contribution due to the intimate mixing of the 
atoms in a solution. It is usually denoted by '^Gm, which is thus defined by 


G^ = Ex,°G, + “G, 


(20.3) 


The mechanical mixture may be regarded as a reference for the properties of a solution 
and ^Gm gives the solution behaviour. It is called Gibbs energy of mixing but a better 
name would have been ‘Gibbs energy of solution’ because it represents the effect of 
forming a solution from a mechanical mixture. For a binary system the reference is a 
straight line in the molar Gibbs energy diagram, in a ternary system it is a plane, etc. 
Earlier, in Fig. 7.1, it was demonstrated that one can use this straight line in a binary 
system as the line of reference in a molar Gibbs energy diagram and the concept of Gibbs 
energy of mixing was introduced. 

The simplest model for the intimate mixing of atoms in a solution is based on the 
assumption of random mixing and no particular interactions between atoms of different 
kinds. For that case we have 


G v" 0 T* M cideal 

m ~ ^ 


(20.4) 
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(a) (b) 

C 




Figure 20.1 Characteristic shapes of the molar Gibbs energy curves in (a) binary and (b) ternary 
systems, caused by the entropy of mixing. 

and expressions for the ideal entropy of mixing in phases with different structures were 
derived in Sections 19.7 to 19.10. A solution obeying such an equation may be called an 
ideal solution. For an ideal substitutional solution we have 

=-7?Ex,lnx,- (20.5) 

Gm = Sx,°G, + i?rEx, Inxi, (20.6) 

and we may also define a partial ideal entropy of mixing for component I, 

=-Rlnx, (20.7) 

Sometimes one explicitly requires that the molar volume of an ideal solution should be 
equal to a weighted average of the values for the pure components. It is easy to see that 
Eq. (20.4) satisfies this requirement because the derivative with respect to P yields 

Km = dGra/dP = T,x,d°Gra/dP = Ex°K. (20.8) 

The term — T ■ is important even in real, non-ideal solutions and it gives the Gibbs 

energy its characteristic shape of a hanging rope for a binary system and a canopy for a 
ternary. This has already been illustrated in a number of diagrams in Sections 7.1 and 
7.10 and is again shown in Fig. 20.1. 

Exercise 20.1 

Suppose one knows that a binary solution is not ideal because the molar volume obeys 
the relation: = xa° Fa + xb° Fb + xaXb • 1° Fa — ° Fb|. Examine the effect on G^ if 

°Fa-° Fb = 2- 10“® m^ mol. 

Hint 

Represent Gm with xa°Ga + xb°Gb — T ■ -t- xaxbT and evaluate the effect 

on L. 
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Solution 

Compare with = 9Gm 9/* = xa° Ca + xb° Fb + xaXb 9C/9_P. Thus, dL/dP— 
(°Va — °Vb) and, neglecting the pressure dependence of ° Fa — ° Fb, we find L — Lo + 
p . ^(°Fa — °Fb). At 1 bar (10^ Pa) this effect would increase F by 10^ ■ 2 • 10“® = 
0.2 J mol. This is negligible in most cases. 


20.2 Mixing quantities 


It is convenient to compare the value of any molar quantity in a solution with the weighted 
average of the values for the pure components and define a molar quantity of mixing, 

Ua 

= Ex°A, + ^A^. (20.9) 


The additional requirement for an ideal solution, mentioned in the preceding sec¬ 
tion, may thus be formulated by stating that the volume of mixing, “Fm, must be 
zero. 

Partial quantities of mixing can be defined relative to the value for the pure 
component, 

^A,^Ai-°A,. (20.10) 

It is evident that all relations derived for A^ and Ai in Section 4.2 also apply to 
and ^Ai because the references °Ai will drop out from all such relations. We get, for 
instance, 

^An, = - Ex, °Ai = T,XiAi - Ex,- °A, = Ex,(^,- - %■) = Ex“^,-. (20.11) 


We find, as for^m in Section 4.1, 

Ma _ _Ma 

A±j — 


9x, 


-^x,- 


9xi 


( 20 . 12 ) 


Exercise 20.2 

Show that the partial enthalpy of mixing can be calculated from — d(^Gj/T)/ 
dil/T). 

Hint 

We know Hj = d{Gj/T)/d{\/T). Use = Hj - °Hj and ^Gj = Gj - °Gj. 


Solution 

d(^Gj/T)d{\/T) = d{Gj/T)/d(\/T)-d{°Gj/T)/d{\/T) = Hj-°Hj = 
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20.3 Excess quantities 

The various mixing quantities were defined relative to the mechanical mixture of the 
components. In the same way one may define excess quantities relative to an ideal 
solution, e.g. 


Gm = ^ (20.13) 

The excess quantities represent the deviation from ideal behaviour and are thus subject 
to direct study and modelling. In this chapter we shall examine mathematical models 
of the excess Gibbs energy and in the next chapter we shall discuss some very simple 
physical models. 

From the excess Gibbs energy one may define partial excess Gibbs energies and obtain, 
by standard procedures. 


^Gj = ^G^ + d^GJBxj - Ex,9®G„/9x,- 

(20.14) 

Eg, = Gi - °G, + T ■ 

(20.15) 

= Sx,-^G,- 

(20.16) 

^ 0^ M^ideal 

(20.17) 

= Hi - °H, = 

(20.18) 

We note that it is not necessary to introduce the concept of excess enthalpy because 
all enthalpy of mixing is in excess of the ideal solution behaviour. For a substitutional 
solution we get 

^Gj = Gi-°G, - RTXnxi. 

(20.19) 

^Si ^ Si-°Si-R Inxi 

(20.20) 


Exercise 20.3 

Using a Maxwell relation at constant T and P we get dGi/dNj — d^G/dNidNj — 
d^G/dNjdN, = dG/dNi. Using this relation, show that d^G,/dNj = d^Gj/dN,. 

Hint 

G, = °Gi + RTlnx, + ^G,; dx,/dNj = -x,/N-, dxj/dNi = -Xj/N. 

Soiution 

dGi/dNj^RT{\/xi)-{-Xi/N)+d^G,/dNj = -RT / N pd^Gi/dNy, dGj/dNt = 
—RT/N+ d^Gj/dNi- If the two left-hand sides are equal, we obtain d^Gi/dNj — 
B^Gj/dN,. 
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Figure 20.2 Properties of Redlich-Kister terms. 


20.4 Empirical approach to substitutional solutions 

We shall now discuss an empirical approach to the modelling of the excess Gibbs energy 
of solution phases. We have already seen that the difference between the properties of 
a real solution and an ideal solution may be represented by a quantity called the excess 
Gibbs energy, For a substitutional solution we can immediately see that it must go 
to zero for the pure components and a convenient way of representing its composition 
dependence in a binary system is to introduce the factor xa^b which goes to zero for 
pure A as well as pure B. We shall thus express as x^x^I. We shall allow I to 
be a function of composition. It may for instance be represented by a power series, 
often called Redlich-Kister polynomial [39]. Figure 20.2 illustrates the properties of the 
various terms in ®Gm. 


/ = + 'I(XA - xb) + ^L(xa - xb)^ + • • ■ (20.21) 

n 

®G„ = XAXB Y, ^L{xa - Xjif. (20.22) 

k=0 


The parameter I may be regarded as a representation of the interaction between the 
two components. It is convenient to give the two components as an index to I and write 
it as /ab for an A-B solution. When / is a constant, independent of composition as well 
as temperature, one talks about a regular solution and may thus be called the regular 
solution parameter. When it appears alone, it is usually denoted by L. may be called 
the subregular solution parameter and the subsubregular solution parameter. Flowever, 
it should be mentioned that a regular solution is sometimes defined as a solution where 
®Gm is independent of temperature but may have any composition dependence. On the 
other hand, in recent years there is a tendency to call a solution regular as soon as / is 
independent of composition, whether or not / is independent of temperature. 

Positive values of the regular solution parameter result in a tendency of demixing. If 
not interrupted by other reactions a miscibility gap will form when the temperature is 
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lowered. It is easy to calculate its spinodal from the condition for the stability limit. For 
a constant I we get 

gB = dGm/dxB = (XA - + RT{xb/xb + InxB - xa/xa - InxA) (20.23) 


gBB = d^G^ /dx" = (-1 - 1)°L + RT{\/xb + 1/xa) = 0 (20.24) 

r,p = xaxb • 2^L/R (20.25) 

xaxb = RT^/2^L. (20.26) 

The spinodal will thus be a parabola in this simple case and its maximum will fall at 
xa = xb = 0.5 and be a consolute point. 

Tcons = ‘’Z/2i?andxAXB = Fsp/TFcons- (20.27) 

A second equation is required in order to calculate the consolute point if /is not a constant 
and it is obtained through the condition of a critical point, 

d^Gm/dx3= 0. (20.28) 


For further reference it is convenient here to derive expressions for the partial 
Gibbs energies from the Redlich-Kister polynomial. Using the standard method pre¬ 
sented in Section 4.1, we can evaluate the last two terms in the following general 
expression 

Gi^°Gi-T + (20.29) 

With the power series representation of ^G^ we first obtain a general expression for the 
effect of an interaction between two components, / and i, 

n 

^Gi — °//,x,(l - xi) + 'Y^’"LiiXi{xi - Xif~^[{k + 1)(1 - x/)(x/ - Xi) + kxi]. 
k=\ 

(20.30) 

For a binary A-B system we can replace 1 — xa by xb and 1 — xb by xa and obtain 

^Ga = xl j“/AB + ^'■Tab(xa - XBf-\{2k+ 1)XA - xb] j (20.31) 

^Gb = xi j°/.AB + ^'/ab(xa -xb)'^-'[xa - {2k + 1)xb] j . (20.32) 

It should be noticed that in our notation the sign of */,ab changes for odd k if the order 
between A and B is reversed. It is also interesting to note that the expression for the partial 
excess Gibbs energy of one component contains the square of the molar content of the 
other. The partial excess Gibbs energy of a component will thus go to zero asymptotically 
as the pure component is approached. In this respect the very dilute solutions are ideal, 
a result which is usually formulated in Raoult’s law. It will be discussed in the next 
section. 

For a solution with more than two components we should consider interactions within 
each combination of two components and possibly also interactions between more than 
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two components, so-called ternary, quaternary, etc., interactions. By limiting the present 
discussion to binary interactions we obtain 

G„ = + RTY^x, Inx, + ^ ^ XjXjlij, (20.33) 

i j>i 

and ^G/ will be the sum of contributions from all //, but also from other 7^. We obtain 
^G, = ^ '’7.,,.x,(l -x,) + 1) 

ii=i \ k=\ 


x(l - X/)(X/ - Xi) -b kxi] 


i^l 


^Lij + Lij{xi — Xj)^(k + 1 ) 

k=\ 


(20.34) 


For a ternary system with constant interaction energies (i.e. for the regular solution 
model) we can write the result as follows by omitting the superscript 0 in °Z, 


Ga = °Ga + RTXnxp, + xb(xb -t- xc)7.ab — ^b^c^bc + xdxc + xb)Lca 

(20.35) 

Gb = °Gb -t- TJr InxB -t- xa(xa + xc)Lab + xc(xc + xa)7.bc — xqXaLqa 

(20.36) 

Gc = °Gc + RT Inxc — xaXb7.ab + .^b('^b + ■*a)-^ab + ^a(-^a + ■*b)^ca- 

(20.37) 


Exercise 20.4 

Apply the expressions for ®Ga and ®Gb, given by Eqs (20.31) and (20.32), to a binary 
system and show that G^ = Ex, G, . 


Hint 

We know that for an ideal solution G^ = Sx, G,. Now it is thus sufficient to show that 
EG„ = ExfG,-. 

Solution 

Ex;®G, = XAXg {°7 .ab + ^^Rab(xa — x^f '[(2A:-t- 1 )xa — xb]} 

+ ^b^a {*^'^ab + S*^Zab(va — ^b)^ *[^a — (2^ + 1)xb]} 

= xaxb {°7.ab(^a + Xb) + S*7,ab(jca — J^b)*”* 

X [xb( 2^ -t- 1 )xa - ^b + ^a “ XA(2k + 1)xb]} 

= xaxb [°7,ab + S^Eab(va — JCb)*^] . 
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Exercise 20.5 

Mo has the same structure as a-FeCbcc) and it is thus possible to combine them into 
the same model, covering the whole range of composition of bcc in the Fe-Mo phase 
diagram. Determine the Gm expression for this model from the mutual solubilities at 
1300°C which are 0.16 Mo in Fe and 0.075 Fe in Mo. 

Hint 

Since two pieces of information are given, we can determine two parameters. The excess 
term will thus be written as XFeXMo[°T + 'T(xFe — xmo)] where and'T will be consid¬ 
ered as independent of T. At equilibrium Gfb — ^(jFe, i.e. RT Inx^^ + ^Gfc would have 
the same value in both phases and so would TJr InxMo + ^Gmo- For a binary solution 
we find ®Ga = Xg[*’T -F ^T(3 xa — xb)] and ®Gb = Xg[°Z, -F 'T(3 xa — xb)]. 


Solution 

7?rinxFe-F'^GFe = 7?rin0.84-F(0.16)2['’T -f' T(3 ■ 0.84 - 0.16)] = In0.075 -F 
(0.925)2 [Ot -F 'T(3 • 0.075 - 0.925)1; InxMo + ^<?mo = ln0.16 + (0.84)^ 

[0/, -F 'T(0.84 - 3 ■ 0.16)1 = 7?rin0.925 -F (Q-QlSfi^L + ^1(0.015 - 3 ■ 0.925)]. 
The numerical result is = 34 500 and 'Z, = —4500 J/mol. 


20.5 Real solutions 

As discussed already in Section 7.1, one often represents the properties of real solutions 
with the activity a, and activity coefficient , defined through 

+ RTXnai = -F RTXnxi + RTXnfi. (20.38) 

It is common to choose as reference the state of pure i at the same temperature and 
pressure as the state under consideration, usually denoted °G, or °/x, . 

The activity coefficient is often intended for use in dilute solutions only. It is interesting 
to examine its variation with composition by applying the regular solution model for a 
binary substitutional solution. Figure 20.3 shows three curves for the activity obtained 
with ^L/RT = 2, Oor — 2. For high B contents x\ is small and the regular solution 
model yields 

ub = exp CLxI/RT) = Xb; /b = 1. (20.39) 

As a consequence, all the curves approach asymptotically the diagonal in the diagram. 
This is Raoult’s law and its validity is very general. We have already seen that ®Gb has 
the factor x^ independent of what power series has been chosen. This factor originates 
from the factor xaXb , introduced in order to make ® Gm go to zero for pure B and for pure 
A. For low B contents where xa may be approximated by 1 we obtain 

flB = Xb exp {°Lxl/RT) = xb expCl/RT); /b = e\p{°L/RT). (20.40) 
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Henry's law Raoult's law 



Figure 20.3 The properties of a binary solution according to the regular solution model with three 
different values of the regular solution parameter. 

This gives the slope of the tangent to the curve at the origin. It is self-evident that at low 
B contents the alloys fall close to this tangent. This is often formulated as Henry’s law. 
It must be emphasized that this law says nothing about the slope of the tangent, contrary 
to Raoult’s law. It is interesting to mention that Raoult’s law for component A can be 
derived by applying Henry’s law to component B. 

A convenient method of studying the properties of a binary solution is based upon the 
presence of the factor x\ in the expression for the partial excess Gibbs energy of B in 
the empirical model. We obtain 

n 

“Tab + - xb/’^xa - {2k + 1)xb] = ^Gb/x^ 

k=l 

= RT In{aB/xB)/xl = RTIu/b/xI. (20.41) 

If a plot of experimental values of R T In /b /x\ versus xb can be represented by a straight 
line then the properties can be represented by two parameters, “Tab and 'Tab- If exper¬ 
imental data are available for both components, then the two-parameter representation 
requires that one finds two straight lines, one for each component and such that they 
yield the same set of “T and *T values. An example for liquid Fe-Ni at 1852 K is given in 
Fig. 20.4. In Fig. 20.4(b) the two lines have the same slope, representing 'Tpe.Ni, and 
the same value at xni = 0.25 for the Ni line and xpe = 0.25 for the Fe line, representing 
“Tpe^Ni- The experimental scatter is considerable in Fig. 20.4(b), especially at low Ni 
contents for Fe and at low Fe contents for Ni because of the very small values then taken 
by the factors x^j and Xp^. in the denominators. 

It should be emphasized that there are many binary systems where the power series 
representation is not very convenient. Figure 20.5 shows an example from liquid Bi-Mg 
at 973 K where a very large number of power terms would be needed for a satisfactory 
representation of the data. It is evident that some particular physical effect occurs at 
the centre of the system and it would be difficult to represent such data mathematically 
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Figure 20.4 The properties of liquid Fe-Ni solutions at 1852 K according to direct measurements 
and a subregular solution model with^Lpe.Ni = —10 and'Z-pe.Ni = 5kJ/mol. 


0 



Figure 20.5 Experimental data from liquid Bi-Mg alloys at 973 K. This behaviour cannot be well 
represented with a power series. 


without identifying that effect and representing it with an adequate model. Such models 
will be described later on. 

Exercise 20.6 

Consider the gaseous mixture (solution) of H 2 and O 2 at 1 bar and a temperature high 
enough for the reaction 2 H 2 + O 2 -> 2 H 2 O to go to equilibrium but still low enough to 
make the formation of H 2 O practically complete. Examine how the activity of O 2 would 
vary across the binary H 2 -O 2 system as a function of xq^ . 

Hint 

The binary system has two components and it is evident that they are defined as H 2 and 
O 2 and that xq^ is thus defined with no regard for the formation of H 2 O. Suppose that the 
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Figure 20.6 Solution to Exercise 20.6. 

gas is actually an ideal gas mixture of H 2 , O 2 and H 2 O. At constant T and P we then have 
RT In X 02 = M 02 ~ °M 02 = RT\n _yo 2 where the definition of _yo 2 takes into account the 
presence of H 2 O. 

Solution 

Between xqj = 0 and 1 /3 there are practically no molecules of O 2 . All oxygen goes into 
H 2 O. Between xq^ — 1/3 and 1 there are, for the same reason, practically no H 2 molecules 
and yu,o + yo 2 = 1 and xqj = (yo 2 + 0.5;;H2o)/(yo2 + l-5yH2o) and thus = yo^ = 
(3x02 — l)/(vo 2 + !)■ It is evident that it is impossible to describe the deviation of this 
solution from the ordinary ideal solution with a power series. Any reasonable model 
must recognize that the interaction between the two components is here so strong that 
large quantities of a new kind of molecule form (Fig. 20.6). 

Exercise 20.7 

It is common to define the activity of a component i in a solution with reference to pure 
i at the same temperature. The chemical potential of i in the solution is then written as 
/X, = °Gi{T) + RTlnai. Suppose that one would instead like to define an activity by 
referring to pure i at absolute zero as reference. Derive a relation between the two kinds 
of activity, aj and af. 

Hint 

The chemical potential of i in the solution, /x,, is a well defined quantity even though its 
value can be given only relative to a reference, i.e., as /x, — °G, . 

Solution 

/x, is the same quantity in the two equations: /x, = °Gi{T) + RTXnaf and 
/X, = °Cx,(0) + RT\na^. Let us take the difference: 0 = °Gi{T) — °Gi(0) + 
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RTlniaJ/a% ^ aj qx^[{°G,{T) - °Gi{0))/RT], Thus af < aj since °Gi(0) > 

°G,iT). 


20.6 Applications of the Gibbs-Duhem relation 


At constant T and P the Gibbs-Duhem relation, Eq. (3.34), reduces to 

'ExidGi = 0 or Ex, din a, = 0. (20.42) 

We have here chosen the notation G, instead of /r,, since we shall consider a single solution 
phase. By introducing partial excess Gibbs energies or activity coefficients through 

G, = °G, + RT\nx,+^G, = °G,- + RTlnx, + RTln f, (20.43) 


we get 

Exi^Gi = 0 or Ex,din= 0, (20.44) 

because 

Ex,dlnx,- = Ex,dx,/x,- = Edx, = 0. (20.45) 


In a binary system it is thus possible to evaluate f\ from measurements ofy) by integration 
from pure 1. 


In /i = - f ^ 

J xi 


din /a 

dx2 


dx2. 


(20.46) 


For graphical or numerical integration Wagner [40] suggested that this equation should 
first be transformed by integration by parts, yielding 

In/i = f i^dx 2 - (20.47) 

J xt Xi 

0 

One can also evaluate ^Gm from the information on /). The last equation gives 

xi In/i + X 2 In fi—xi j —^dx 2 , (20.48) 

0 * 

and this is identical to ^G^/RT. 

As an introduction to a discussion of ternary systems, it may be useful to repeat the last 
derivation by starting from the well-known expression for a binary system in Section 7.1, 
when x\ is regarded as a dependent variable. 


EG2 = ^G„ + (l-X2)dEG„,/dx2. 

This can be rearranged into 


(20.49) 


®G2 = (1 - X2)'d pG„/(l - X2)] /dx2. 


(20.50) 




20.6 Applications of the Gibbs-Duhem relation 


453 


Integration from X 2 — 0 where ®Gm = 0, yields 


= (1 - X2) = 0) + (1 - X2) j pG 2 /(l - X2f] dx 2 



(20.51) 


0 


which is actually identical to the result of Eq. (20.48). 

For a ternary system one may derive the same equations if the ratio x\/x 2 is regarded 
as the second independent variable. However, when integrating from X 2 = 0 one now 
starts from a binary 1-3 alloy and its ^Gm is not zero. We should thus write the 
result as 



(20.52) 


xi/x-i 


This equation can be useful if one has measured ®G 2 (i.e. RT\n [ 2 ) in sections of constant 

XX1X2. 

Exercise 20.8 

Show that G 2 = Gm + (1 — X 2 ) • ( 9 Gm/ 9 ^ 2 )ii/x 3 in a ternary system by starting from 
G = NGJ,x2,xxIx2). 

Hint 

Since X 1 /X 3 = NxjN^ we find ( 9 (xi/x 3 )/ 9 A^ 2 )vi,V 3 = 0. 

Solution 

X2 = N2/{Nx + N2 + N2)- {dX2/dN2)N,.N,={N-N2)/N^ = {\-X2)/N- G 2 ^ 

(9G/9iV2)^„jV3 = G„3 + iV ■ (9G„/9 x2).,/x3 • {dx2/dN2)N,,N, + N-{dG^/d{xx/x2)\,- 
{d{xx/X 2 )/dN 2 )N,.N, = Gn 3 + fV ■ (9G„/9x2),,/,3 ■ (1 - X 2 )/iV+ N ■ ( 9 G„/ 9 (xi/X 3 ))x 3 - 
0 = Gm + (1 - X 2 ) • (9Gm/9x2);(i,x3 

Exercise 20.9 

By studying the ratio of vapour pressures over A-B alloys one can measure how the ratio 
of activities ua/ab varies with composition. Show how one can evaluate ua and from 
such information. 
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Hint 

Use the Gibbs-Duhem relation in the form XAcllnflA + x^dlna^ = 0. Replace \na^ by 
ln(aB/«A) + InflA- 


Solution 

0 = XAtilnflA + XBdln(flB/«A) + XfidlnaA = (^A + ■^B)dlnflA + ^Bdln(aB/aA) = 
dln^A + XBdln(flB/aA); InaA = — / XBdln(aB/flA) 


20.7 Dilute solution approximations 

When discussing dilute solutions Wagner [40] suggested that one should consider the 
composition dependence of the activity coefficient. For a dilute solution of B in A he 
wrote 


(Gb - °Gb)IRT = InuB = In /b + InxB = In °/b + Iuxb + Sb^b (20.53) 

This may be compared with the expression we obtained for the regular solution model, 
i.e., Eq. (20.32) with a constant parameter. 

Gb = °Gb + RT InxB + (1 - 2 xb + x^) Tab (20.54) 

The two formalisms are identical if the second-order term can be neglected, i.e. for dilute 
solutions. We identify parameters as follows if the same reference is used in both cases. 

lnyB = iAB/R7’ (20.55) 

eB = -2 Tab/R7’ (20.56) 

However, a different reference state is often used in the e formalism. As an example, 
the infinite-dilution reference state is defined in such a way that it makes In °/b = 0 and 
gives the relation 

°G”“''= °Gb + Tab (20.57) 

Gb = ° G”““- + RTInxB + (-2xb + x^) Tab (20.58) 

For a ternary system, where small amounts of B and C are dissolved in A, Wagner 
introduced an interaction coefficient between the two solutes, = ec> S^>ve the 
expressions 

(Gb - °Gb) /RT = InuB = In/n + Inxe = ln°/B + Iuxb + e^XB + e^xc (20.59) 
(Gc — °Gc)/RT — Inac = In/c + Inxc = In °/c + Inxc + e^^B + (20.60) 

This may be compared with the regular solution model yielding Eqs (20.35) to (20.37) 
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after replacing xa with 1 — xb — xc, 

Ga = °Ga + RT \nxA + {xg +xbxc) Lab + {x^xq + x^) Lac — x^xcL^c 

(20.61) 

Gfl = °Gb + 7?nnxB + (l — 2 xb + Xg — xq + xbx^) T-ab 

+ (--^c + -^B^c + xc) Lac + {xc - xbxc)Lbc (20.62) 

Gc = °Gc + RT \nxc + (—xb + ^b + ^b^c) -^ab 

+ (l - xb + xbxc - 2xc + X^) Lac + (^b - ^B.rc)7.BC- (20.63) 

The two formalisms are again identical if the second-order terms are neglected and the 
following relations are obtained by comparing Eqs (20.59) and (20.60) with Eqs (20.62) 
and (20.63). 

e® = -2Lab/RT (20.64) 

4 = (^BC-TAB-TAc)/^r = e« (20.65) 

eg = -2Lac/RT. (20.66) 

Equation (20.55) is still valid. We note that eg and e® must be equal in order to make 

the two formalisms identical. 

Equation (20.61) demonstrated that one needs second-order terms in order to model 
any deviation from Raoult’s law for the solvent, A. There are no such terms in the e 
formalism and a related feature is that the expressions for Ga, C?b and Gc obtained from 
the e formalism do not satisfy the Gibbs-Duhem relation. Pelton and Bale [41] showed 
that it can be satisfied by adding a particular term, K, to the expressions for all three Ga, 
Gb and Gc- Inspection of Eqs (20.62) and (20.63) reveals that the set of second-order 
terms is the same in all cases and it actually represents the K term, 

KRT — (xg + xbXc) Lab + (x^ + xbXc) Lac ~ XbXcLbc- (20.67) 

Using the relations (20.64) to (20.66) it could as well be expressed in the form proposed 
by Pelton and Bale. 

— K — \s^x^ 4- egxBXc + %Sqx}-. (20.68) 

Darken [42] noticed that the regular solution model for binary solutions is often very 
inadequate and showed that it sometimes works well in the A-rich part by using a hypo¬ 
thetical state of reference for the solute. This is called the quadratic formalism and simply 
means that one substitutes °Gb -t- Mb for °Gb, which represents the real Gibbs energy 
of pure B in the same phase. This can be done directly in Eq. (20.62) and similarly 
for pure C in Eq. (20.63). The values of Ma and Mb are given by a comparison of 
Eqs (20.59) and (20.60). 

In °/b = {Mb + Lab)/RT = Mb/RT - 0.5eg (20.69) 

In °/c = {Me + Lac)/RT = Mc/RT - 0.5eg. 


(20.70) 
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The corrected e formalism is completely equivalent to the quadratic formalism and thus 
offers a convenient way of evaluating the M and L coefficients to fit the experimental 
information. 

Exercise 20.10 

Derive the expression for K in Eq. (20.70). 


Hint 


Apply the Gibbs-Duhem relation in the xb direction and in the xq direction, respectively, 
in a ternary system, after first expressing xa in terms of Xb and xc. 


Solution 


0 = XAdlnaA +-*BdlnflB + ^cdlnac =-^Ad(lnxA + K) + XBd(lnxB + fig-^B + eB^c + 
if) + xcd(lnxc + e®XB + + ■^)-9/9-^b of this gives since xa = 1 — xg 

- Xc : 0 = xa(-1/xa + dK/dxs) + xb(1/xb + ef + dK/dxs) + xcCe® + Sif/dxg); 
dK /9xb = —xsEg ~ -^cec- same way we find dK/dxc — —xhEb ~ xc^c- These 
conditions are satisfied with X = —(egXg + 2egXBXc + s^x^)/2. 

Predictions for solutions in higher-order systems 

Taking all binary interactions into account we obtain the following expression for the 
excess Gibbs energy in a multicomponent solution phase. 



(20.71) 


If this model applies, all the /,y coefficients can be determined experimentally on the 
respective binary systems and the properties of the higher-order system can be predicted 
by combination. On the other hand, if a composition-dependent I is required in order 
to represent the experimental information on a binary system, then there is no simple 
physical model predicting the properties of the higher-order system. It may be stated 
that a composition-dependent I implies that the interaction energy is not determined 
completely by the pair-wise interaction of atoms. If / in a binary system is equal to 
-I- (xa — xb)'T, then the excess Gibbs energy is described by 


E 



(20.72) 


The last two terms seem to originate from interactions within groups of three atoms. If 
that is the case, one should expect similar effects in the higher-order system, for instance 
an interaction between an A, a B and a C atom given by xaxbxc/abc- Of course, there 
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is no way by which this interaction can be predicted from the binary systems where that 
group of atoms does not occur. 

When the binary interaction energies depend upon the composition, it should be 
advisable to introduce /abc in the description of the ternary system. However, it must 
be realized that there is no unique way of defining such a parameter because there is 
no unique way of predicting how the properties of a binary system contribute to the 
properties of the higher-order system unless /ab is a constant. For variable Iab several 


expressions are used 

Iab = °Lxi + ^LxaXb + ^Lxl (20.73) 

Iab^^'L + ^Lx^ + ^LxI (20.74) 

Iab = + 'i(2xB -\) + ^L [6x1 - 6xb + l) (20.75) 

Iab = + ^I(xa - xb) + H (x^ - 4 xaXb -b x^) (20.76) 

Iab = + ^L{xa - xb) + ^L(xa - x^f. (20.77) 


These expressions are quite equivalent when applied to a binary system because they 
can be transformed into each other by the use of xa -f xb = 1. When applied to a higher- 
order system the expressions give different results because xa + xb is no longer unity. 
For practical reasons it may be important to select a particular expression and at present 
there is a strong preference for the last one. It was first suggested by Redlich and Kister 
[39] that this particular form, initially intended for binary systems, should be used for 
representing the binary contributions in a multicomponent system. 

The same kind of problem appears when one wants to predict the properties of a 
quaternary solution from the four ternaries. A general method may be based upon the 
observation that all the expressions, listed for the binary interaction energy Iab, become 
identical ifxA is replaced by xa -F (1 — xa — xb)/2 andxBbyxB -F (1 — xa — xb)/2. In 
fact, with this method all second-order expressions can be transformed into expressions 
identical to the Redlich-Kister polynomial. Generalizing this method we find that xa 
should be replaced by xa + (1 — xa — xb — xc)/3, xb byxB -F (1 — xa — xb — xc)/3 
and xc byxc + (1 — Xa — Xb — xc)/3 in the ternary interaction energy I abc- This 
method can easily be extended to higher-order terms [43]. 

Exercise 20.11 

Show that Eqs (20.74) and (20.77) become identical for a binary system ifxe is replaced 
by Xb -F (1 — Xa — xb)/2. Show how the second set of L parameters can be evaluated 
from the first one. 

Hint 

The expression by which we shall replace xb is equal to 1/2 — (xa — xb)/2. 
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Figure 20.7 Selection of binary alloys (black points) according to three symmetric methods of 
predicting ternary properties. 


Solution 

/AB(in Eq. (20.74)) = + '1/2 - t/2 ■ (xa - xb) + ^L/A + ^L/A{xa - xb? - 

2^L/A-{xa-xb). 

Comparison shows that: (in Eq. (20.77)) = + 'C/2 + /4; '/.(in Eq. (20.77)) 

= -Cl + 2i)/2; 2^(in Eq. (20.77)) = ^L/A. 


20.9 Numerical methods of predictions for higher-order solutions 


As an alternative to the analytical methods described in the preceding section, several 
numerical methods have been suggested. They allow the properties of a ternary solution 
phase to be estimated from binary solutions without first assessing all the information 
available in the binary systems. However, it should be emphasized that they are never¬ 
theless based upon some assumptions regarding the properties. The expression for the 
Gibbs energy of a ternary alloy of the composition xa, xb, xq must contain the terms 
Xa ° G A + Xb ° Gb -t- xc ° Gc and it is common also to include the ideal entropy of mixing. 
This leaves only the excess Gibbs energy and the following three symmetric methods 
have been proposed. 


Kohler [44]: ®G„, = ^ ^ (x, + xjf ■ 

i j>i 
Xjjl 


Colinet[45]: ®G„ = EE 


I j>^ 


X, + Xj X, + Xj 

X//2 


(20.78) 




1 — X/ 


1 — X, 


(20.79) 


Muggianu [46]: ®Gm = EE 

I j>i 


AxiXj 

(1 +Xi -Xy)(l +Xj -X,) 


X ^G‘^(i\ + X, - x,)/2; (1 + Xj - x,)/2). (20.80) 


All the weighting factors have been selected in such a way that the methods correctly 
reproduce the term XixfLtj. Colinet and Muggianu also reproduce the terms x,xy ■ 
‘Lij{xi — Xj). In addition, Muggianu reproduces all the higher-power terms if they are 
written in the form x,xy • ^/.,y(x, — xy)*. As a consequence, the numerical method by 
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Muggianu and the analytical method based upon the Redlich-Kister polynomial give the 
same result and may be recommended for general use. 

These numerical methods were initially defined geometrically as illustrated in 
Fig. 20.7. It explains how one selected the binary alloys, the Gibbs energies of which 
were used to estimate the ternary properties. It should be emphasized that these methods 
only apply to integral excess quantities. 

Exercise 20.12 

Refer to Fig. 20.7 and show that the binary A-B alloy used in Muggianu’s method has 
an A content of (1 + xa — xb)/2. 

Hint 

Draw lines through the ternary alloy, parallel to sides A-C and B-C. The intercepts on 
the A-B side have lengths equal to xb, xc and xa- 

Solution 

The distance of the binary alloy from the B corner is xc/2 + xa- Using the relation 
Xc = 1 — Xa — Xb one can transform this expression into 1/2 + xa/2 — xb/2. 


21 Solution phases with sublattices 


21.1 Sublattice solution phases 


In the substitutional solutions discussed in Section 20.4 all lattice sites were equivalent 
and a solution was formed from a pure substance by substituting new kinds of atoms 
for the initial one. However, relatively few crystalline phases belong to this class. The 
great majority have different kinds of lattice sites and can be described by using two 
or more sublattices. Examples of such phases will be discussed in this chapter. It will 
be demonstrated that a great variety of such phases can be modelled in a very direct 
way using an approach often called the compound energy model or formalism. It is a 
crude model in the sense that it assumes random mixing within each sublattice. The 
expression for the entropy of such phases is simple and was presented in Section 19.8, 
‘Restricted random mixtures’, but the excess Gibbs energy can easily become very 
complicated. However, it should be realized that actual calculations of equilibria, and even 
of whole phase diagrams, can now be carried out with sophisticated computer programs 
which only require that the expression for the molar Gibbs energy of each phase is 
defined. 

Section 19.8 gave the expression for the entropy assuming random mixing of all the 
components present in each sublattice. The result was expressed in terms of the site 
fraction variable, j,, and in Section 19.10 it was then applied to interstitial solutions, 
which are a special case of solution phases with sublattices. We shall first consider the 
rather simple case where there is only one component, M, in one sublattice, and a number 
of components, ij ,..., in another sublattice. It is then convenient to consider a formula 
unit with one mole of atoms in the second sublattice (M)hii,j ,. . .)i. For 1 mole of such 
formula units we get 



( 21 . 1 ) 


The deviation from ideal solution behaviour may be represented by the interactions 
between the components in the second sublattice. Using the Redlich-Kister type of 
power series we have, for the interaction between components i and j, when the first 
sublattice is filled with M, 


n 



( 21 . 2 ) 
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For _v, = 1 the phase is identical to a compound M^,/ and the whole expression of the 
molar Gibbs energy for 1 mole of formula units will be 

n 

+ E(21.3) 

i i i j>i k=Q 

It should be noticed that y, is at the same time the site fraction of j in the second sublattice 
and the mole fraction of the compound M ;,7 among all M*/ compounds. From Gm we 
may thus derive expressions for the partial Gibbs energies of the compounds, using 
Eq. (4.6) but replacing x fractions withy fractions. 

Gm,/ = °Gm,/ + RT Iny, + ^ ^L^y^il - y/) + E 

/^/ { k=\ 

■ [(^ + i)(i - yi){yi - yd + | 

-EE y^y-i + dI ( 21 . 4 ) 

i^i [ k=i ] 

The expression is thus analogous to the one for a substitutional solution in Eq. (20.34). A 
ternary phase of this type would behave as a binary, substitutional phase. It is sometimes 
called a quasi-binary or pseudo-binary solution. For the same reason one may call a 
quaternary phase of this type a quasi-ternary phase. 

As already shown in Eq. (4.56) one can generalize Eq. (4.6) to a solution phase with 
several sublattices, t, u and v, and with several constituents on the sublattices, e.g., 

Ga„b,c. = G„ + dGnddy'A + 9Gm/9yB + 9G„,/3y^ - ESyfaGn^/ayf. (21.5) 

The last term is a summation over all the constituents, i, in all the sublattices, s. Further¬ 
more, 


Ga^BjCc = Ma„B 6C, = fl/^A + bfiB + c/r-c. 


( 21 . 6 ) 


Exercise 21.1 

High-temperature measurements have shown complete miscibility in the solid phase of 
AI 2 O 3 — Cr 203 . Information from lower temperatures is less certain but there is some 
report of a miscibility gap with a maximum at about 7^1 = 2000 K. Model this solution 
phase. 

Hint 

Introduce a constant regular solution parameter. Express the ideal entropy contribution 
with regard to the size of the formula unit chosen. 
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Solution 

Define the unit as Mj Oi .5. Then we get = >'ai°Gaioi .5 + Tcr°GcrOi 5 + (jai In Jai + 
Tcrlnycr) + TAiTcrT. Because we have chosen a symmetric description, the miscibil¬ 
ity gap will be modelled as symmetric. Its maximum will be found at yAi = Tcr = 
0.5 which yields 0 = d^Gm/dy^j. = RT/yAiya — 2T; L — IRTan — 2R ■ 2000 = 
33 000J/mol. 


21.2 Interstitial solutions 

In Section 19.10 we discussed the ideal entropy of mixing in an interstitial solution. In 
fact, it may be regarded as the special case of a solution with two sublattices obtained by 
allowing vacant sites on one of the sublattices. For 1 mole of sites in that sublattice we 
can write the formula as (]VI);,(Va, i, j, ...)i. All the equations derived for the phase with 
two sublattices in the preceding section can be applied if the vacancies are included as 
a component. For a binary M-C system we write the interstitial solution as Mfc(Va, C)i 
and Eq. (21.3) yields. 


Gm — yc^GutC + yva°GMi,va + RT{yc Inyc + Tva Inyva) 

n 

+ ToTVa ^ *^^CVa(TC “ TVa)*^ 

k=0 

GuiC = + RTXnyc 

+ I ''■^CVa + ^ ^TcVaCfC “ TVa)*^”' [(2A: -j- l)yc — yva] 

I k=\ 

GutYa — “GiviiVa + Inyva 

+ TC |°FcVa + ^ *FcVa(yc “ TVa)*~*[TC — i^-k + l)yva] i 


(21.7) 


( 21 . 8 ) 


(21.9) 


Since all the sites in the second sublattice are vacant in the compound Va, it is identical 
to b moles of pure M. Gm is thus obtained by dividing the last equation by b. Gq can be 
obtained by taking the difference between the two equations because 


GUiC — GutVa = ^Gm -f- Gc — bGu — Gva — Gc — Gva, (21.10) 

and it may be assumed that the chemical potential of vacancies is zero at equilibrium. 
We thus obtain 


Gc = GmjC — GMjVa = “GmjC — b°GM -t- RT ln(yc/TVa) + °Fcva(yVa — yc) 

n 

+ ^*^Fcva(yc — yVa)*~’[2A:ycyva — (yc — TVa)^]- 

k=l 


( 21 . 11 ) 
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Figure 21.1 Variation of different activities in an ideal interstitial solution of C in M with the 
formula Mi/3(Va, C)i. 


Actually, we could have obtained GmjC “ Gm^vh and thus Gc directly from using 
Eq. (4.8), 



( 21 . 12 ) 


It is important to notice that pure C cannot exist in the interstitial sublattice without M 
in the other sublattice. As a consequence, the reference state for C must be chosen using 
another phase. If pure C in a form a is chosen andjva is replaced by 1 — yc, then we 
obtain 


Inuc = Gc - = °Gm,c - °GM,va - "Gg + RT\n[yc/{\ - yc)] 


+ °^cva • (1 — 2yc) + 'f'CVa ' (—1 + bjc — by^) 

+ "Leva • (1 - lOyc + 24j;^ - 16y^) + ■ ■ ■. 


(21.13) 


One formula unit of M* Va is identical to b mole of M. The activity coefficient for very 
dilute solutions would be given by 


Vc = exp [(°Gm,c - b°GM -°G^ +“f^cva -Lev. +"icva - ■ ■ -yRT]. (21.14) 


The deviation from Henry’s law for less dilute solutions depends strongly upon the 
choice of composition variable. In order to get a constant activity coefficient for C over 
the whole system, when all the L parameters are zero, one must use yc/(l ~ Tc) as the 
composition variable. Ifyc is used one will find that oq goes to infinity at yc = E This 
is demonstrated in Fig. 21.1. On the other hand, in this type of diagram the activities of 
MjVa and M^C show an ideal behaviour when all the parameters are zero. The diagram 
was drawn for b — 1 /3 and all L parameters equal to zero. 
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Exercise 21.2 

In the plot of am versus yc for an interstitial solution of C in M it may seem surprising 
in view of Raoult’s law that the curve for om does not approach the diagonal close to 
yc = 0. Find the reason and calculate the initial slope according to Raoult’s law. 

Hint 

Raoult’s law says that am should approach xm, i-e. 1 — xc, not 1 — yc- Evaluate xm from 
yc using the formula Mj(Va, C)i with b — 1/3 (the value for bcc). 

Solution 

For a binary interstitial solution we have xm = b/{b + yc) =1/(1 + yc/b) = 1 — 
yc/b — 1 — 3yc. The initial slope should be -3 and not -1. 


21.3 Reciprocal solution phases 

With a stoichiometric phase one usually means a phase with a constant composition. This 
may, for instance, be caused by a crystalline structure which is composed of different 
sublattices, one for each component. An example is cementite, FesC. Such a phase is 
also described as a compound. When a further component is added, it may go into one 
of the existing sublattices, an example being manganese-alloyed cementite, (Fe,Mn) 3 C. 
The composition of such a phase may thus vary along a line in the ternary phase diagram 
and it is sometimes described as a quasi-binary phase. Such phases were described 
in Section 21.1. If still another component is added, two alternatives result, examples 
being (Fe,Mn,Cr) 3 C and (Fe,Mn) 3 (C,N)i. The latter type of phase is sometimes called a 
reciprocal solution phase because the central alloy can be regarded as a solution between 
either Fe 3 C and Mn 3 N or Fe 3 N and Mn 3 C. Both kinds of phases have the restriction 
to the variation in composition which we have called stoichiometric constraint. The 
composition of a reciprocal solution phase is represented by two sets of site fractions, 
one set for each sublattice, yA -F ya = 1 andyc + yu — 

Accepting the stoichiometric constraint it is logical to consider the binary compounds 
as the components of the system. They were introduced in Section 4.8 and are called 
component compounds. Let us discuss the reciprocal case represented by (A,B)^(C,D)e. 
This is a quaternary phase but its composition can only be varied with two degrees of 
freedom instead of three due to the stoichiometric constraint. All possible compositions 
can thus be represented on a plane just like a ternary system. As shown in Fig. 13.12, a 
square diagram is now the natural shape and each corner is an end-member and represents 
a component compound. Perpendicular to that plane we may plot the Gibbs energy (see 
Fig. 21.2). 

The diagram demonstrates that it is, in general, impossible to place a plane through 
the four points representing the Gibbs energy values of the four component compounds. 
The question is then what surface of reference one should use when giving the Gibbs 
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Figure 21.2 Surface of reference for a reciprocal phase. 

energy value for a composition inside the system. The most natural choice seems to 
be the curved surface shown in the diagram and for a simple case that choice may be 
supported by the random mixing version of the nearest-neighbour bond energy model 
to be described in the next chapter. This surface of reference is accepted as the basis for 
the compound energy formalism [47] and it yields the following expression for the 
Gibbs energy. 

Gm = TAyC°GAjQ + yAyD°GAiD„ + >’B>’C°GbjQ + >’bTD°Gb4D., 

+ RT[byK InjA + by^ InjB + eye Inyc + cyo Inyo] + ^Gm- (21.15) 

This expression may be regarded merely as a definition of the excess term but it 
becomes very important if one, as a first approximation, neglects the excess term. 
refers to 1 mole of formula units M^Nc. The simplest type of power series representation 
of the excess term makes use of the remaining two second-power terms, yATB andycTo- 
However, in order to allow different behaviour on two opposite sides of the composition 
square we shall not use them but go directly to third-power terms, 

= yAynyc-fABiC + yAyByD.fAB:D + yAycyofAiCD + yBycyD^BiCD- (21.16) 

The colon in the subscript is used to separate sublattices. For any side of the system this 
expression reduces to the expression discussed in the preceding section and all these 
interaction energies can thus be evaluated from the properties of the side systems. As an 
example, for the A^Cc-B^Cc side of the system we have yo = 0, yc = 1 and the excess 
Gibbs energy expression reduces to yAyn^ABiC- 

For more complicated cases one may express each one of the parameters /ab:C. ete., 
with a power series of the Redlich-Kister type using site fractions. We have already done 
this for the simple case of a phase with sublattices considered previously. In this way we 
can introduce a large number of higher-power terms but it should be noticed that for each 
such term all the y, except for one come from one sublattice and all those coefficients 
can be evaluated from the side systems. In order to adjust a description to information 
from inside the composition square we need a term like yAyBycyofABiCD- 
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In our discussion on constituents in Section 4.8 we saw that the chemical potentials 
of the compounds can be evaluated from Eq. (4.56) which here yields 

Ga,c. = bGK + cGc = + 9G»/9a + 9G„/9c - Ey,-9G„/9y/ (21.17) 

We thus obtain, for instance, 

Ga^Cc — °GAtCc + ysyo ■ A^Gad+bc + bRTlnyA + cRTlnyc + ^GajQ (21.18) 

GstCc = °GBtCc ~ yAyu ■ A°Gad+bc + bRT\ayB + cRTlnyc + ^GbjCc- (21.19) 

where the quantity 

A° Gad+bc = “ Ga,d„ + ° Gb,q - ° Ga,q - ° Gb,d„ , (21.20) 

is the Gibbs energy for the reciprocal reaction, A*Cc + B^Dc ^ + B;,Cc. For 

constant interaction energies, to be denoted by L, we find 

^Ga^Cc — >’B(>’DyA + yByc)f'AB:C + yaiy^yA + yByc)f'A:CD 

+ >’B>’d(J’D — yc)'^B:CD + yByoCfB — yA)f'AB:D (21.21) 

^Gb^C, = yAiyoyA + >’Byc)2^AB:C + yniyoyB + yA>’c)-^B:CD 

+ yAyoiyY) — yc)f'A:CD + yA>’D(yA — yB)f'AB:D- (21.22) 

It should be noticed that the quantity A°Gad+bc is evaluated from information on the 
four pure component compounds and does not even concern the quasi-binary sides. It 
often has a dominating influence on the properties of alloys inside the quaternary system. 
One may regard A°Gad+bc as a representation of the difference in interaction between 
nearest neighbours, i.e. usually between atoms in different sublattices. The L values, on 
the other hand, which enter in the excess Gibbs energy and control the behaviour of the 
quasi-binary sides, represent the interactions between atoms in the same sublattice, i.e. 
next-nearest neighbours in most cases, and may thus be of secondary importance. 

It is worth noting that the partial Gibbs energies of the four component compounds 
are not independent of each other. From Eq. (4.49) it is evident that 

Ga^Dc + Gb^Cc ■“ Gai,Cc “ Gbi,Dc — bGA + cGd -t- ^Gb + cGc 

-BGa - cGc - bGB - cGu = 0. (21.23) 

If one, for some reason, wants to consider the partial Gibbs energies of the elements, 
then it can be done relative to the value of one of them, e.g. Ga, 

cGc = Ga,q-^Ga (21.24) 

cGd = GajDc — ^Ga (21.25) 

^Gb = Gb^Cc ~ Ga^Cc + bGA = GbjDj — GajD^ + bGA- (21.26) 

However, Ga is indeterminate unless a second phase is present. The same phenomenon 
is illustrated for binary and ternary systems in Figs. 7.8 and 7.9 but it cannot be easily 
illustrated for a phase with four components. 

One can introduce Redlich-Kister polynomials to describe the composition depen¬ 
dence of the interaction energies. When calculating ^Gm*/, we must then evaluate several 
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kinds of contributions if there are many components. We find contributions of the fol¬ 
lowing forms from interactions on the second sublattice 

n 

= °LM-.ijyj{yi + yM- ^ ''J^M.ijiyi - yjf~^yj{{yi - yj) 

k=\ 

X |>m(1 + k){\ - yi) + yi - yuyi] + kyuyj) 

(21.27) 

n 

— °Lt^:ijy}^yj{l - 2j,) -|- ^ - yjf~^yNyj{{yi - yj) 

k=\ 

X [(1 + k)(\ - y,) - y,] + kyj] (21.28) 

n 

^ LM-ijyiyj{^ — ’^ym) + — yji^yiyji^ — ^yu — kyu) 

*=1 

(21.29) 

n 

A4^GMi,i„ = ^ L^-.ijyHyiyj{—2) + — yji^ykiyiyji—^- — k). 

(21.30) 

Equivalent terms would come from the interactions on the first sublattice, /.mn:; , 
^KN:/ and T/KN:/- 

The model for reciprocal phases, which has been discussed here, can be generalized 
to several sublattices and several components on each one. For three sublattices we find 

Gm = EEE_v/_yj>’f°G,„yj 4 -F 7?r(aEy, Iny, -F byiyj hxyj + c'Eyi \nyi) + ®Gm 

(21.31) 

It should be repeated that one can make computer calculations by simply defining 
the Gn, expression. The complicated expressions for partial excess quantities given here 
are seldom needed. 

Exercise 21.3 

Examine how Gb^d,, varies along the A^Cc — B^Dc diagonal if all the L parameters are 
zero. Compare with a binary substitutional solution A-B. 

Hint 

On the diagonal Jb = To and Ja = Tc- 


Soiution 

The model gives Gb^d,, = °Gbjd. + TaTc A°G + bRT\nyYi + cRT Injo = “Gb^d^ + 
y\lS.°G + {b + c)RT \ny^. This holds for one mole of atoms '\i b + c — 1 and it then 
resembles the regular solution model if °Z, = A°G = “Ga^d,, + “Gb^c^ — °Gai,Cc ~ 
°GBbD,- 
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21.4 Combination of interstitial and substitutional solution 

The compound energy model, used to describe a reciprocal phase, can also be used for 
the case where there are two substitutionally mixed elements and one interstitial element. 
If we use C to represent the interstitial element then D represents the vacant interstitial 
sites. A and B represent the two substitutional elements. The compound A^Dc will thus 
simply represent b atoms of A and B^Dc represents b atoms of B. The difference between 
A^Cc and A^Dc or the difference between B^Cc and B^Dc can be used to represent c 
atoms of C. By the methods used in our preceding discussion on interstitial solutions we 
now obtain 

Ga = °Ga - jbTcA°Gad+bc/^ + RT\nyf, + {c/b)RT\n{\ - yc) + ®Ga 

(21.32) 

Gb = “Gb + yATc A°Gad+bc/^ + RT\ny^ + (c/b)RT ln(l - yc) + ®Gb 

(21.33) 

Gc = Ta {°Ga^Cc ~ “GajdJ /c + yB (“GbjCc ~ /c 

+ 7?rin[yc/(l-Tc)] + ®C?c, (21.34) 


where 


b^GA — TbTcC^-ABiD — 2.aB:C “ -^B:CD + ^A:Cd) + Tfl-^ABiD + Tc^AiCD 

+ 2JbTc(^AB:C — -^ABid) + 2>’bJc('^B:CD — -^AiCd) (21.35) 

^^Gb = TaTcC^-ABiD — -^ABiC + ^B:CD — R A:Cd) + Ta^AB:D + Tc-^BiCD 

+ 2>’aTc(2-AB:C — 21aB:d) + 2yATc('^A:CD “ ^B:Cd) (21.36) 

C^Gc = TA>’b(-^AB:C — ^AB:d) + (1 — 2yc)(TA-^A:CD “ TB-^B:Cd)- (21.37) 

The expression for Gc has been made symmetric for A and B. Alternatively, we can 
modify the expression by considering A as the base metal. 

Exercise 21.4 

By considering the Fe-Mn-S melt as a reciprocal solution (Fe,Mn)i(Va,S)i, estimate the 
parameter at 1900 K from the following binary information, ° GmhS — ° Gmii — ° Gs = 

-139.4 kJ/mol and °GFes-°GFe-°Gs = -62.4kJ/mol. 

Hint 

The model is actually the combination of a substitutional and interstitial model. Neglect¬ 
ing binary interaction energies we obtain for S, which in the model plays the role of 
an interstitial element, Gs = “Gpes —“Gpe + ^2’ln[Ts/(l — Ts)] + TMnA°G. The 
parameter is defined from Eq. (20.6): (Gs — °Gs)/RT = ln°/s 4- Inxs -t- e^"xMn + 
e|xs but for low Mn and in particular low S contents we may approximate x by y 
and neglect the last term. 
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Solution 

By comparing the two expressions we find = A°G = “GmhS “ “Gmii — “Gpes + 

oGpe = -139.4 + 62.4 = -77.0kJ/mol; = -77000/19007? = -4.9. 


21.5 Phases with variable order 


So far we have discussed reciprocal phases where each element can go into one sublattice, 
only. However, there are many cases where an element can go into two or more sublattices 
although it energetically prefers a particular one. The distribution on various sublattices 
will then vary with temperature, with the highest degree of order found at the lowest 
temperature at which the atoms are still able to move. To illustrate the case we shall 
consider a phase with the formula (A,B)^(B,A)c where A prefers the first sublattice 
and B the second one. For simplicity we shall choose b + c — 1. The four component 
compounds will be A^B^, A/,Ac, B^B^ andB^Ac. We can apply all the equations already 
derived for a reciprocal phase but now the site fractions are not fixed by the composition. 
However, there is a relation between composition and site fractions and we can write it 
in two different ways. 


= by'j^ + cyl = y'f,yl + by'f^y'^ + cy'^y^ 
xb = by '^ + cJb = TbTb + ^TbTX + cJaTb- 


(21.38) 

(21.39) 


These relations can be used to simplify the Gm expression obtained by applying Eq. 
(21.15) to the present case. 



where “Ga^a,. and °GbjBc are the Gibbs energy of 1 mole of A or B in this structure and 
may be denoted by °Ga and °Gb. We can introduce the following two quantities, which 
represent the Gibbs energy of formation of the compounds A^Bc and B^Ac. 


A°Ga,b. = °Ga,b. - (’°Ga,a. - c°Gb,b. = °Ga,b, - b°G/, - c°Gb (21.41) 

A°Gb,a. = °Gb,a„ - (^°Gb,b, - c°Ga,a. = °Gb,a., - ^°Gb - c^Ga. (21.42) 


The sum of the two quantities is identical to the Gibbs energy of the reciprocal reaction 
introduced in Section 21.3, 


A°Ga,b. + A°Gb,a. = °Ga,b„ + “Gb.a. - “Gb.b. - °Ga,a„ = A°Gab+ba. 


(21.43) 
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We now obtain 


= xa^Ga + xb^Gb + A°Ga,b, + ^jIA°Gb,a. 

+ RT(by'^ \ny’^ + by'^ In;;;, + cy^ Inj" + cy" Iny")- (21.44) 


There are only two independent j, parameters and after fixing the composition there will 
be only one independent parameter, e.g. y'p^ yielding dy'^ — —dy'/^ and dy'^ — —dy'^ — 
{b/c)dy'f^. The equilibrium value of y'f^ under constant composition and any T is obtained 
by minimizing Gm- 


c • dGm/djA = (cTb + by'A)^°GAtB, - (cyl + 

+ bc ■ RT(l + Iny^ — 1 — Injg — 1 — Inj); + 1 + d^y'^) — 0. 

(21.45) 


It is easiest to solve for T at any chosen value of y'p^, 

{cy'k + by'^)lS°GB,A, - {cyl + ^;4)A°Ga,,b, 


bcRT = 


When the two sublattices are equivalent, b — c — 0.5 and 

A°Ga,b. = A°Gb,a. = 0.5A°Gab+ba. 


(21.46) 


(21.47) 


and the equilibrium condition is 

_ ^ _ ^ y'A-y'B-yl + yB ^ (2i.48) 

-A°Gab+ba ln(;'ATB/>’BTX) 

where A°Gab+ba is defined by Eq. (21.20). This may be called the symmetric case. 
The disordered state, y'J^ — y'^ — xa, is a solution to the equation at all temperatures and 
compositions but in order to examine where it is a stable or unstable equilibrium, we 
must study the second-order derivative. 


c ■ d^GJdy'l 

^(b + b + b + b)- 0.5A°Gab+ba + bRT(c/y'^ + c/y'^ + b/y^ + b/y'^) 

= 2hA°GAB+BA + (^^T/XAXB. (21.49) 


For positive values of A°Gab+ba the second derivative is always positive and the disor¬ 
dered state is always the stable state. There is no ordering tendency. For negative values 
of A°Gab+ba it is positive at higher temperatures and negative at lower and there is 
a transition temperature where it is zero, corresponding to the criterion = 0 in Eq. 
(15.18). We find 


— A^Gab+ba 


= 2xaxb. 


(21.50) 


The disordered state is thus a state of stable equilibrium above this critical temperature 
but an unstable equilibrium below. Two new solutions to the equation appear there, 
representing stable ordered states. This is demonstrated for a composition of xa = 0.6 
in Fig. 21.3(b) and the dashed line represents the unstable, disordered state below the 
transition point. The phase diagram is shown in Fig. 21.3(a). The whole curve is there 
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Figure 21.3 Second-order transition in a binary system, (a) Phase diagram, (b) Variation of 
degree of order with temperature for xa = 0.6. 

drawn as a dashed line because it is not a phase boundary but a transition line, the 
transition being of second order. The site fraction A approaches the xa value without 
any jump, as demonstrated in Fig. 21.3(b). We have thus managed again to model the 
second-order type of ordering transition but this time we have used a model containing 
parameters of some physical significance. In Section 15.2 we followed Landau’s approach 
and simply worked with coefficients in a power series expansion. 

When A°Gai,b, and A°Gbja, are not equal, the result will be quite different. This 
is demonstrated in Fig. 21.4(a) for b — c — 0.5, xa — 0.5, and A°GAi,B, — A°Gb6Ac = 
— 0.1 A°Gab-i-ba- This may be called the asymmetric case. As soon as the two compound 
energies differ, the completely disordered state will never be stable and the ordered region 
in the phase diagram does not show an order-disorder transition. The variation of order 
with composition is shown at three temperatures in Fig. 21.4(b). The results forxA = 0.5 
can be read on the diagonal between the upper left and lower right corners. 

Exercise 21.5 

Where in Fig. 21.4(a) would a line for A°Gajb, — A°Gb 4 a, = +0-1 A°Gab-i-ba fall? 

Hint 

Do not try to solve this problem by looking at the equations. The answer should be based 
upon a more basic consideration. 

Soiution 

A change of sign of A° Gab+ba means that the other sublattice will be preferred by the 
A atoms but otherwise the effects will be the same as before. The effect of A°Gab-i-ba 
is to accentuate the order, independent of what sublattice the A atoms prefer. We will 


(b) 
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(a) 


(b) 




Figure 21.4 Model calculation of an ordered phase without a transition to a completely 
disordered state at any temperature, (a) Result for xa = 0.5 compared with the result for a 
symmetric case showing a transition (dashed line), (b) Variation with composition. 


thus get the same shape of curve as in Fig. 21.4(a) but starting from = 0 at F = 0 
and approaching = 0.5 from the left. 


21.6 Ionic solid solutions 

In this chapter we have modelled various types of phases with sublattices without actually 
discussing the nature of the atoms (or ‘species’ to be more general). The compound 
energy model also applies to ionic substances but there are some complications due to 
the requirement of electroneutrality which should now be discussed. 

Let us first consider solid solutions between NaCl, KCl, NaBr and KBr which all 
have the same crystalline structure. All the elements are ionized and we could give the 
formula as (Na+', K+^)i(Cl“*, Br“*)i. One can vary the composition freely within the 
composition square because all the ions are univalent and the condition of electroneu¬ 
trality is automatically fulfilled over the whole square by the fact that the two sublattices 
have the same number of sites. The compound energy formalism can be applied with no 
additional complications in this case. 

Let us next consider the solution of CaCl 2 in NaCl. A complication is then caused by Ca 
being divalent and in order to compensate for this some of the cation sites will be vacant. 
The formula would thus be (Na+', Ca+^, Va°)i(Cl“')i. This seems to resemble a ternary 
system with NaiCli, CajCli and VaiCli as the components. However, electroneutrality 
requires that yca = yva and one can only vary the composition along a straight line in the 
composition triangle. In order to model the properties of solutions on this line we shall 
apply the ordinary expression for the compound energy model but with the additional 
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condition of electroneutrality. For 1 mole of formula units we get by neglecting the excess 
Gibbs energy, 

Gm = yNa°GNaCl + FCa°GcaCl + yVa°GvaCl + RT ^ F; Inj,'. (21.51) 

Here we have two quantities which cannot be studied experimentally, °Gcaci and “Gyaci, 
because they are defined for charged compounds. However, due to the auxiliary condi¬ 
tion yca = yva, they always appear in the neutral combination, (°Gcaci + ‘’GvacO- The 
properties of this combination can be studied by studying neutral solutions. Instead of 
introducing this combination in the equation, it may be recommended to keep the original 
form and apply the condition of electroneutrality in the final expression one wants to 
use. When listing the parameter values for an ionic system one could select one of the 
charged compounds and give all the other charged compounds relative to that one. As 
an example, one may like to express the chemical potential of CaCl 2 in the solution. It 
is obtained as 

MCaCl 2 — GcaCl + GvaCl = °GcaCl + RT Inyca + °GvaCl + RT \VLy\it, 

= ‘’Gcaci + °Gvaa + 27?rinyca, (21.52) 

since yca = Fva- The neutral combination (°GcaCi + °Gvaci) can be given a numerical 
value. 

Let us now consider the opposite case, the solution of NaCl in CaCl 2 . Electroneu¬ 
trality may there be satisfied by the formation of vacant sites on the anion sublat¬ 
tice, (Ca+^, Na+')i(Cl“', Va°) 2 , and the condition of electroneutrality is now 1 • yNa = 
2 ■ yva- This is a reciprocal system and the compound energy formalism yields 

Gm = yCayci°GcaCl2 + >'CaLVa°GcaVa2 + yNayci°GNaCl2 

+ yNayVa°GNaVa2 + RT'Zyi Iny, -b ^Gm- (21.53) 

The chemical potential of NaCl is obtained by applying Eq. (21.19) 

2 /rNaCl = GNaCl2 + GNaVa2 = °GNaCl2 “ TCaTVa A°G + RTlny^^ 

+ 2RT\nyc\ + ^ GNaCb + ° GNaVa 2 + TCaTClA°G 

-t- iJT InjNa + 2i?7’ Inyva + ^GNaVa 2 = °GNaCl 2 + “GwaVaj + (1 — TNa)^ A°G 

+ 2RT\n [0.5yNa(l “ O-S^Na)] + ^GNaCb + ^GNaVa2> (21.54) 

where °GNaci 2 + "GwaVaj and A°G (which is identical to “GcaCb + °GNaVa 2 - °GcaVa 2 - 

“GNaCb and may be written as A°Gcaci+NaVa) represent neutral combinations and can 
be given numerical values. Figure 21.5 illustrates the neutral line in the two cases. 
How the model may describe the properties outside these lines is of no practical 
consequence. 

Many ionic compounds are non-stoichiometric, an example being Ce02. It may be 
modelled by assuming that some of the Ce ions are only trivalent, yielding the formula 
(Ce+\Ce+3)i(0-2, Va°) 2 . 

Gm = TCe+‘'TO°Gce+'‘02 + TCe+‘‘TVa°Gce+''Va2 + TCe+^TO°Gce+ 3 o 2 

+ Tce+’Tva°Gce+3va2 + ^TE2y, Iny, 4- 


(21.55) 
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VaCI 




NaVa2 


NaClj 


Figure 21.5 Neutral lines for two cases of ionic solutions, the solution of CaCl 2 in NaCl and of 
NaCl in CaCli. 


The deviation from the stoichiometric composition depends upon the oxygen potential 
in the surroundings. In order to derive an expression for the oxygen potential one must 
find a reaction formula for the formation of oxygen which balances atoms as well as 
charges. 


4Ce+'‘ + 20“^ -> 4Ce+^ + O 2 . (21.56) 

Then the reaction formula must be expressed in terms of the component compounds in 
the model. Instead of 20“^ we thus write Ce+"*02-Ce+"^Va2. With all charges shown we 
write the reaction as 

5(Ce+^)i(0-')2 ^ (Ce+^)i(Va °)2 + 4(Ce+')i(0-")2 + O 2 . (21.57) 

Applying Eq. (3.19) we thus obtain 


2/Xo = MO 2 = 5G(2e+'i02 ~ *5ce+‘'Va2 ~ 

= 5°Gce+'i02 + 5yce+’>’VaA°Gce+4va+Ce+5o 

+ 57?nn_ygj,+4 + 107??’Inyo + 5^Gog+4Q^ — °Goe+4va2 
+ >'Ce+’>'oA°Goe+'>Va+Ce+’0 ■“ ^ 111^06+“ 

— 27?nnyva ~ ^Goe+4va2 ~ 4°Goe+3o2 + 4yoe+‘'TVaA°Goe+‘'va+Ce+’0 
— ART InyQ^+i — STJT Inyo ~ 4®Goe+3o2 = 5‘’Goe+'‘o2 ~ °^Ce+''va 2 

- 4°Gce+3o, + 7?r In (y4^,4yS/Tce+3y4) 

+ (>'Ce+^ + 4yva)A°Goe+'‘va+Ce+^0 + 5^Goe+402 

-4^Gce+302 -^Gce+Wa2- (21.58) 

where the factor yoe+3 + 4yva can be written as 8yva because the condition of electroneu¬ 
trality for (Ce+"*, Ce+^)i(0“^, Va °)2 is 


1 ■ [4(1 - Tce+0 + 3yce+3] = 2 ■ 2(1 - yva) oryce+3 = 4yva. 


( 21 . 59 ) 
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For low deviations from stoichiometry, yce +4 = 1 andyo = 1, we may neglect all excess 
terms, so that 

RT In Po^ = /X02 - °M02 

= 5 °Gce+ 4 o^ - 4 ‘’Gce+ 3 o^ - °Gce+ 4 v,^ - V 02 - RT In {256yl). (21.60) 

This model will thus predict that the vacancy content is proportional to Ro^'- Experi¬ 
mental data indicate that the true value may rather be -1/5 at low values ofyva- The model 
may thus require some modification. One possibility is to introduce a strong association 
between a vacancy and a cation with abnormal valency, in this case Ce+^. 

It may again be emphasized that a computer calculation only requires that the Gm 
expression is defined. On the other hand, the complicated expressions derived in this 
section are needed for the kind of analytical examination of the model presented here. 

Exercise 21.6 

It is possible to dissolve A1 and O in Si 3 N 4 . Show in a composition square 
Si 3 N 4 — Si 02 — AI 2 O 3 — AIN where you would expect to find such a solid solution 
phase. 

Hint 

Since these materials are strongly covalent, the vacancy concentration is likely to be low. 
As a first approximation we may thus neglect vacancies. On the other hand, the ordinary 
condition of electroneutrality may be applied. 

Solution 

The general formula would be (Si+"^, A 1 +^) 3 (N“^, 0 “^) 4 . The requirement of electroneu¬ 
trality gives 3[4(1 - jAi) + 3yAi] = 4[3(1 - yo) + 2yo\ and thus 3yAi = 4yo- 

For the highest A1 content, y^ = 1, we find yo = 0.75. The solution phase thus falls 
on the join Si 3 N 4 — AI 3 N 1 O 3 . 

How close to AI 3 N 103 one can actually get experimentally depends on the competition 
with other phases. 
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22.1 Concept of nearest-neighbour bond energies 

The modelling of solution phases described in Chapters 20 and 21 was based on the 
proper expression for the ideal entropy of mixing assuming random mixing within each 
sublattice. The rest of the modelling was purely mathematical and was not related directly 
to any physical effects. The present chapter is devoted to models based on more physical 
considerations. In particular, the interaction energies between atoms will be considered. 
A very simple and useful way of modelling the thermodynamic properties of a binary 
solution is based upon the assumption that the energy of the whole system is the sum of 
the bond energies between neighbouring atoms. In the simplest case one only considers 
the energies of pairs of nearest neighbours. The formation of the solution from the pure 
components can then be regarded as a chemical reaction between different kinds of 
bonds, similar to a reaction between molecules 

A-A + B-B4>A-B + B-A. (22.1) 

We have here chosen to distinguish between an A-B bond and a B-A bond although 
they are of course quite equivalent if all the lattice sites are equivalent. 

The reaction gives a change of energy which we may denote by 2v and regard as an 
exchange energy. Since our aim is to construct an expression for the Gibbs energy of 
the solution we shall consider the Gibbs energies of the bonds rather than the internal 
energies. This actually means that we take into account not only the bond energies but 
also their temperature dependence. 

2u = gAB + gBA — gAA — gBB- (22.2) 

In some cases gAB and gBA may be different and it may thus be useful to define two 
different quantities from the beginning, 

VAB = gAB — gAA/2 — gBB/2 (22.3) 

VbA = gBA — gAA/2 — gBB/2, (22.4) 

where vab + vba = 2v. All bonds of each kind are assumed to have the same energy inde¬ 
pendent of the local composition. The Gibbs energy contribution from the bond energies 
can thus be evaluated by counting the number of bonds, Naa, A^bb, A^ab and Aba- 

i j 


(22.5) 
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This is the mathematical definition of the nearest-neighbour bond energy model. In 
the next section we shall evaluate Nij and add the contribution due to the entropy of 
configurational disorder. 

The counting of the number of bonds of each kind can be done with different degrees 
of ambition. In the simplest treatment, which is called the Bragg-Williams model, one 
assumes that the atoms are placed at random on the sites in the crystal and it leads to 
an expression which is identical to the so-called regular solution model. It may thus be 
used to justify the regular solution model. In more ambitious treatments one tries to 
calculate how the v value influences the number of bonds. A positive v value indicates 
that the A and B atoms do not like to mix with each other and, if they have been mixed 
with each other in a solution, they should at least try to arrange themselves in such a 
way that there are less A-B bonds than in a random arrangement. A negative v value, 
on the other hand, would favour arrangements where the A atoms are surrounded by 
more B atoms than in a random arrangement. Such effects will be considered later in 
this chapter using an approximation called the quasi-chemical approach. It is primarily 
based on a random mixture of the nearest neighbour bonds. In Kikuchi’s cluster variation 
method one considers the random mixture of larger clusters. In principle, one should 
get an exact description of the configurational entropy by going to clusters of infinite 
size but that is not practically possible, nor is it necessary. A sufficiently good result is 
probably obtained by including just a few cluster sizes. It is interesting to note that in 
the cluster variation method one estimates the energy of a cluster as a sum of its bond 
energies (also called pair energies), assuming that each kind of pair energy is a constant, 
independent of the local and global composition. 

The concept of nearest neighbour bond energies is closely related to the concept of 
molecules with a Gibbs energy of formation for each kind of molecule but it is much 
more difficult to justify. In a substance with molecules the atoms are actually present as 
groups of atoms bound together tightly and it is often a good approximation to neglect 
interactions between atoms in different molecules. However, the splitting up of the total 
energy of a crystal into a large number of bond energies is quite arbitrary and one may, 
for instance, choose to consider or neglect next-nearest neighbour bonds and to consider 
bond energies related to pairs of atoms or to larger groups of atoms, i.e. clusters. Even if 
one decides to consider only pairs of atoms or larger groups of atoms, the energy of the 
different kinds of bonds is rather arbitrary unless one has information relating to different 
types of ordering. This being so, it is doubtful whether a rather random distribution of 
atoms can be described with cluster energies evaluated from ordered arrangements. A 
very crude but useful way of improving the pair energy model would be to assume that 
only part of the excess Gibbs energy in a disordered state is of such short-range character 
that it can affect short- and long-range order. That approach would give an additional 
adjustable parameter to be used in the description of thermodynamic and configurational 
information. 

The justification of the nearest-neighbour bond energy model has to come from its suc¬ 
cess in representing experimental facts. It has been found very useful in giving qualitative 
explanations of many phenomena in alloy systems but less successful in accounting for 
experimental data in detail. There are many modifications of the basic treatment but we 
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shall first consider the simplest possible approach, the random mixing model of Bragg 
and Williams. 

Exercise 22.1 

Suppose one has found experimentally that v is a constant across a binary system. This 
result may be interpreted by assuming that all the bond energies are independent of 
composition. However, suppose one has some theoretical reason to expect that gAA and 
gBB should vary linearly across the system. Would it then be possible to explain the same 
experimental result? 

Hint 

Let gAA = and gBB = ^bb + ^^b- 


Solution 

2v = gAB + gBA - gAA “ «^B “ gfiB “ ^-^B- Yes, it is possible to eliminate xb if gAB + 
gBA — axB — bxB — 0 but there are no good reasons to expect such a relation. 


22.2 Random mixing model for a substitutional solution 

A solid phase where atoms of different components can substitute for each other, i.e. 
occupy the same kind of lattice sites, is called a substitutional solution. The composition 
of such a solution is conveniently described with the molar contents of the atoms, xa and 
Xb in a binary solution. In order to describe the arrangement of the atoms relative to each 
other, it may be convenient to introduce the fractions of bonds, paa, T’abi Pbk and pbb- 
The notation p is chosen because the fraction of a certain kind of bond is equal to the 
probability of finding that kind of bond. Of course, T,pij — 1. The fractions are also 
related through the composition and for the simple case where all the atoms have the 
same number of bonds this condition can be written in two ways 


XA = PAA + (pab + Pba)/2 

(22.6) 

^B = Pbb + {PAB + Pba)/2. 

(22.7) 

In the case of random mixing we get 


PAA = 

(22.8) 

Pab = xaXb = Pba 

(22.9) 

Pbb — Xb ■ 

(22.10) 


Let us assume that all atoms have the same number of nearest neighbours. We can 
thus introduce a single z value as the coordination number. The total number of bonds 
in a system containing one mole of atoms is thus zN^jl since each bond is shared 
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between two atoms. is Avogadro’s number. One will thus obtain, for instance, Naa — 
Paa ■ zN^jl and for one mole of pure A we obtain 

°GA = gAA-l-z^V2. (22.11) 

The Gibbs energy contribution from all the bond energies is 

AGm = EE NijSij = (PAAgAA + PABgAB + PBAgBA + /’BB^Bb) ’ zN^jl. 

'■ j 

( 22 . 12 ) 

By inserting vab and vba we obtain 


AGm = [/^abVab + Pba^ba + gAAiPAJ^ + /’ab/2 + />ba/2) 

+ gBB(/’BB + /’ab/2 + />ba/2)] ■ zN^/2 
— xa°Ga + xb °Gb + [/’abVab + /’BAVba] ■ zN^/2. (22.13) 

We shall now add the contribution due to the entropy of mixing by considering random 
mixing of atoms. We get by substituting xa^b for pab and pba and inserting 2v = vab + 
Vba, 

Gm = xa°Ga + xb°Gb + vzN^xaxb + RT{xA\nxA + InxB). (22.14) 


Exercise 22.2 

Compare the final Gm expression for this random mixing model with the corresponding 
expression according to the regular solution model. 

Hint 

According to Section 20.4, the regular solution model gives ®Gm = xaXb ^L. 

Solution 

The random bond energy model yields ®Gm = vzN^xaXb- The two models are exactly 
related to each other by = vzN^. 


22.3 Deviation from random distribution 

In order to describe non-random solutions we shall make extensive use of the bond 
probabilities, pij. In order to describe both long- and short-range order we need two 
independent internal variables and they can be defined in many ways. A convenient 
choice is the following. 


K — (pab + Pba)/2 
L = (/’ab - /’ba)/2, 


(22.15) 

(22.16) 
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and it yields 


Pab — K + L; dpAB 

= dZ: -b dZ 

(22.17) 

Pba — K — L] d/»BA 

= dif - dZ 

(22.18) 

Paa = Xa - (/lAB + Z’ba)/2 = Xa - if; 

d;?AA = dxA - dZ: 

(22.19) 

Z’BB = Xb - {pAB + Z’ba)/2 = xb - 

dpBB = -dxA - dZ:. 

(22.20) 


Long-range order can only be described with the use of two or more sublattices. The 
situation in an ordered alloy with two sublattices can be described with the site fractions 
which, in turn, can be expressed through the bond probabilities. Assuming that all the 


bonds go between atoms in two different sublattices we find 

La =/’AA+ /’AB = XA-t-L; dy^ = d^A + dL (22.21) 

Tb = /"bb + Pba = xb - L; dj^g = -dxA - dL (22.22) 

=/"AA +/'BA = xa - L; dyX = dxA-dL (22.23) 

Lb = /’bb + PAB = xb + L; d^B = -dxA -t- dZ,. (22.24) 

Long-range order means that element A prefers one sublattice and B the other. It is 
conveniently defined as 

l.r.o. = y'^- yl = - ppj^ - p^jp = 2L . (22.25) 


Short-range order means that the atoms with given site fractions do not arrange them¬ 
selves at random within each sublattice. Random distribution would yield the following 
probabilities of finding various bonds between the two sublattices and we shall still 
assume that there are no bonds within a sublattice. 

PAA = y'p^yl (22.26) 

PAB = L>b (22.27) 

PBA = yWk (22.28) 

PBB^y'^yl (22.29) 

Short-range order may be defined as the deviation from this arrangement 

s.r.o. = [pAB - y'^yB + Pba - TbTaI/2 

= [2K - (xa -t- Z)(xb + Z) - (xb - Z)(xa - Z)]/2 
^K-L^-xaXb. (22.30) 

We know from Section 19.8 that a random distribution within each sublattice would yield 
the following configurational entropy for 1 mole of atoms, 

Sm/R = -(Ta In La + Lb ^^p'b + La In La + Lb In Lb)- (22.31) 

This does not account for short-range order. In an attempt to treat that case, one could 
start by considering a random distribution of the bonds, 

Sm/R = -{z/2)(paa In PAA + PAB In pab + Pba In Pba + Pbb In Pbb)- (22.32) 
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However, this does not reduce to the previous expression when the random values for 
the four pij are inserted. That condition can be satisfied if we divide each pij under 
an In sign by its random value, which will make the whole expression go to zero for a 
random case, and then add the previous expression, which should be the correct one for 
the random case and a good approximation for small deviations from randomness. 

- S^/R = {z/2)[pAA\n{pAA/y'Ky'A) + PhS IhC/iab/TaTb) 

+ pba IhC/^ba/TeTa) + Pbb InCz-BB/TfiTB)] 

+ [Ta InjA + Tb InjB + Ta I^Ta + Tb lnTBl/2- (22.33) 

The contribution from the bond energies was given by Eq. (22.13). The complete expres¬ 
sion will thus be 


Gm = xa°Ga + xb°Gb + [/’ab'^ab + /’ba'^ba] ■ zN^/2 

+RT{z/2)[{pAA M/jaa/TaTa) + T’ab IK/'ab/TaTb) 

+Pba ln(;5BA/TBTD + Pbb ln(;>BB/TBTB)] 

+RT\y'^ Iny; + Iny^, -h Iny" -h y" lny"]/2. (22.34) 

We shall now apply this general expression to several special cases. However, it should 
be remembered that the expression is valid only under the assumption that there are two 
sublattices, that they contain the same number of bonds and that all bonds go between 
atoms in different sublattices. The simple bcc structure (A2) can order in this way, 
yielding B2. 


Exercise 22.3 

Demonstrate that the general equation for ordering reduces to the model for random 
mixing in a substitutional solution without short-range order. 


Hint 

In a substitutional solution without long-range order and thus = xa and y^ — 

y" — xb and without short-range order pij — y'y" — xaxb. Furthermore, vab and vba 
must be equal in order to prevent long-range order. 


Solution 

The first part of the entropy contribution in Eq. (22.34) reduces to zero and the second 
onetoi?r(xA InxA -t -xb In xb). In the energy part pabVab + /'baVba reduces to 2 xaxbv. 
Thus, AGm = xa°Ga + xb°Gb -FzA^xaxb 4- ^^^(xAlnxA 4- xb Ioxb). 
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22.4 Short-range order 

At a high enough temperature long-range order will disappear if vab = vba = v and 
only short-range order remains. For this case, y'^ — y'^ — XAand y'^ — y'^— xb would 
yield/. = 0 and /»ab = /’ba- We obtain from Eq. (22.34) 

Gm = xa^Ga +xb°Gb -F vzN^pab + RT(z/2)[p AA In (/Jaa/-^a) 

+ 2/>ab In (/’ab/^a-^b) + Pbb In (/’bb/^b)] 

-t-/?r[xAlnxA-t-XfllnxB]. (22.35) 

We have only one internal variable K — {pab + /’ba)/2 = Pab- Its equilibrium value 
under constant composition is obtained from 

( 9 Gm/ 9 .^)i,XA = vzN^ + RT{z/ 2 )[ - In (/’aa/-*!) - Paa/Paa + 2 M^^abAa-^b) 
+ '^PabIpab — In (/’bbAb) ~ Pbb/ /’bb] 

= vzN^ + R T(z/2) In {pIs/paaPbb) = 0 (22.36) 

= exp(-2v//r). (22.37) 

PaaPbb 

This resembles the law of mass action for a chemical reaction between molecules and this 
method of correcting the entropy expression is thus called the quasi-chemical method. It 
should be emphasized that pab is here defined as half the number of AB bonds because 
the other half is counted as pba- 

It is worth noting that the quasi-chemical method of correcting the entropy expression 
is valid only for small deviations from randomness, i.e. for low values of v/kT. It is 
immediately evident that very large values of v/kT will produce unreasonable results. 
An infinite value of v/kT will make pab — Pba — 0 and thus paa — ^a and pbb — xb- 
This implies a separation of the system into two parts, one containing all the A atoms 
and the other all the B atoms. The configurational entropy should thus be zero but the 
entropy part of Eq. (22.35) would yield 

= -/?(z/2)[xAln(l/xA)-|-0-|-XBln(l/xB)] - 7 ?[xaI nxA + xb Ioxb] 

= (z/2 — 1)/?[xa -t- Xb Ioxb]. (22.38) 

This yields the correct value (zero) for z — 2, which applies when all the atoms are 
arranged in a string (the Ising model). For all realistic z values (e.g. z = 8 for bcc and 
z = 12 for fee) the entropy expression yields large negative values. This result emphasizes 
that the quasi-chemical method should be used only for low values of v/kT, i.e. for 
low deviations from the ideal entropy. There one can simplify the expression by series 
expansions. 


expe = 1 -1- e -|- e^/2 
a/T+s = 1 + e/2 - eVS + e^lb, 


(22.39) 

(22.40) 
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yielding 


PAB = Pba = - 2xaxbv /kT - 2xaXb(xa - xb)^(v /klfy (22.41) 

Gm = xa°Ga -I-xb^Gb + ^^^(xAlnxA +xb Ihxb) + vzA^^xaxb[1 - XAXBv/kT 

- (2/3)xaXb(xa - XB)\v/kTfl (22.42) 

It is self-evident that the Gibbs energy will decrease due to short-range order, otherwise 
it would not form. The presence of short-range order will thus stabilize the disordered 
state and depress the temperature for the transition to a state with long-range order. 
This conclusion holds independent of the sign of v. Positive v will result in a miscibility 
gap at low temperatures if that reaction is not prevented by other reactions. Already 
above the miscibility gap a positive v will favour A-A bonds and B-B bonds and result 
in clusters. This tendency grows very strong as the consolute point is approached on 
cooling of a system with the correct composition. The tendency to actually separate 
into two phases will thus decrease and the consolute point of the miscibility gap will 
be depressed to lower temperatures. Also, the consolute point will be flatter than cal¬ 
culated from the regular solution model because the effect will be strongest close to 
the consolute point. This effect is quite noticeable in the liquid state where the pres¬ 
ence of clusters may give rise to opalescence close to the consolute point. In the solid 
case the effect is counteracted by coherency stresses due to the difference in atomic 
sizes. 

In order to treat this effect properly it is not enough to consider nearest neigh¬ 
bours. It is not even enough to extend the consideration to larger clusters. It has to 
be treated with a mathematical technique called the renormalization group approach. 
The resulting shape of the miscibility gap is non-analytical, especially close to the 
maximum. 


Exercise 22.4 

In the next section we shall find that long-range order is predicted to occur below Ttr = 
2xaxb{—vzI k) if the effect of short-range order is neglected. Evaluate the short-range 
order in a 50/50 bee alloy at this temperature in order to test if the neglect of short-range 
order is serious. 


Solution 

PaaPbb = {pABf sxpilv/kTi,) = (;7AB)^exp[2v/2xAXB(-vz)] = (jciab)^ exp(-4/z); 
Insert paa and pbb from Eqs (22.6) and (22.7): (0.5 — Pab)^ — 0.606{pab)^', Pab — 
0.28II; s.r.o. = if-T^- xaXb = 0.2811 - 0- 0.25 = 0.0311. This is not 
negligible. The value of Tt, given above may be regarded as a rough estimate but 
short-range order makes the disordered state more stable and it should depress Tir. 
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22.5 Long-range order 


Let us again consider negative exchange energies. There is always a tendency for short- 
range order but as an introduction to the more general case it may be illustrative first 
to consider long-range order and neglect short-range order which is done by taking all 
Pij — y-y'j. The general equation then only contains variables. The first part of the 
entropy contribution reduces to zero and with vab + vba = 2v we find 

= xa°Ga + xb°Gb + (t^Tb + TbTa) ' vzN^/2 

+RT[y'^ In ^ In + y" In + y" lny"]/2. (22.43) 


With a fixed composition there is only one independent internal variable and we may 
choose any one of the four y/ or the long-range order parameter L. Using the relations 
between Z and thevariables in Eqs (22.19) to (22.24) we thus find the equilibrium from 


{dGJdL\, = (y" +y'A-y'k- Tb) ■ + Rny'Jy'A + 

-T^Tb - InkB - y'Uy'L - + Tb/Tb + = O (22.44) 

kT ^ Ta + Tg - - Tb .22 45) 

-vz ln(jgyg/>’gyg) 


using R — kN^. It is evident that = yg = xa (and thus yg — y'^ = xb) is a solution 
for all T values and it represents a completely random distribution. However, below a 
particular T value another kind of solution appears and it represents long-range order. 
That temperature has to be calculated as the limiting value of T where ygand yg of the 
new kind of solution approach xa since the numerator and denominator are both zero. It 
is obtained by taking the ratio of their derivatives, 


kTtr 
— vz 


I-f-I-bl-bl 

1/Tg + 1/Tg + 1 /tI + 1/Tg 


4 

- = 2xaXb. 

2/xa + 2/xb 


(22.46) 


This relation defines the transition line, i.e. the boundary of the ordering region in the 
T, Xb phase diagram, see Fig. 21.3(a). It has a parabolic shape just as the spinodal curve 
for positive v values. Its maximum is found at xa = xb = 0.5 and = —vzllk. The 
present result is identical to the result of the compound energy formalism in Section 21.5 
and the two models are related by A°Gab-i-ba = vzN^. The Bragg-Williams model thus 
provides a physical interpretation of the model parameter in this simple application of 
the compound energy formalism. 

Above the ordering region the present model predicts complete disorder and the expres¬ 
sion for Gm degenerates to 


Gm = Xa °Ga + Xb °Gb + vzN^xaXb + RT(xa InxA -b xb Ioxb), (22.47) 


because y'^^ — y'j^ — xa and yg = jg = xb. This expression was derived in Section 22.2 
and it was then emphasized that vzN^ is identical to the regular solution parameter °Z. 
Within the limitations of the nearest-neighbour bond energy model it would thus be 
possible to predict the ordering behaviour of a binary solution at low temperatures from 
the value of the regular solution parameter at high temperatures. However, as mentioned 
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in Section 22.1 , it should be realized that part of the energy may be of a more long- 
range character then nearest-neighbour interactions. It is thus possible that the ordering 
tendency should be represented by a v value which is not quite equal to /zN^. 

Exercise 22.5 

We have derived an expression for the transition line for ordering in a binary system, 
taking into account a gradual increase of long-range order with decreasing temperature. 
Now, formulate a more primitive theory by considering only two possible states, complete 
order and complete disorder. Calculate the transition temperature and compare with the 
result just obtained for the critical temperature. Limit the calculation to a 50/50 alloy. 

Hint 

One can directly calculate the Gibbs energy contributions from configurational entropy 
and bond energies for the two states. Do not introduce the exchange energy v until the 
two states are compared. 

Solution 

In the disordered state the configurational entropy for 1 mole of atoms is 
Rh\2 and the energy due to bonds is (xj^gAA + 2xAXBgAB + x^gBs) ■ zN^/2 — 
(gAA + 2gAB + gBu) ■ zN^/% for xa — xb — 0.5. In the ordered state there is no 
configurational entropy and the bonds give an energy of gABzN^/2. At equilibrium: 
-RT\n2 + (gAA + 2gAB + gBB)z/V^/8 = gABzN^/2-, T In2 = (gAA - 2gAB + 
gBBj^N^/S = — vzA^/4; T — —vz/Ak\n2. This should be compared with Ttr = 
—vzl2k. The ratio is T/ Tir = 1/2 In 2 = 0.72. 

Exercise 22.6 

Apply the condition of stability limit and verify that the transition temperature falls at 
the limit of stability as it should for a second-order transition. 

Hint 

The stability condition, Eq. (6.54), can here be written as {d^Gm/^L^)xA — 0- We have 
already an expression for {dG^/dL)^^. 

Solution 

{d^GJdL\^ = (1 + 1 + 1 + \)vzN^I2 + RT[\/y'^ + 1/^ + 1/y" + l/y"]/2. For 
the disordered state, y'j^ — y'^ — xa, we get = 2vzN^ + RT{1/xa + 

1 /xb) = 2vzN^ + RT/xaXb — 0 yielding Tlimit = —2 vzxaxb/A: in agreement with the 
expression for Tir. 
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22.6 Long- and short-range order 

In the general case there will be both long- and short-range order and the situation will 
be described with two independent internal variables. We shall use K and L and with the 
relations of the various y and p quantities to L and K, given by Eqs (22.17) to (22.24), 
we obtain for equilibrium, 

(dG^/dK)^ = (vab + Vba) ■ + RT{z/2)[- Hp^/y'^yl) - 1 

-t- ln(;7AB/yA>’B) + 1 + ln(i3BA/yB>’A) + 1 - '^KPw/yWi) - 1] = 0 

(22.48) 

^ exp[-(yAB + Vba) • z/kT] (22.49) 

PaaPbb 

(dGJdL)K = (vab - Vba) • zN^/2 + RT{z/2)[-p^^/y'^ + pp^p^ly'l 

+ in(/'AB/yA3^B) + 1 - PABb'A “ pabIpb “ ^'^{pba/ yBy'D 

-1 + PBA/y'^i + PBA/yl + PBB/y'ji - PBB/y'^^ 

+RT[\ny'^ + 1 - In^ - 1 - In y" - 1 + Iny" + l]/2 
= (z7?7’/2)ln(;7AB//’BA) + {zRI2k){vAs - Vba) - (z - 1) 

x(7?r/2) ln(y;y"/y'y") = 0. (22.50) 


This equation was simplified using /)aa = Ta “ /"ab = Ta “ T'ba and /»bb = Tb ~ 
;7ba = Vg — Pab from Eqs (22.21) to (22.24). It is easy to make numerical calculations 
from Eqs (22.49) and (22.50). 

In this chapter we have so far discussed ordering of different kinds of atoms. This 
phenomenon is often called chemical ordering or configurational ordering. A com¬ 
pletely different kind of ordering occurs when a liquid solidifies and the atoms arrange 
themselves in a regular pattern, the crystalline structure. In this connection the liquid is 
said to be topologically disordered. The solid —liquid reaction can thus be regarded as 
an order-disorder transition and, evidently, it is a first-order transition. In the first-order 
transition, illustrated in Fig. 15.4, the superheated, ordered state reaches a stability limit 
at some high temperature and the undercooled, disordered state reaches a stability limit 
at some low temperature. The question whether such limits of stability exist for the 
solid-liquid transition has attracted some attention. The very simple and crude model 
described in Section 19.3 may be used to model a continuous transition from solid to 
liquid and it would predict limits of stability. On the other hand, cooling experiments 
with liquid alloys have revealed that the high entropy of the liquid state, as compared to 
the solid, disappears on cooling, and extrapolation of the high-temperature data seems 
to indicate that it approaches the entropy of the solid at some low temperature. In the 
same range of temperature the viscosity increases drastically and the liquid transforms 
into a viscous, amorphous state, which has an entropy similar to the solid. It seems that 
the amorphous state has only a low topological disorder although it is enough to prevent 
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the topological long-range order found in crystalline solids. It seems that the topological 
disorder in the amorphous-liquid phase increases gradually with temperature and never 
shows a transition point. This is somewhat similar to the behaviour of the asymmetric 
case of chemical ordering illustrated in Fig. 21.4. From the mechanical point of view, 
one defines the drastic increase of the viscosity as a glass transition. Thermodynamically, 
one could define a related point where extrapolated data predict that the entropy of liquid 
and solid should be equal. However, one should not really expect that the entropy of 
the liquid reaches that of the crystal and then suddenly starts to follow the value of the 
crystal. Most probably, there is no sharp thermodynamic transition point between the 
liquid and the amorphous states. 

Due to the topological disorder in a liquid, it would not be possible to observe chemical 
long-range order in liquid alloys. Nevertheless, there are many cases with very strong 
chemical ordering in liquids, the most typical case is a molten salt where the electric 
charges make the cations tend to surround themselves with anions and vice versa. A 
rather realistic model of a molten salt is thus based on the assumption of two sublattices, 
one for cations and one for anions. That would be to assume complete long-range order 
and the effect of short-range order could then be added to the model. A problem with such 
a model is that the coefficients in the chemical formula (the stoichiometric coefficients) 
will vary with composition if there are cations of different valencies or anions of different 
valencies. 

Another difficulty appears when one wants to model the change in chemical order in a 
liquid from a high value at a low temperature and to a low value at a high temperature. As 
demonstrated in Section 22.4 the quasi-chemical approach to short-range order becomes 
unrealistic at large degrees of short-range order. It has been proposed that this difficulty 
can be overcome by using z — 2, for which the quasi-chemical approach does not break 
down at high degrees of short-range order. However, that would make the model less 
physical. Another possibility would be to use a two-sublattice model of the asymmetric 
type illustrated in Fig. 21.4(a). It can predict a gradual change from very low to very 
high degrees of order and without a transition point. A further possibility is to mimic 
the chemical ordering in a liquid by the formation of molecular-like clusters of atoms, 
so-called associates. Finally, in an attempt to develop the two-sublattice model to a model 
applicable to many different types of systems and to intermediate cases, the two-sublattice 
model with complete long-range order has been manipulated in such a way that it can 
describe high as well as low degrees of ordering. 

Exercise 22.7 

Calculate the degree of short-range order when the disordered state is just becoming 
unstable in a second-order transition. 

Hint 

There are two internal degrees of freedom, K and L. The limit of stability is thus obtained 
as gKK ■ gLL — gKL ■ gLK — 0 accoi'ding to Eq. (6.53). However, L is still zero at that point. 
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y'h^ yA ^ and /7 ab = Pba- Then it is easily shown that gjd = gix = 0 and gKK > 0. 

The condition is thus gn — 0. 

Solution 

From Eq. (22.50) we get, using the relations of dL to dpij and y- from Eqs 
(22.17) to (22.24); g^i, ^ {d^G^/dL^)K ^ izRT/2){l /pab + 1/Pea) - [z - 1) 
{RT/2){\ly'^ + l/y" + \/y'^ + \/y'^) = 0; ;7ab = xaxbz/(z - 1) = Pba = ^and 

s.r.o. — K — — xaxb = xaXb[z/(z — 1) — 1] = xaxb/(z — 1) sinceT = 0. 

22.7 The compound energy formalism with short-range order 

In Section 22.2 it was assumed that all atoms have the same z value. In Section 22.3 it 
was further assumed that all bonds go between atoms in two different sublattices. These 
assumptions were carried over to the treatment of order in Sections 22.3 to 22.6. However, 
the treatment can be generalized to cases with different coordination numbers, z' and z", 
if it is still assumed that all bonds go between atoms in two different sublattices but that 
requires that the number of sites, b and c, are related by bz' = cz". The total number of 
bonds in a system containing one mole of atoms is bz'N^ — cz"N^ if the sum of b and 
c is made equal to unity. Thus Naa — Paa ■ bz'N^ and °Ga = gAA ■ bz'N^ and 

xa = Paa + bpAB + cpba', Paa = xa - bp ab - cpba (22.51) 

Xb = T’bb + b/iBA + c/>ab; PBB^XB-bpBA-cpAB- (22.52) 

Using these expressions for paa and pbb we obtain, for the Gibbs energy contribution 
from all the bond energies, 

AGm = EE = bAAgAA + T’ABg'AB + PBAgBA + /’BB^Bb] ' bz' 


i j 

— [XAg'AA + XBgBB + T’AB(gAB — bgAA — C^Bb) 

+T’BA(gBA - ^gBB - cgAA)]' z'bN^I2. (22.53) 

We find, by generalizing the definitions of the v quantities, 

VAB = gAB - bgAA - CgBB (22.54) 

VBA = gBA - ^gBB - CgAA (22.55) 

AGm = Xa °Ga + xb °Gb + bz'N^ ■ [/>abVab + 7>baVba]- (22.56) 


The expression for the configurational entropy in Eq. (22.33) will also be modified by 
replacing z/2 by bz' or cz" and 1/2 by b or c, yielding for the total Gibbs energy instead 
of Eq. (22.34), 

Gm = xa“Ga + xb°Gb + bz'N^ ■ [/^abVab + T’baVba] + RTbz' [/7aa ln(/>AA/>’ATD 
+ PaB MPAB/y'Ay'B) + Pba HPBA/y'By'L) + PBB ln(i5’BB/TBTBB)] 

+ RT[by'f^ Iny^ + by'^ Iny^ + cja InjA + cy'^ Inyfi]- 


(22.57) 
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This may be regarded as a generalization of Eq. (22.34). However, the definitions of 
vab and vba cannot be reconciled with the simple concept of bond energies presented 
in Section 22.1. The new definition is closely related to the definition of A°GAtBr and 
A°Gb„a, in the compound energy formalism in Section 21.5, the only difference being 
the numerical factor bz'N^. However, the compound energy formalism goes one step 
further. It postulates that phases, with some bonds between atoms in the same sublattice, 
can be treated with the same formalism. That may not be correct but may be remedied 
by the use of the / parameters in the excess terms in Section 21.3. 

Using Eq. (22.57) one can formally account for the effect of short-range order with 
the compound energy formalism. The Gm expression in Eq. (21.40) would be modified 
to 


Gm — xa°Ga + .xb°Gb + PabA°Gai,b, + PbaA°Gbi,a^ 

+RTbz' ■ [pAA ln(/>AA/TATA) + Pab ln(pAB/TATB) 

-t-;5BA ln(;5BA/TBTA) + /"bb ln(/'BB/TBTB)] 

+RT[by'A In^A + Wb I^Tb + cJa I^Ta + ^Tb InTfll- (22.58) 


For a reciprocal solution, i.e., a quaternary phase where each sublattice dissolves only 
two of the four elements, we would obtain per mole of formula unit 


Gn, = xa°Ga + xb°Gb + xc°Gc + xd°Gd + / 7 ac A°Ga,q 
+/’ADA°GAtDc + /’BcA°GbjCc + PBT)A°GBtDc 
+RTbz' ■ [PAC ln(i5Ac/TATc) + Pab ln(/>AD/TATD) 

+PBC ln(.PBc/TBT^ + Pbb ^(tjbd/TbTd)] 

+RT[by'f^ In^A + Wb I^Tb + cy'c h\y'^ + cy'^ Iny"]. (22.59) 


This would be a case of short-range order at complete long-range order. Again we 
have four pij related by T,pij — 1 but their relation to the composition now yields two 
independent equations instead of one given by Eqs (22.6) or (22.7). In this case it is most 
convenient to use the _v, variables which are here fixed by the composition. 


PaC + PAB = Ta 

Pac + Pbc — y'c- 


(22.60) 

(22.61) 


Consequently, now there is just one independent internal variable, one of the four pij, 
instead of two, and it represents short-range order because the long-range order is here 
perfect. It may be convenient to define the short-range order in a way similar to Eq. 
(22.30). However, since each kind of bond can now go in one direction, only, we shall 
define 


s.r.o. = Pac - TaTc- 


(22.62) 


We shall denote this variable by s and by combination with the relations of py to the 
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composition we find 


PAc = y'Ky'i + ^pac = dj 
Pav, = Ja>’d “ d/>AD = -d5 
/’BC = ysyc - •*; ^Pbc = -cis 
Pbd = ^Pbd = d?. 


(22.63) 

(22.64) 

(22.65) 

( 22 . 66 ) 


The equilibrium value of j is obtained from 

= A°Ga,q - A°Ga,d, - A'-Gb^c. + A°Gb,d, 


+ prbz'-[i + in(pAc/yAyc) - i - M/’ad/taTd) 

- 1 - ln(;7Bc/>’BT^ + 1 + ln(;5BD/TB>’D)] 

= A°Gac+bd + RTbz' ■ \b{pacPbdIPadPbc) — 0 (22.67) 


PacPbx) 
/’AD/"Be 


= exp(-A°GAc+BD/7?r6z'). 


( 22 . 68 ) 


This is a result characteristic of the quasi-chemical approach. The notation A^Gac+bd 
was introduced in Eq. (21.20) and then used in Section 21.5. 

Exercise 22.8 

Consider a solution phase defined by the formula (A, B)fe(C, D)^ with Na — Nb and 
Nc — Nb- Apply the compound energy formalism and estimate how much the short- 
range order decreases the Gibbs energy if changes in the configurational entropy are 
neglected. Suppose z' = 8 , 6 = c = 0.5 and A°Gac+bd = 87?T. 

Hint 

According to the instruction, we should study: /iacA°GajCc + /’ADA°GAtD<, + 
/ibcA°Gb 4 c„ + /’bdA°GbjD„ which can be changed to G a^Cc + 

TaTdA°Ga 6D, + Ti3TcA°GBiC, + TbTdA°Gb4d„+j(A°GajQ-A°GA iD, + A°GBjC,- 
A°GBi,Dj- All site fractions are fixed (= 0.5). The change is thus given by the last term 
and it can be written as 5 • A°Gac+bd- 


Solution 


A°Gac+bd/7?T6z' = 2. Inserting Eqs (22.63) to (22.66) in the quasi-chemical 
equation, Eq. (22.68), yields (1/4-f-5)^/(l/4 — 5 )^ = exp(—2); 5 = —0.1155; s ■ 

A°Gac+bd = —0.1155 ■ 87?7’ = —0.927??’. This is an appreciable part of A°Gac+bd- 

22.8 Interstitial ordering 

Interstitial solutions can also show ordering. Two effects may be recognized. The first 
effect is a tendency for the interstitial atoms to avoid occupying sites which are nearest 
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Figure 22.1 The activity coefficient of C in fcc-Fe at 1400 K as function of the C content. 


neighbours to each other. In the extreme case, all the sites which are nearest neighbours to 
an interstitial atom will be excluded from occupancy. ‘Excluded-sites’ models have been 
developed for this case. As an example, we may consider fcc-Fe where the interstitial 
sites form their own fee sublattice. Each interstitial site is surrounded by 12 nearest- 
neighbour interstitial sites. According to the model, each interstitial atom in a dilute 
solution excludes its own site and 12 neighbouring interstitial sites from being occupied 
by other atoms. For dilute solutions the lattice would thus behave as if it should be 
completely filled at a value of yc = 1/13 where C represents the interstitial component. 
The partial entropy of C would thus be 

In = -^(Inyc + 13yc). (22.69) 

1 - 13yc 

In the ideal case, i.e. neglecting all other interactions, this model will predict a very 
strong positive deviation from Henry’s law. Experimental information on the carbon 
activity in fcc-Fe-C does show a strong positive deviation but not enough to satisfy 
the excluded-sites model. This is demonstrated by Fig. 22.1 where ln(ac/xc) has been 
plotted versus xc • The slope is about 8 but should have been 14 according to the excluded- 
sites model because yc/i} — 13>’c) is equal to xc/(l — 14xc) when a = 1 for both 
sublattices. 

In order to obtain better agreement for carbon in fcc-Fe one has to relax the condi¬ 
tion of absolute exclusion to one in which a neighbouring site can be occupied at the 
expense of a certain energy v. Such models are sometimes called statistical models. 
A treatment can also be based upon the quasi-chemical approach which will formally 
apply to interactions between atoms in the interstitial sublattice just as well as to the 
ordinary lattice in a substitutional solution. By substituting y for x in Eq. (22.42) we 
obtain 


Gm — yc°GMi,C + yVa°GMiVa + RT{yc InjC + TVa Inyva) 

-t-uzA^ycTVa[l - ycTvaV/^T - (2/3)ycTvaCyc - yv^f^v/klf]. (22.70) 
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With the rule of calculation given for Gq in Eq. (21.12) we obtain, for composition- 
independent V, 


RTXnac = C?c - °C?c = ”C?m.c - - “Gc 

+RT\n\yc/(\ - jc)] + vzN'^iyy^ - yc)[l - 2ycyv^v/kT 
+8yc>'va(>’cyva - l/6){v/kTf]. (22.71) 

For small yc the last term can be approximated by vzN^{\ — 2yc[\ + v/kT + 
(2/3)(v/A:7’)^]}. By comparing with the power series treatment of a random intersti¬ 
tial solution in Section 21.2 we see that vzN^ corresponds to *’icva if v is independent 
of composition. For v/kT = 0 we thus have complete agreement with that expression. 
For small v/^r there will be a difference of—2ycvzA^^ ■ [v/kT + {2/3)(y/kT)^]. This 
difference is initially negative for positive as well as negative v which is natural because 
the random mixing model always results in higher Gibbs energies than a model which 
allows the arrangement of the atoms to be adjusted to minimize the Gibbs energy. For 
a given value of v, or the quasi-chemical model will thus predict a slightly weaker 
deviation from Henry’s law. 

At high enough values of the interstitial content and of —v/kT there will be long- 
range order, an example being the y' phase in the Fe-N system. It has a nitrogen content 
corresponding to Fe 4 N and the Fe atoms have the same arrangement as in fcc-Fe. It may 
be regarded as an ordered interstitial solution of N in fcc-Fe. It is interesting to note 
that no N atoms occupy nearest neighbour sites. This phase is thus a perfect example 
of the excluded-sites principle. The high N content, compared to the limiting value of 
yQ — 1/13 given previously, is due to the fact that each excluded site is now nearest 
neighbour to not only one interstitial atom but four which does not happen in a dilute 
solution. 

In the Fe-N system there is a two-phase field between the disordered solution of N 
in fcc-Fe and the ordered Fe 4 N phase. That reveals that there is a first-order ordering 
transition. The situation is different for interstitial solutions in hep metals where one can 
sometimes observe that the change from the disordered, dilute solution to an ordered M 21 
phase is gradual, i.e., without any kind of transition. The explanation is that the distance 
between the interstitial sites is shortest in the hexagonal c direction. They are thus 
arranged in strings and, as mentioned in Section 22.4, the number of nearest neighbors 
is thus z — 2. This is a rare case where the quasi-chemical model is not limited to dilute 
solutions but applies all the way to a maximum content of M 21 . 


Exercise 22.9 

What value of °Tcva in the random mixing model or v/kT in the quasi-chemical model 
is required in order to explain the slope of 8 in the plot of ln(ac/xc) versus xq for carbon 
in fcc-Fe? 
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(a) 




0 1000 2000 
r(K) 


Figure 22.2 The effect of magnetic ordering on the heat capacity and entropy of bcc-Fe. 


Hint 

The entropy contribution to Gq in Eq. (21.11) gives ln[yc/(l — Tc)] = ~ 

2xc)] = Inxc + 2xc. Remember z =12. 


Solution 

The random mixing model for an interstitial solution gives RT\n{ac/xc)^ 
const + 2RTxc — ^L ■ ly^ = const + (2RT — 2^L)xq, yielding a slope of 
2RT — 2°Z, = SRT; ^L/RT — —3. The quasi-chemical model gives, for small yc, 
RT\vL(aclxc)^comi+2RTxc-zvN\-2yc){l + {v/kT) + {2/Z){v/kTf = 

const -h {2RT — 2zvN^{l + {v/kT) + (2/3)(v/^r)^]} ■ xc, yielding a slope of 2RT — 
2zvN^[\ + iy/kT) + {2/2){v/kTf^ = SRT; -24(v/*r)[l-t-(v//S:7’)-h 

(2/3)(v/ifr)2]= 8-2; v/kT = -0.339, corresponding to OT/RT = zv/kT = 12 • 
(-0.342) = -4.07. 


22.9 Composition dependence of physical effects 

In Section 18.7 it was suggested that one should sometimes model the effect of a special 
physical phenomenon separately. A typical example would be the effect of magnetic 
ordering in a ferromagnetic material. That effect will now be used to demonstrate how 
the composition dependence of such an effect can be taken into account. 

Figure 22.2 shows (a) the magnetic contribution to the heat capacity and (b) the 
decrease of the magnetic entropy from a disordered state of bcc-Fe at very high tem¬ 
perature. The peak temperature for the heat capacity and the inflexion point for the 
magnetic entropy represent the Curie temperature, 7c, i.e. the transition point between 
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(a) (b) (c) 



the high-temperature paramagnetic state which has only magnetic short-range order and 
the low-temperature state with long-range magnetic order. 

A very simple model of magnetic ordering was presented in Section 19.6. It takes 
into account only long-range order. It would be possible also to include short-range 
order with a quasi-chemical type of approach. However, it would still be a very primitive 
model. For reasonably accurate modelling it seems necessary to rely on experimental 
measurements and some simple assumption of the dependence on composition. There 
have been several suggestions of mathematical expressions to be used. The first was 
made by Inden [48] and it is still the most widely used model. He described the heat 
capacity with a logarithmic expression but in order to derive an analytical expression 
for the contribution to the Gibbs energy it was later found necessary to use a series 
expansion. With truncation after the third term it yields the following expressions above 
and below the Curie temperature. 


G™ = -RT\n{P 


" 1 ^ 


-15 


315 


r-25 


1500 


/ r 
/ 


518 11692 


125 15975 


-1 


forr > 1 
(22.72) 


G™ = RT\n{^+\) 


1 - 


■79t-' 
_ UOp 
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518 11692 / 1 \ 
1125 15975 V ~ 7 


for T < 1, 



(22.73) 


where /> is a constant defined as the fraction of the total disordering enthalpy which is 
absorbed above the critical temperature. It was given as 0.28 for fee metals and 0.40 for 
bcc metals, t is a normalized temperature defined as T/ 7c. The superscript ‘mo ’ refers to 
magnetic order. The equations contain two material constants, the Curie temperature Tq 
and the Bohr magneton number p. The equations could hopefully be applied to solutions 
by inserting experimental or estimated expressions for their composition dependence. 

The two diagrams in Fig. 22.2 were calculated from these equations after an assessment 
of the magnetic properties of bcc-Fe. However, experimental measurements indicate that 
Cp goes to infinity at 7c from both sides (see Fig. 19.4) and that result was originally 
modelled by Inden. It was abandoned for practical reasons when a Gibbs energy expres¬ 
sion was derived by integration. This approximation may seem as a bad one from a 
theoretical point of view but for the calculation of phase equilibria it seems to have a 
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comparatively small effect. An exception may be the position of the tri-critical point in 
a binary diagram like Fig. 15.15. According to the crude treatment of the effect of Cp, 
presented in Section 15.5, the tri-critical point should approach the side of the binary 
system if the magnetic Cp goes to infinity at Tq. 

In order to extend the magnetic model to alloys it is necessary to make the model param¬ 
eters composition-dependent. So far, investigators have studied the effect of composition- 
dependent jS and 7c but kept the p parameter constant. 

Exercise 22.10 

Use the Cp curve in Fig. 22.2(a) for an estimate of p, the fraction of the total disordering 
enthalpy which has not yet been absorbed on heating to Tq because of the remaining 
short-range order. 

Hint 

Divide the area between the solid and dashed curves into two, one above and one below 
7c, and make a crude graphical integration of these two areas. 

Solution 

The two areas are proportional to the two parts of A77. Thus p — A\I{A\ + A 2 ) = 
l(l + A2/Ai)^ 1/(1 + 1.5) = 0.4. 


Exercise 22.11 

Show schematically how the solubility of phosphorus (P) in bcc-Fe can be expected to 
vary with temperature around the intersection with the magnetic transition line, the Curie 
line. Consider three different conditions: (a) no magnetic effect; (b) a magnetic effect but 
no separation into regions of different composition; (c) a magnetic effect and separation 
into regions of different composition, resulting in a miscibility gap with a tri-critical 
point. 

Hint 

Consult Section 15.5 and, in particular. Fig. 15.16 and Exercise 15.7. 

Solution 

(a) Without a magnetic effect we expect that In(x^) should vary linearly with l/T (see 
Exercise 11 .4). (b). The slope should be smaller where Cp is larger due to the magnetic 
effect, (c) See Fig. 22.3. 
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activated process 351 

activation energy 147, 352, 377, 380 

activation, thermal 377 
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additivity 3, 402 
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adiabatic condition 35 

adiabatic expansion 11 

adiabatic model 306 

adiabatic phase transformation 303 

adiabatic process 11 
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Ag-Pb phase diagram 248 
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Al-Cu-Si, eutectic in 286 
allotropic modification 234 
allotropic phase boundary 137,235 
allotropic phase transformation 236 
allotropic transformation 262 
alloy element, partitioning of 320 
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Al-Zn phase diagram 246 

Al-Zn, Gibbs energy curves 331 

Al-Zn, property diagram 332 
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black-body radiation 417 
Boltzmann statistics 377, 422 
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bond energy 476, 477 
bond probability 478, 479 
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carbon, phase diagram of 163 
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cementite 319 
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Ce-O-S, phase diagram 174 
Ce-O-S, potential diagram 175 
CH 4 279 

change of composition 45 
change of variables 41 

characteristic state function 21, 24, 30, 48, 114, 401 
characteristic state function, new 291 
charged compound 473 
chemical activity 128 
chemical capacitance 120 
chemical diffusion coefficient 383 
chemical disorder 434 
chemical driving force 61,372 
chemical equilibrium, partial 311 
chemical ordering 486 
chemical potential 45,49,74,92, 126 
in two-phase field 238 
kept constant 294 
of compound 75 
of species 75 
of vacancy 462 
chemical reaction 58 
chemical species 1 
chemical substance 156 
Clapeyron’s equation 163 
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closed system 2, 279 
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cluster variation model 477 
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component element 405 
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composition of 92 
dependent 92 
independent 92 
set of 74, 92 
composition 2, 67 
composition determinant 180,181 
composition gradient 381 
composition matrix 295, 297, 300, 301 
composition of component 92 
composition of transferred material 390 
composition spike 103,317 
composition square 465 
composition triangle 97 
composition, change of 45 
composition, fluctuation of 117 
compositional degeneracy 296, 298, 300 
compositional fluctuation 339 
compositional space 74 
compound 439 

compound energy formalism 460, 465, 484, 489 

compound energy model 460, 468 

compound, charged 473 

compressibility 348, 354 

compressibility of partial volume 356 

compression work 6 

conditional spinodal 339 

configurational 421 

configurational disorder 434, 477 

configurational entropy 324, 420, 432, 480 

configurational ordering 486 

congruent 228 

congruent melting 244 

congruent transformation 230, 244 

conjugate pair 53, 84, 111 

conjugate potential 49 

conjugate processes 86 

conjugate variable 21 

conjugated quantities 81 
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conservation of energy 5 
conserved quantity 89 
consolute point 330, 339, 446, 483 
constituent 76 
constitution 75 
constraint, stoichiometric 464 
content of matter 1 , 7, 46 
content scheme 53 
cooperative growth 263, 287 
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coordination number 423,478,488 

correlation effect 380 

coupled reactions 84 

coupling effect 380 

coupling process 88 

Cr304 250 

critical composition 357 

critical line 332 

critical nucleus 352,357 

critical point 330,414 

critical size 350,351 

critical temperature 433 

critical temperature for ordering 470 

critical wavelength 335 

cross coefficient 81,84,97 

cross coefficient in diffusion 383 

cross term 87, 94 

crystal/fluid interface 353 

Cu-O-S 210 

Cu-O-S, potential diagram 175,210 
Curie temperature 429, 493 
cyclic process 80 

damping 12 
Darken 455 

Darken’s quadratic formalism 455 
De Donder 19 
Debye 426 

Debye temperature 427 
decomposition, spinodal 335 
degeneracy, compositional 296, 298 
degenerate 216 
degree of freedom 149,156 
dependent component 92 
dependent potential 155,189 
dependent variable 2, 4 
detailed balance, principle of 377 
determinant, notation 178 
deviation from Henry’s law 491 
deviation from randomness 479 
deviation from Raoult’s law 455 
deviation from stoichiometry 439 
diagonal coefficient 82, 380 
diamond 163 
diatomic gas 412 
diffiision 101 

cross coefficient in 383 
driving force of 287 
exchange mechanism of 379 
grain boundary 364 
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interstitial 378 
pressure induced 388 
substitutional 101,379 
vacancy mechanism 379 


diffusion coefficient 381 
diffusion coefficient, chemical 383 
diffusion coefficient, mutual 383 
diffusion control 60 
diffusion in lattice-fixed frame 380 
diffusion in number-fixed frame 380 
diffusion in ternary system 382 
diffusion-induced grain boundary migration 365 
diffusion potential 64, 78, 103, 119 
diffusional phase transformation 103, 388 
diffusional transition 325 
diffusionless migration 378 
diffusionless process 393 
diffusionless transformation 309, 378 
diffusionless transition 325 
DIGM 61,365 
dilute solution 454 
dimensionality 188 
dimensionality of diagram 155 
dimensionality of phase diagram 209 
dimensionality of phase field 164, 208, 221 
direction of phase boundary 238 
direction of phase fields 177 
discontinuous precipitation 364 
discontinuous system 90, 95 
disorder 420 
chemical 434 
configurational 434 
magnetic 429 
topological 423 
displacive transition 324 
dissipation 91 
dissipation by diffusion 372 
dissipation by friction 372 
dissipation function 104, 398 
dissipation of Gibbs energy 372 
dissipation of Gibbs energy, rate of 397 
distribution coefficient 233 
divariant equilibrium 179 
doubly singular 229, 230, 268 
driving force 19,90 
driving force for precipitation 142 
driving force of diffusion 287 
driving force of grain boundary 372 
driving force on atoms 373 
driving force, at fixed chemical potential 291 
driving force, chemical 372 
driving force, evaluation of 56 
driving force, integrated 57, 59, 142, 288 
driving force, negative 392 
droplet, solidification of 304 
Duhem’s theorem 220 

effective driving force 61 
efficiency 3, 12 
Ehrenfest 322 
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Einstein temperature 426, 427 
elastic energy 366 
electrical potential 22 
electrical work 22 
electron band theory 434 
electron gas 418 
electron theory 418 
electroneutrality 472 
electronic contribution 428 
electrons, unpaired 434 
Ellingham diagram 172 
emf 212 

empirical approach for solutions 445 
end-member 126 
endothermic process 35 
energy barrier 378 
energy of reaction 35 
energy scheme 28 
enthalpy 7, 25 
enthalpy flow 99 
enthalpy of reaction 35 
enthalpy spike 306 
enthalpy, transport of 96 
entropy 13,26 
entropy of mixing 127 
entropy production 15, 83, 88, 104 
entropy scheme 28, 53 
equation of state 33,46 
equilibrium condition 23 
equilibrium constant 58 
equilibrium reaction 20 
equilibrium 
metastable 110 
para- 311 
partial 302 
partial chemical 311 
quasi-para- 314,315 
singular 226,229,231,296 
stable 108 
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Euler’s equation 385 
eutectic 262 
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eutectoid microstructure 276 

eutectoid reaction 288 

eutectoid transformation 262, 289 
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excess enthalpy 444 

excess Gibbs energy 128 

excess quantity 444 

exchange energy 476 

exchange mechanism of diffusion 379 

excluded sites model 491 
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exothermic process 35 
experimental conditions 34, 253 
extensive quantity 21 
extensive variable 3 
extent of process 80 
extent of reaction 93 
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extremum 230 
extremum in pressure 181 
extremum in temperature 181 
extremum principle 106 
extremum principle, Onsager’s 386 
extremum principle, Prigogine’s 386 

Faraday constant 22 
Fcc-Fe-C, C activity in 491 
Fcc-Fe-N, ordering in 492 
Fe, Gibbs energy of 403 
Fe, heat capacity 430 
Fe, magnetic effects 493 
Fe, magnetic order 431 
Fe, phase diagram 164,223 
Fe, potential diagram 165 
Fe, T,Sm diagram 223 
Fe.Cr-C 224 
FeaC 130,239,240,283 
Fe-C 440 

Fe-C, Hm,ac diagram 224 

Fe-C, phase diagram 171,225 

Fe-Cr-C, diagram 152 

Fe-Cr-C, phase diagram 224, 225 

Fe-Cr-C, zcr,^c diagram 153 

Fe-Cr-C-N, at constant potentials 208, 214 

Fe-Cr-N, phase diagram 228 

Fe-Mn, carburizing of 293 

Fe-Mn-C 293 

Fe-Mn-C melt 468 

Fe-Mo 448 

Fe-Mo-C, carburization 277 
Fe-Ni, carburization of 319 
Fe-Ni, liquid 449, 450 
Fe-Ni-C phase diagram 318 
FeO 210 

Fe-0, phase diagram 248 
Fe-0, potential diagram 173 
Fe-O-S 209 

Fe-O-S, potential diagram 209,210 
ferromagnetic 429 
Fe-Si-C, phase diagram 320 
Fe-W-C, phase diagram 202 
Fick’s law 335 
first law 6, 7 
first-order transition 322 
five-phase equilibrium 217 
flow of enthalpy 99 
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flow of heat 248,253 
fluctuation 108 

fluctuation in composition 117, 147, 335 
fluctuation in internal variable 121 
fluctuation, compositional 339 
flux 80 
force 81 

formula unit 48, 76, 99, 460 
Fourier’s law 99 
four-phase equilibrium 168,188 
four-phase transformation 264 
frame of reference 101 
frame, lattice-fixed 101 
free energy 52 
freezing-in conditions 9 
freezing-point depression 245 
friction 105 

friction of migrating interface 397 
friction, grain boundary 372 
frozen-in 4, 9, 90, 93 
frozen-in state 22 
frozen-in variables 4 
fugacity 413,416 
fundamental equation 30,31 
fundamental property diagram 158 

gas bubble, equilibrium for 349 
gas mixture 415 
gas thermometer 14 
gas 

electron 418 

ideal 410,411 

ideal classical 412 

real 412 

slightly imperfect 413 
gas-liquid transition 410 
general conditions of equilibrium 23 
geometrical element 166 
geometrical model 459 
Gibbs 346 

Gibbs adsorption equation 362 

Gibbs-Duhem relation 114 

Gibbs energy 25, 49 

Gibbs energy diagram 126 

Gibbs energy diagram for diffusion 392 

Gibbs energy dissipation 61, 105 

Gibbs energy for Fe 403 

Gibbs energy of formation 405, 421 

Gibbs energy of graphite 403 

Gibbs energy of mixing 126, 441 

Gibbs energy surface 149 

Gibbs energy, dissipation of 91 

Gibbs energy, in modelling 402 

Gibbs free energy 52 

Gibbs’ phase rule 156, 220 

Gibbs’ relation for curved interfaces 356 


Gibbs triangle 67 

Gibbs-Duhem integration 452 

Gibbs-Duhem relation 49, 66, 103, 132, 155, 357. 
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Gibbs-Duhem relation of molar quantities 241 

Gibbs-Thomson equation 139 

glass transition 424, 487 

global composition 477 

gradient effects 89 

gradient energy 335 

gradual transformation 255, 272, 285 

grain boundary, driving force of 372 

grain boundary, friction in 372 

grain growth, solute drag in 372 

grand partition function 50 

grand potential 50, 55 

graphite 163 

graphite, Gibbs energy of 403, 404 
graphite, growth of inclusion 389 
gravitational potential 13 
Gruneisen’s constant 40, 112,427 
Gupta 203 
Guthrie 262 

H 2 -O 2 450 

harmonic oscillator 425 

heat capacity 9, 20, 36, 38, 99, 425 

heat conduction 99 

heat content 99 

heat engine 13 

heat flow 5 

heat of reaction 35 

heat of solution 242, 245 

heat of three-phase reaction 179 

heat pump 12 

heat reservoir 11 

heat transport 95 

Helmholtz energy 4, 25, 50 

Helmholtz energy, in modelling 401 

Helmholtz free energy 52 

Henry’s law 129,449,463 

heterogeneous reaction 303 

higher-order invariant equilibrium 217 

higher-order system 456, 457 

Hillert 336 

homogeneous process 91 
homogeneous reaction 303 
homogeneous system 7, 90 
hydrostatic pressure 6,138 
hypervolume 167 

ideal classical gas 8, 12, 14, 412 
ideal gas 410, 411 
ideal interstitial solution 463 
ideal solution 127,442 
ideal substitutional solution 442 
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imaginary wall 47, 66 
impermeable to matter 3 
inclusion 51 
incoherent interface 325 
incompressible 348 
Inden 494 

independent components 1,45,74,92 
independent equations 86 
independent potential 153 
independent process 102 
independent reactions 45,92, 156 
independent state variable 155 
independent variables 3 
indifferent state 257 
individual diffusion 380,382 
individual mechanism of migration 391 
instability of binary solution 131 
instability, region of 116 
insulated 3 
integral quantity 48 

integrated driving force 57, 59, 142, 288 
intensive variable 3,46 
interaction coefficient 456 
interaction coefficient, Wagner’s 454 
interaction energy 457, 476 
interaction of molecules 415 
interaction parameter, Wagner’s 250 
interactions, mechanical 1 
interactions, thermal 1 
interdiffusion 380 
interdiffusion coefficient 383 
interface 344 
coherent 325 
composition 362 
crystal/fluid 353 
curved 345 
fluid/fluid 346 
incoherent 325 
migrating 302, 306 
migration, mechanism of 391 
non-spherical 350 
segregation 361 
interfaces, curved in alloys 356 
interfacial energy, in pearlite formation 291 
intermediate phase 439 
intermetallic phase 439 
internal energy 6 
internal entropy production 15 
internal equilibrium 17, 31 
internal process 9, 15, 17, 19 
internal variable 3,31 
interstitial 101 
component 359 
diffusion 378 
ordering 490 
solute 254 


solution 439, 462 
sublattice 463 
invariant equilibrium 164 
ionic substances 472 
iron, Gibbs energy of 403 
irreversible 80 
irreversible process 12,15 
irreversible thermodynamics 80 
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isentropic 35 
Ising model 482 
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isobaric 35 

isobarothermal 35, 36, 93 
isochoric 35 
isoenergetic 35 
isolated system 3 
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isopleth 195 
isoplethal 35 
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isothermal compressibility 36, 39 
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isothermal process 11 
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Kauzmann’s paradox 424 
Kellogg diagram 174 
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Kikuchi 477 
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kinetics of processes 80 
Kirchhoff’s law 282 
Kirkendall marker 101,388 
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Kirkendall velocity 381 
Kohler 458 
Konovalov 296 

Konovalov’s rule 181,226,239,240 
Kopp-Neumann rule 406 
Kronecker symbol 102 

L coefficient 85, 105 
Lagrange multiplier 345, 367 
Landau 194,326,328,338 
Landau’s approach 471 
lattice 101 
lattice stability 406 
lattice-fixed frame 101,378,380 
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Le Chatelier 124 

Le Chatelier modification 124 

Le Chatelier principle 124 

Legendre transformation 25 

LE-partitionless transformation 307, 309 

lever rule 70, 369 

LFM 365 

Lifshitz 326 

limit of stability 116, 118 
line of coexistence 160,170 
liquid film migration 365 
liquid metal, model of 423 
liquidus 194 
Liu 366 

local equilibrium 60, 144, 309 

local equilibrium, deviation from 302, 306 

localized spin 429 

logarithmic phase diagram 153 

long- and short-range order 486 

long-range order 479, 483 

loss of work 17,57 

M 2 C 278 
MeC 278 

magnetic disorder 32,429,431 
magnetic domain 429 
magnetic enthalpy 430 
magnetic entropy 431 
magnetic moment 429, 431 
magnetic order 493 
martensitic transformation 310 
Masing 194 
mass action, law of 482 
massive transformation 310 
matrix 281,295 
matrix, notation 301 
Maxwell relation 43, 116, 123, 198,444 
Maxwell’s construction 401 
mechanical energy 11 
mechanical mixture 441 
mechanical work 6 
melting, congruent 244 
metastable 110 
metatectic 262 
microcanonical ensemble 50 
microscopic fluctuations 82 
microscopic reversibility 82 
microstructurally gradual 259,261 
microstructurally sharp 259 
microstmcture 259 
migrating interface 306 
migration mechanism of boundaries 378 
migration, induced by diffusion 365 
minimum entropy production 385 
miscibility gap 330, 333, 335, 338, 342, 
445 


miscibility gap, coherent 371 
mixed character of variable 76 
mixed phase diagram 205 
mixing quantity 443 
mixture, mechanical 441 
mixture, random 434 
mixture, restricted random 436 
Mn-O-S 210 

Mn-O-S, potential diagram 210 

mobile component 291,294 

mobility of grain boundary 378 

mobility of interface 146 

mobility, individual 380 

model, mathematical 400 

model, physical 400 

modelling 400 

molar content 47 

molar diagram 185 

molar diagram, topology of 194 

molar enthalpy 7 

molar entropy 15 

molar Gibbs energy 47 

molar Gibbs energy diagram 72, 126 

molar phase diagram 185 

molar phase diagram, complete 195 

molar phase diagram, topology of 188 

molar quantity 47 

molar quantity of mixing 443 

molar variable 189 

mole fraction 47 

molecular reactions 58 

molten salt model 487 

Mo-N, diagram 192 

monatomic gas 412 

monolayer 61 

monotectic 262 

monovariant, see univariant 

Morral 203 
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MPLrule 194 
Muggianu 458 
multicomponent solution 456 
multinary system 166 
Mumaghan’s equation 409 
mutual diffusion coefficient 383 

NaClinCaCb 473,474 

Na-K-Cl-Br, composition space for 297 

natural variable 6,21,30 

natural zero point 27, 404 

nearest neighbour 476 

Nernst’s heat theorem 27 

Neumann-Kopp rule 406 

neutral combination 473 

neutral line 473, 474 

next-nearest neighbour 466 
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Ni-O-Be 276 

non-configurational 420,421,432 
non-equilibrium 3 
non-equilibrium state 3 
non-hydrostatic stress 6 
non-random solution 479 
non-spherical interface 350 
non-stoichiometric 282 
notation 63 

for derivative of Gm 119 
for determinant 178 
for matrix 301 
for paitial quantity 63 
for univariant equilibrium 205 
Nowotny 203 
nucleation 351 
nucleation of pore 422 
nucleus, critical 357 
number-fixed frame 101,380 

off-diagonal 121 
Onsager 82, 95, 104 

Onsager’s extremum principle 386, 396, 398 

Onsager’s reciprocal relation 383 

opalescence 483 

open system 2, 7 

order parameter, generalized 339 

order, variable 469 

order-disorder transformation, magnetic 434 

order-disorder transition 324,471 

ordering, in interstitial solution 490 

oscillator 425 

Ostwald ripening 61,351 

overall composition 438 

overlapping 185,213 

overlapping gradual transformation 257 

overlapping phase fields 304 

overlapping sharp transformations 257 

pair energy 477 

pair of conjugate variables 21,28 
pair-wise interaction 456 
Palatnik 194 
Pan 61 

paraequilibrium 311 

parallel tangent construction 357, 367 

paramagnetic 430 

partial chemical equilibrium 311 

partial derivative 63 

partial derivative, notation for 37 

partial equilibrium 302 

partial excess Gibbs energy 446 

partial ideal entropy 442 

partial molar Gibbs energy 126 

partial molar volume 71,101 

partial pressure 415 


partial quantities, relations of 65 

partial quantity 63 

partial quantity of mixing 443 

partial volume, role for inclusion 356 

partition coefficient 233 

partition function 50, 420 

partitional transition 325 

partitioning of alloy element 320 

partitionless phase transformation 375 

partitionless reaction 374 

partitionless transformation 144, 302, 308 

partitionless transition 325 

Pb-Sn, phase diagram 200, 224 

Pb-Sn, solid solution 141 

pearlite 275,283,287,317,319 

pearlite, formation of 291 

Pelton 455 

peritectic 262 

peritectoid transformation 262 
perpetuum mobile 13 
phase 76 

phase assemblage 285 
phase boundaries, direction of 233, 234 
phase boundary 193 
allotropic 235 
direction of 240 
retrograde 248 
slope of 249 
vertical 248 
phase diagram 2 

phase diagram, dimensionality of 209 
phase diagram, true 224 
phase equilibrium, at interface 346 
phase equilibrium, coherent 371 
phase field 163 
phase field rule 169, 208, 220 
phase field rule, at fixed composition 279 
phase field, dimensionality of 164, 208 
phase transformation in alloys 261 
phase transformation 
adiabatic 303 
allotropic 236 
character of 257 
class I, II, III 264, 283 
phases with variable order 469 
phenomenological coefficient 100, 379, 386 
phenomenological equation 81, 102, 104 
physical model 408,410,411 
pile-up 145 

Planck constant 377,417,425 

point of reference 27 

positive definite 82 

potential 3,21,47 

potential difference 253 

potential phase diagram 155,162 

potential phase diagram, complete 168 


Index 


507 


potential phase diagram, section of 168 
potential, dependent 189 
power series 407 
precipitation, coherent 366 
precipitation, discontinuous 364 
precipitation, proeutectoid 268, 319 
pressure dependence 408 
pressure difference 251,346 
pressure difference, effect on composition 357 
pressure extremum 181 
pressure gradient 100 
pressure, negative 164 
pressure, power series of 407 
pressure-induced diffusion 388 
Prigogine 84, 385 
Prigogine’s extremum principle 386 
principle of detailed balance 377 
principle of minimum entropy production 
385 

probability 27 
process, independent 102 
process, spontaneous 108 
processes, conjugate 86 
processes, set of 85, 102 
product 282 
proeutectoid 268,319 
projected diagram 212 
projected phase diagram 205 
projected surface 215 
projection 217 
property diagram 2,4, 157 
pseudo-binary 461 
pure compound 151 

quadratic fonnalism 455 
quantum mechanics 425 
quasi-adiabatic transformation 305 
quasi-binary 297,461 
quasi-binary phase 464 
quasi-binary side 466 
quasi-chemical approach 477, 490 
quasi-chemical method 482 
quasi-chemical model for interstitials 491 
quasi-diffusionless transformation 309 
quasi-paraequilibrium 314,315 
quasi-ternary 297,461 
quaternary 167, 211 
quinary 167 

R coefficient 85, 105 

radioactive isotope 382 

random mixture 434 

Raoult’s law 129,446,448 

rate of entropy production 81,91, 105 

reactant 282 

reaction coefficient 92, 280, 281, 283, 285 


reaction coefficient, at fixed chemical potential 
294 

reaction diagram 270 
reaction formula 92 
reaction path 57, 160 
reaction rate, absolute 377 
reaction, extent of 93 
reaction, heterogeneous 303 
reaction, homogeneous 303 
reaction, independent 92 
reactions, competing 258 
real gas 412 
real solution 448 
reciprocal reaction 95 
reciprocal relation 82, 84, 97 
reciprocal relation, in diffusion 383 
reciprocal solution phase 464 
reciprocal system 298 
reconstructive transition 325 
Redlich 445 

Redlich-Kister polynomial 445 
reference for element 404 
reference state 128,402 
refrigerator 12 
regular solution 445, 477 
regular solution parameter 484 
relative amounts 67 
relative composition 266 
relaxation of surface layer 344 
renormalization group 483 
restricted random mixture 436 
retrograde phase boundary 248 
reversible 10 
reversible change 22 
reversible conditions 20, 442 
reversible process 15 
reversible reaction 36 
Richard’s rule 247, 423 
ripening 61 

saturation magnetization 429 
Scheil 270 

Scheil reaction diagram 270 
scheme 
content 53 
energy 28 
entropy 28, 53 
volume 53 
Schreinemakers 197 

Schreinemakers’ projection 205, 212, 231, 266 
Schreinemakers’rule 197,250 
second law 6, 13, 15, 81, 104 
second-order transition 322, 327,471 
section of potential phase diagram 168 
sectioned molar diagram 201 
sectioned molar diagram, topology of 201 
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segregation to grain boundary 372 
segregation to interface 371 
segregation to surface 361 
SER, stable element reference 404 
set 

of components 92 
of conjugate pairs 52, 224 
of processes 85 

of stability conditions 114, 116 
sharp transformation 255, 262, 280 
sharp transformation, classification of 262 
sharp transformation, driving force of 287 
shear stress 6 

short-range order 479, 482, 488 

short-range order, magnetic 434 

Si3N4 475 

Sialon 475 

side system 465 

simulation 400 

simultaneous processes 81 

singular curve 226, 268 

singular equilibrium 226, 229, 231, 296 

singular point 226 

singular, doubly 229, 230, 268 

Si-O-N, phase diagram 175 

site traction 76, 460 

six-phase equilibrium 218 

size of system 69, 189 

slightly imperfect gas 413 

solidification of droplet 304 

solidification, quasi-adiabatic 

solidus 194 

solubility product 152 

solute drag 372 

solute drag in grain growth 372 
solute traping 392 
solution phase 406, 434 
solution phase with sublattices 460 
solution 

ideal 127,442 
ideal substitutional 442 
interstitial 439, 462 
interstitial and substitutional 468 
real 448 
regular 445 
subregular 445 
solvus 194 
species 76, 472 
specific quantity 48 
specific surface energy 344 
spherical particle, stability of 350 
spike 

composition 317 
enthalpy 306 
of composition 374 
temperature 306 


spin, localized 429 
spinel 250 
spinodal 331 

decomposition 89, 335, 352 
calculation of 446 
coherent 371 
conditional 339 
spinode 331 

spontaneous process 15,19,108 
stability 108 

stability condition 111, 113 

stability condition, molar variable in 189 

stability condition, set of 114 

stability function 119 

stability limit 330 

stability limit for solid/liquid 486 

stability of spherical particle 350 

stability, limit of 116, 326 

stable element reference 404 

stable equilibrium 108 

standard Gibbs energy of formation 129 

state diagram 2, 155 

state equation 33 

state function, characteristic 401 

state functions 1 

state of equilibrium 1 

state variables 1 

stationary flow 384 

statistical thermodynamics 27, 420 

steady-state 145, 307 

Stefan constant 417 

stereographic pair 205 

stoichiometric coefficient 92 

stoichiometric compound 77, 132 

stoichiometric constraint 77, 297, 464 

stoichiometric phase 439, 464 

stoichiometric vacancy 437 

stoichiometry, deviation from 439 

sublattice 76, 460 

subregular solution 445 

substitutional 101 

substitutional diffusion 101,379 

substitutional solution 435 

subsystem 23 

surface energy 344 

surface energy, effect on composition 359 

surface energy, specific 344 

surface free energy 344 

surface Gibbs energy 344 

surface layer, coherent 344, 364 

surface of reference 464 

surface segregation 361 

surface stress 344, 353, 354, 359 

surface tension 345 

surroundings 1 

Svoboda 396 
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swallowtail 224 
syntectic 262 
system 1 

system, discontinuous 95 

tangent construction, parallel 357 
tangent plane 72, 149 
tangent, common 357, 367 
tangent, parallel 367 
temperature extremum 181 
temperature spike 306 
temperature, power series of 407 
terminal solution 152 
ternary phase diagram 233, 234 
ternary system 72, 149, 173 
ternary system, diffusion in 382 
thermal activation 377 
thermal energy 11 
thermal equation of state 33 
thermal equilibrium 10 
thermal expansivity 39 
thermal potential 13 
thermal vacancy 422 
thermal vibrations 419,425 
thermochemistry 1 

thermodynamic factor for diffusion 382 
thermodynamic force 80,91,96,99, 

102 

thermodynamics 1 
thermophysical properties 1 
third law 27 
tie-line 71 
tie-line rule 71 
tie-triangle 185 
Ti-O-Cl, phase diagram 174 
Ti-O-Cl, potential diagram 173 
topological disorder 423, 486 
topology 162,212,217 
topology of molar diagram 194 
topology of molar phase diagram 188 
topology of sectioned molar diagram 
201 

tracer diffusion 382 

transferred material, composition of 390 
transformation of set of processes 83 
transformation 
allotropic 137 
azeotropic 257 
congruent 244 
diffusionless 309 
eutectic 262 
eutectoid 262 
four-phase 264 
gradual 255,272,285 
in steel 315 

LE-partitionless 307, 309 


martensitic 310 
massive 310 
overlapping gradual 257 
overlapping sharp 257 
partitionless 308 
peritectoid 262 
quasi-diffusionless 309 
sharp 255,262 
tme diffiisionless 309 
transient 306 

transient stage of growth 316 
transition line 339, 484 
transition of second order 471 
transition point 324, 326 
transition temperature 341 
transition 

diffusional 325 
diffusionless 325 
displacive 324 
first-order 322 
order-disorder 324 
partitional 325 
partitionless 325 
reconstructive 325 
second-order 322, 323 
transport of enthalpy 96 
transport of heat 95 
transport process 90,384 
transportation process 96 
trapping of solute atoms 392 
tri-critical point 339, 495 
triple point 163,185 
true diffiisionless transformation 309 
true phase diagram 224 
Truesdell 82 

truncated power series 408 
two-phase equilibrium 135, 138,139 
two-phase field, coherent 369 
two-sublattice model 487 

unary system 158 
uncompensated heat 17 
undercooled melt 424 
univariant equilibrium 179 
univariant equilibrium, notation for 
205 

unstable equilibrium 17,108,470 
up-hill diffusion 335 

vacancies in diffusion 378 
vacancy 17, 101, 420 

chemical potential of 78, 462 
driving force of disappearance 
423 

mechanism of diffusion 379,380 
stoichiometric 437 
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VanderWaals 414 
vapour pressure 353,359 
variable, change of 45 
variables for composition 67 
variance 156 
variation analysis 385 
velocity, extremely high 306 
vertical phase boundary 248 
vibration frequency 403 
virial coefficient 413 
viscous state 486 
volume change, local 388 
volume scheme 53 
VO lume - fixe d frame 101 
Von Alkemade 296 
Von Alkemade’s rule 181, 230 


Wagner 250 

Wagner integration 452 

Wagner’s dilute solution model 454 

wavelength 335 

W-C, phase diagram 170 

W-C, potential diagram 170 

Williams point 369 

work 5 

wustite 248, 253 

zero point 6 
zero point energy 427 
zero point, natural 404 
zero-dimensional phase field 164 
zero-phase-fraction 222 
zero-phase-fraction line 203 


